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Preface 



Flux quantization experiments indicate that the carriers, Cooper pairs 
(pairons), in the supercurrent have charge magnitude 2e, and that they move 
independently. Josephson interference in a Superconducting Quantum Inter- 
ference Device (SQUID) shows that the centers of masses (CM) of pairons 
move as bosons with a linear dispersion relation. Based on this evidence we 
develop a theory of superconductivity in conventional and high-Tc materi- 
als from a unified point of view. Following Bardeen, Cooper and Schrieffer 
(BCS) we regard the phonon exchange attraction as the cause of supercon- 
ductivity. For cuprate superconductors, however, we take account of both 
optical- and acoustic-phonon exchange. BCS started with a Hamiltonian 
containing “electron” and “hole” kinetic energies and a pairing interaction 
with the phonon variables eliminated. These “electrons” and “holes” were 
introduced formally in terms of a free-electron model, which we consider 
unsatisfactory. We define “electrons” and “holes” in terms of the curva- 
tures of the Fermi surface. “Electrons” (1) and “holes” (2) are different 
and so they are assigned with different effective masses: mi ^ m 2 . Blatt, 
Schafroth and Butler proposed to explain superconductivity in terms of a 
Bose-Einstein Condensation (BEC) of electron pairs, each having mass M 
and a size. The system of free massive bosons, having a quadratic dispersion 
relation: e = p^/{2M), and moving in three dimensions (3D) undergoes a 
BEC transition at Tc = 3.31b?{MkB)~^'niQ^ , where uq is the pair density. 
This model met difficulties because the interpair separation estimated from 
this formula is much smaller than the experimental pair size (~ 10^ A for 
Pb), and hence these pairs cannot be regarded as free moving. We show 
from first principles that the CM of pairons move as bosons with a linear 
dispersion relation: Wp ~ wq + cp , where wq is a pairon ground-state en- 
ergy, and c = avp, a — 1/2 (3D), 2/tt (2D), vp = {2£p/m*Y^‘^ = Fermi 
velocity. The systems of free pairons, moving with the linear dispersion rela- 
tion, undergo a BEC in 3D and 2D. The critical temperature Tc is given by 
Tc = 1.01 hvpk^^nl^^ (3D), 1.24:hvpkBnQ‘^ (2D). The interpairon distance 
ro = (3D), (2D)] is several times greater than the BCS pairon 

size^o = 0.181 hvp{kBTc)~^ . Hence the BEC occurs without the pairon over- 
lap, which justifies the notion of free pairon motion. The superconducting 
transition will be regarded as a BEC transition. In the currently predom- 
inant BCS theory the superconducting temperature Tc is identified as the 
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temperature at which the stationary (zero-momentum) pairons break up and 
disappear in the system. But the electronic heat capacity in YBa 2 Cu 307_5 
has a maximum at Tc with a shoulder above Tc, which can only be explained 
naturally in terms of a model in which many pairons participate in the phase 
transition with no dissociation. (No feature above is predicted by the 
BCS theory.) The dissociation take place one by one just as hydrogen mole- 
cules H 2 break up in a gas mixture of (H 2 , H). In the B-E condensation 
a great number of pairons cooperatively participate and exhibit a macro- 
scopic change of phase. Hence in our view the pairons do not break up at 
Tc- Above Tc pairons move independently in all allowed directions and they 
contribute to the resistive conduction. Below Tc condensed pairons move 
without resistance, following the quantum laws described in terms of the 
Ginzburg-Landau wavefunction. Non-condensed pairons, unpaired electrons 
and quantum vortices contribute to the normal resistive conduction. 

In 1986 Bednorz and Muller reported a discovery of high-temperature 
(high-7"c) cuprate superconductors (BaLaCuO, Tc ~ 30 K). Since then 
many investigations have been carried out on high-Tc cuprates. These cuprates 
possess all basic superconducting properties: zero resistance, Meissner effect, 
flux quantization, Josephson interference, and gaps in elementary excita- 
tion energy spectra, meaning that the same superconducting state exists in 
high-Tc as in conventional superconductors. In addition these cuprate super- 
conductors exhibit 2D conduction, short zero-temperature coherence length 
(~ 10 A), high critical temperature Tc (~ lOOK), two energy gaps, d-wave 
pairon, unusual transport and magnetization behaviors above Tc, and doping 
dependence ofTc. In the present book we present a theory of high-T), super- 
conductivity, starting with a generalized BCS Hamiltonian, taking account of 
energy band structures, and calculating all properties by standard quantum 
statistical methods, that is, using a grand canonical ensemble for equilibrium 
properties and using a quantum Liouville equation or Heisenberg equation 
of motion for non-equilibrium problems. 

Because the supercondensate can be described in terms of free moving 
pairons, all of the properties of a superconductor including the ground state 
energy, critical temperature, quasiparticle energy spectra containing gaps, 
condensed pairon density, specific heat, and supercurrent density can be 
computed without mathematical complexities. This simplicity is in great 
contrast to the far more complicated treatment required for the phase tran- 
sition in a ferromagnet or for the familiar vapor-liquid transition. 

The authors believe that everything essential about superconductivity 




can be presented to second-year graduate students. Students are assumed to 
be familiar with basic differential, integral and vector calculuses, and partial 
differentiation at the sophomore-junior level. Knowledge of mechanics, elec- 
tromagnetism, solid state, and statistical physics at the junior-senior level 
and quantum theory at the first-year graduate level are prerequisite. 

A substantial part of the difficulty that students face in learning the the- 
ory of superconductivity lies in the fact that they should have not only a good 
background in many branches of physics but also be familiar with a num- 
ber of advanced physical concepts such as bosons, fermions, Fermi surface, 
“electrons”, “holes”, phonons, density of states, phase transitions. To make 
all of the needed concepts clear, we have included three preparatory chapters 
2-4 in the text, chapters 5 through chapter 15 deal with the general the- 
ory of superconductivity. All basic thermodynamic properties are described 
and discussed; all important formulas are derived without omitting steps. 
The ground state is treated closely following the original BCS theory. To 
treat quasi-particles including Bloch electrons, quasi-electrons and pairons, 
Heisenberg’s equation-of-motion method is used, which reduces a quantum 
many-body problem to a one-body problem when the system-Hamiltonian is 
a sum of single-particle Hamiltonians. No Green’s function techniques are 
used, which makes the text elementary and readable. Type II compound 
superconductors are discussed in chapter 16. High Tc superconductors are 
treated in Chapters 17 through 26. A brief summary and overview are given 
in the first and last chapters. Second quantization formalism (quantum field 
theory) may or may not be covered in the first-year quantum theory course. 
But this theory is indispensable in the microscopic theory of superconduc- 
tivity, it is reviewed in Appendix for completeness. 

The book is written in a self-contained manner. Thus, non-physics majors 
who want to learn the microscopic theory of superconductivity step by step 
with no particular hurry may find it useful as a self-study reference. Many 
fresh, and some provocative, views are presented. Experimental and theoret- 
ical researchers in the field are also invited to examine the test. Problems at 
the end of a section are usually of the straightforward exercise type, directly 
connected with the material presented in that section. By doing these prob- 
lems one by one, the reader may be able to grasp the meanings of the newly 
introduced subjects more firmly. 

The authors thank the following individuals for valuable criticisms, dis- 
cussions and readings: Professor M. de Llano, Universidad Nacional Autonoma 
de Mexico; Professor T. George, University of Wisconsin at Stevens Point; 




Professor T. Obata, Gunma National College of Technology, Maebashi, Japan. 
They thank Sachiko, Amelia, Michio, Isao, Yoshiko, Eriko, George Redden 
and Brent Miller for their encouragement and reading the drafts. 



Shigeji Fujita and Salvador Godoy 
Buffalo, NY, March 2001. 




Table of Contents 



Chapter 1 Introduction 

1.1 Basic Properties of a Superconductor 1 

1.2 Occurrence of a Superconductor 8 

1.3 Theoretical Background 10 

1.4 Elements of Kinetic Theory 14 

Chapter 2 Superconducting Transitions 

2.1 Three Phase Transitions 19 

2.2 Pairons Move as Massless Particles 21 

2.3 The Bose-Einstein Condensation 23 

Chapter 3 Bloch Electrons 

3.1 Bloch Theorem 27 

3.2 Eermi Liquid Model 30 

3.3 The Eermi Surface 32 

3.4 Heat Capacity; The Density of States 37 

3.5 Equations of Motion for a Bloch Electron 39 

Chapter 4 Phonon Exchange Attraction 

4.1 Phonons and Lattice Dynamics 45 

4.2 Electron-Phonon Interaction 49 

4.3 Phonon-Exchange Attraction 54 

Chapter 5 Quantum Statistical Theory 

5.1 Theory of Superconductivity 59 

5.2 The Bardeen-Cooper-Schrieffer Theory 61 

5.3 Remarks 63 

Chapter 6 Cooper Pairs (Pairons) 

6.1 The Cooper Problem 65 

6.2 Moving Pairons 67 

6.3 Energy-Eigenvalue Problem for a Quasiparticle 70 

6.4 Derivation of the Cooper Equation 73 




X 



Chapter 7 Superconductors at 0 K 

7.1 The Generalized BCS Hamiltonian 77 

7.2 The Ground-State 82 

7.3 Discussion 88 

Chapter 8 Quantum Statistics of Composites 

8.1 Ehrenfest-Oppenheimer-Bethe’s Rule 95 

8.2 Two-Particle Composites 96 

8.3 Discussion 102 

Chapter 9 Bose- Einstein Condensation 

9.1 Eree Massless Bosons Moving in 2D 107 

9.2 Eree Massless Bosons in 3D Ill 

9.3 B-E Condensation of the Pairons 114 

9.4 Discussion 115 

Chapter 10 The Energy Gap Equations 

10.1 Introduction 123 

10.2 Energies of Quasi-electrons at OK 124 

10.3 Energy Gap Equations at OK 126 

10.4 Temperature-Dependent Gap Equations 128 

10.5 Discussion 130 

Chapter 11 Pairon Energy Gaps and Heat Capacity 

11.1 The Eull Hamiltonian 133 

11.2 Pairons Energy Gaps 135 

11.3 Density of Condensed Pairons 138 

11.4 Heat Capacity 141 

11.5 Discussion 143 

Chapter 12 Quantum Tunneling 

12.1 Introduction 147 

12.2 Quantum Tunneling in S-TS Systems 148 

12.3 Quantum Tunneling in S 1 -I-S 2 156 

12.4 Discussion 161 

Chapter 13 Flux Quantization 

13.1 Ring Supercurrent 163 

13.2 Phase of a Quasi-Wavefunction 167 

13.3 Eondon’s Equation. Penetration Depth 170 

13.4 Quasi-Wavefunction and its Evolution 175 

13.5 Discussion 177 




XI 



Chapter 14 Ginzburg-Landau Theory 

14.1 Introduction 181 

14.2 Derivation of the G-L Equation 183 

14.3 Condensation Energy 185 

14.4 Penetration Depth 189 

Chapter 15 Josephson Effects 

15.1 Josephson Effects and Supercurrent Interference 193 

15.2 Equations Governing a Josephson Current 197 

15.3 ac Josephson Effect and Shapiro Steps 200 

15.4 Discussion 204 

Chapter 16 Compound Superconductors 

16.1 Introduction 207 

16.2 Type 11 Superconductors 208 

16.3 Optical Phonons 213 

16.4 Discussion 216 

Chapter 17 Lattice Structures of Cuprates 

17.1 Introduction 217 

17.2 Layered Structures and 2-D Conduction 217 

17.3 Selected Cuprate Superconductors 221 

Chapter 18 High-Tc Superconductors Below Tc 

18.1 The Hamiltonian 227 

18.2 The Ground State 231 

18.3 High Critical Temperature 233 

18.4 The Heat Capacity 235 

18.5 Two Energy Gaps; Quantum Tunneling 236 

Chapter 19 Doping Dependence of 

19.1 Introduction 241 

19.2 Critical Temperature Tc 242 

19.3 Doping Dependence of Tc 245 

Chapter 20 Transport Properties Above Tc 

20.1 Introduction 249 

20.2 Simple Kinetic Theory 250 

20.3 Data Analysis 255 

20.4 Discussion 257 




Chapter 21 Out-of-Plane Transport 

21.1 Introduction 259 

21.2 Theory 260 

21.3 Data Analysis 265 

21.4 Discussion 266 

Chapter 22 Seebeck Coefficient (Thermopower) 

22.1 Introduction 269 

22.2 Theory 272 

22.3 Discussion 275 

22.4 Seebeck Coefficients in Metals 277 

22.5 In-Plane Seebeck Coefficient Sab 279 

22.6 Out-of-Plane Seebeck Coefficient Sc 280 

22.7 Discussion 283 

Chapter 23 Magnetic Susceptibility 

23.1 Introduction 285 

23.2 Theory 287 

23.3 Discussion 292 

Chapter 24 Infrared Hall Effect 

24.1 Introduction 295 

24.2 Theory and Experiments for Au 298 

24.3 Theory for YBa 2 Cu 307 302 

24.4 Data Analysis and Discussion 303 

Chapter 25 d-Wave Cooper Pairs 

25.1 Introduction 307 

25.2 Phonon-Exchange Attraction 307 

25.3 d-Wave pairon Eormation 309 

25.4 Discussion 310 

Chapter 26 Connections with Other Theories 

26.1 Gorter-Cassimir’s Two Eluid Model 311 

26.2 London-London’ s Theory 312 

26.3 Ginzburg-Landau Theory 313 

26.4 Electron-Phonon Interaction 314 

26.5 The Cooper Pair 315 

26.6 BCS Theory 315 

26.7 Bose-Eintein Condensation 318 




xiii 

26.8 Josephson Theory 319 

26.9 High Temperature Supereonduetors 320 

26.10 Quantum Hall Effect 321 

Chapter 27 Summary and Remarks 

27.1 Summary 325 

27.2 Remarks 329 

Appendix A Second Quantization 

A.l Boson Creation and Annihilation Operators 333 

A. 2 Observables 337 

A. 3 Fermions Creation and Annihilation Operators 339 

A. 4 Heisenberg Equation of Motion 341 

References 345 

Bibliography 355 

Index 359 




Constants, Signs, and Symbols 



Useful Physical Constants 





Symbol 


Value 
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- 273.16°C 
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No 
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Boltzmann constant 


ks 


1.38 X 10-^^ erg 


Bohr magneton 


Ms 
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ao 
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Electron mass 


m 
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Electron charge (magnitude) 


e 


4.80 X 10-^9 esu 


Gas constant 


R 


8.314 JraoU^ 


Molar volume (gas at STP) 
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Mechanical equivalent of heat 




4.186 J cal-i 
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1.26 X 10-3 H m-i 


Permittivity constant 


^0 
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Planck’s constant 


h 


6.63 X IQ-21^ erg sec 


Planck’s constant/27r 


h 
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Proton mass 


nip 
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Speed of light 


c 


3.00 X 10i3 cm sec-i 
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Chapter 1 
Introduction 



In this chapter we describe basic properties of a superconductor, occurrence 
of superconductors, theoretical background, and kinetic theory of conduction 
electrons. 



1.1 Basic Properties of a Superconductor 

Superconductivity is characterized by the following five basic properties: zero 
resistance, Meissner effect, magnetic flux quantization, Josephson effects, and 
gaps in elementary excitation energy spectra. We shall briefly describe these 
properties. 

1.1.1 Zero Resistance 

The phenomenon of superconductivity was discovered in 1911 by Kamerlingh 
Onnes [1] who measured extremely small electric resistance in mercury below 
a certain critical temperature Tc(w 4.2 K). His data are reproduced in Fig. 
1.1. This zero resistance property can be confirmed by a never-decaying 
supercurrent ring experiment described in Section 1.1.3. 

1.1.2 Meissner Effect 

Substances that become superconducting at finite temperatures will be called 
superconductors in the present text. If a superconductor below Tc is placed 
under a weak magnetic field, it repels the magnetic flux (field) B completely 



1 




2 



CHAPTER 1. INTRODUCTION 



0.0020 

0.0015 

R(P) 

0.0010 

0.0005 



0.000 

4 







1 

1 










r 

1 

'Hg 










1 

1 

r 

1 








<10‘‘ 

\ 


1 

1 

1 

1 

1 




T(K) 



00 



4.10 



4.20 



4.30 



4.40 4.50 



Figure 1.1: Resistance versus temperature, after Kamerling Onnes [1]. 

from its interior as shown in Fig. 1.2. This is called the Meissner ejfect, and 
it was discovered by Meissner and Ochsenfeld [2] in 1933. 




Figure 1.2: A superconductor expels a weak magnetic field. 

The Meissner effect can be demonstrated dramatically by a floating mag- 
net as shown in Fig. 1.3. A small bar magnet above Tc simply rests on a 
superconductor dish. If temperature is lowered below Tc, the magnet will 
float as indicated. The gravitational force exerted on the magnet is balanced 
by the magnetic pressure (part of electromagnetic stress tensor) due to the 
inhomogeneous magnetic field (B -field) surrounding the magnet, which is 
represented by the magnetic flux lines. 

The later more refined experiments reveal that the field B penetrates into 
the superconductor within a very thin surface layer. Consider the boundary 
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Figure 1.3: A floating magnet. 



of a semi-infinite slab. When the external field is applied parallel to the 
boundary, the B-field falls off exponentially: 

B{x) = S(0)e-=^/^ (1.1) 

as indicated in Fig. 1.4. Here, A is called a penetration depth, and it is on the 
order of 500 A in most superconductors at lowest temperatures. Its small 
value on a macroscopic scale allows us to speak of the superconductor as being 
perfectly diamagnetic. The penetration depth A plays a very important role 
in the description of the magnetic properties. 




Figure 1.4: Penetration of the magnetic field into a superconductor slab. 



1.1.3 Ring Supercurrent and Flux Quantization 

Let us take a ring-shaped cylindrical superconductor. If a weak magnetic 
field B is applied along the ring axis and temperature is lowered below Tc , 
the field is expelled from the ring due to the Meissner effect. If the field is 
then slowly reduced to zero, part of the magnetic flux lines may be trapped 
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Figure 1.5: A set of magnetic flux lines are trapped in the ring. 

as shown in Fig. 1.5. The magnetic moment so generated is found to be 
maintained by a never-decaying supercurrent flowing around the ring [3]. 

More delicate experiments [4, 5] showed that the magnetic flux enclosed 
by the ring is quantized as 



$ = ri$o, n = 0, 1,2, ... (1.2) 

$0 = 7 ^ = — = 2.07 X 10“^ Gauss cm^. (1.3) 

2c 6 

$0 is called a flux quantum. The experimental data obtained by Denver and 
Fairbank [4] is shown in Fig. 1.6. The superconductor exhibits a quantum 
state described by a kind of macroscopic wave function. 




Figure 1.6: The magnetic flux quantization, after Deaver-Fairbank [4]. The two 
sets of data are shown as A and o. 
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Figure 1.7: Two superconductors, S\ and S 2 , and a Josephson junction / are 
connected with a battery. 

1.1.4 Josephson Effects 

Let us take two superconductors separated by an oxide layer of thickness 
on the order of 10 A, called a Josephson junction. We use this system as 
part of a circuit including a battery as shown in Fig. 1.7. Above Tc the two 
superconductors, Si and S 2 and the junction I all show potential drops. If 
temperature is lowered beyond Tc., the potential drops in 5'i and S 2 disappear 
because of zero resistance. The potential drop across the junction I also dis- 
appears! In other words, the supercurrent runs through the junction I with 
no energy loss. Josephson predicted [6], and later experiments [7] confirmed, 
this Josephson tunneling or dc Josephson ejfect. 





Figure 1.8: Superconducting quantum interference device (SQUID). 



We now take a closed loop superconductor containing two similar Joseph- 
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son junctions and make a circuit as shown in Fig. 1.8. Below Tc, the 
supercurrent I branches out into I\ and I 2 . 

We now apply a magnetic field B perpendicular to the loop lying on the 
paper. The magnetic flux can go through the junctions, and can therefore 
be changed continuously. The total current 7 is found to have an oscillatory 
component: 

I = /^'^^cos(7T$/$o), == constant) (1.4) 

where $ is the magnetic flux enclosed by the loop, indicating that the two 
supercurrents 7i and I 2 , macroscopically separated (~ 1 mm), interfere just 
as two laser beams coming from the same source. This is called a Josephson 
interference. A sketch of interference pattern [8] is shown in Fig. 1.9. 




I I I I I I I I I L 

-400 -200 0 200 400 

Magnetic Field (mG) 



Figure 1.9: Current versus magnetic field, after Jaklevic et al. [8]. 

The circuit in Fig. 1.8 can be used to detect an extremely weak magnetic 
field. The detector is called the superconducting quantum interference device 
(SQUID). 

1.1.5 Energy Gap 

If a continuous band of the excitation energy is separated by a finite gap 
£g from the discrete ground-state energy level as shown in Fig. 1.10, this 
gap can be detected by photo-absorption [9], quantum tunneling [10], heat 
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capacity [11] and other experiments. The energy gap Sg turns out to be 
temperature-dependent. The energy gap eg{T) as determined from the tun- 
neling experiments [12] is shown in Fig. 1.11. The energy gap is zero at Tc, 
and reaches a maximum value £g(0) as temperature approaches toward OK. 






z 



z 
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— ground-state energy 



Figure 1.10: Excitation-energy spectrum with a gap. 



In true thermodynamic equilibrium, there can be no currents, super or 
normal. Thus we must deal with a nonequilibrium condition when discussing 
the basic properties of superconductors, such as zero resistance, flux quanti- 
zation, and Josephson effects. All of these arise from the supercurrents that 
dominate the transport and magnetic phenomena. When a superconductor 
is used to form a circuit with a battery and a steady state is established, all 
currents passing the superconductor are supercurrents. Normal currents due 
to the motion of electrons and other charged particles do not show up because 
no voltage difference can be developed in a homogeneous superconductor. 
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Figure 1.11: The energy gap Sg{T) versus temperature, as determined by tunnel- 
ing experiments, after Giaever and Megerle [12]. 
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1.2 Occurrence of a Superconductor 



1.2.1 Elemental Superconductors 
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Table 1.1. Superconductivity Parameters of the Elements. 
Transition temperature in K and critical magnetic field at 0 K in Gauss. 
* denotes superconductivity in thin films or under high pressures. 



More than 40 elements have been found to become superconducting. Ta- 
ble 1.1 shows the critical temperature Tj. and the critical magnetic fields at 
OK, Bq. Most non-magnetic metals can be superconductors, with notable 
exceptions being monovalent metals such as Li, Na, K, Cu, Ag, and Au. 
Some metals can become superconductors under applied pressures and/or in 
thin films, and these are indicated by asterisks. 

1.2.2 Compound Superconductors 

Thousands of metallic compounds are found to be superconductors. A se- 
lection of compound superconductors with critical temperature Tc are shown 
in Table 1.2. Note: Tc tends to be higher in compounds than in elements. 
NbsGe has the highest Tc (~23K). 
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Compoimd 


Tc{K) 


Compound 


T,(K) 


NbgGe 


23.0 


MoN 


12.0 


Nb3(Alo.8Geo.2) 


20.9 


VsGa 


16.5 


NbaSn 


18.05 


VaSi 


17.1 


NbaAl 


17.5 


UCo 


1.70 


NbaAu 


11.5 


Ti2Co 


3.44 


NbN 


16.0 


Laain 


10.4 



Table 1.2. Critical temperatures of selected compounds 



Compound superconductors exhibit type II magnetic behavior different 
from that of type I elemental superconductors. A very weak magnetic field 
is expelled from the body (the Meissner effect) just as by the type I su- 
perconductor. If the field is raised beyond the lower critical field Hd, the 
body allows a partial penetration of the field, still remaining in the super- 
conducting state. A further field increase turns the body to a normal state 
upon passing the upper critical field Hc 2 - Between Hd and Hc 2 , the super- 
conductor is in a mixed state in which magnetic flux lines surrounded by 
supercurrents, called vortices, penetrate the body. The critical fields versus 
temperature are shown in Fig. 1.12. The upper critical field Hc 2 can be very 
high (20 T= 2 x 10^ G for NbsSn). Also the critical temperature Tc tends 
to be high for high-iTc2 superconductors. These properties make compound 
superconductors useful for devices and applications. 





Figure 1.12: Phase diagrams of type 1 and type II superconductors. 
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1.2.3 High- Tc Superconductors 

In 1986 Bednorz and Muller [14] reported the discovery of the first high-Tc 
or high-temperature cuprate superconductors, also called high temperature 
superconductor, (HTSC) (Tc ~ 30 K) (LaBaCuO). Since then, many inves- 
tigations have been carried out on the high-Tc superconductors including 
YBaCuO with Tc ~ 94 K [15]. The boiling point of abundantly available 
and inexpensive liquid nitrogen (N) is 77 K. So the application potential of 
high-Tc superconductors, which are of type II, appears enormous. The su- 
perconducting state of these conductors is essentially the same as that of 
elemental superconductors. 



1.3 Theoretical Background 

1.3.1 Metals and Conduction Electrons 

A metal is a conducting crystal in which electrical current can flow with 
little resistance. This electrical current is generated by moving electrons. 
The electron has mass m and charge, — e, which is negative by convention. 
Their numerical values are m = 9.1 x 10“^® g, e = 4.8x 10“^° esu = 1.6x 
C. The electron mass is smaller by about 1837 times than the least massive 
hydrogen atom. This makes the electron extremely mobile. It also makes the 
electron’s quantum nature more pronounced. The electrons participating in 
the charge transport, called conduction electrons, are those which would have 
orbited in the outermost shells surrounding the atomic nuclei if the nuclei 
were separated from each other. Core electrons which are more tightly bound 
with the nuclei form part of the metallic ions. In a pure crystalline metal, 
these metallic ions form a relatively immobile array of regular spacing, called 
a lattice. Thus, a metal can be pictured as a system of two components: 
mobile electrons and relatively immobile lattice ions. 

1.3.2 Quantum Mechanics 

Superconductivity is a quantum effect manifested on a macroscopic scale. 
This is most clearly seen by a supercurrent ring with the associated quantized 
magnetic flux. To interpret this phenomenon, a thorough understanding of 
quantum theory is essential. Dirac’s formulation of quantum theory in his 
book. Principles of Quantum Mechanics [16], is unsurpassed. Dirac’s rules 
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that the quantum states are represented by bra or ket vectors and physical 
observables by Hermitean operators, are used in the text. There are two 
distinct quantum effects, the first of which concerns a single particle and the 
second a system of identical particles. 



1.3.3 Heisenberg’s Uncertainty Principle 

Let us consider a simple harmonic oscillator characterized by the Hamiltonian 

kx^ 



H - P ^ 

2 ’ 



( 1 . 6 ) 



where m is the mass and k the force constant. The corresponding energy 
eigenvalues are 



£n = hu)o{n + l/2), 






= {k/mY^^, n = 0,l,2,... . 



(1.6) 



The energies are quantized in Eq. (1.6). In contrast the classical energy can 
be any positive value. The lowest quantum energy eq = ?ia!o/2, called the 
energy of zero point motion, is not zero. It is found that the most stable state 
of any quantum system is not a state of static equilibrium in the configuration 
of lowest potential energy. It is rather a dynamic equilibrium for the zero 
point motion, which may be characterized by the minimum average total 
(potential+kinetic) energy under the condition that each coordinate q have 
a range Ag and the corresponding momentum p has a range Ap, so that the 
product AqAp satisfies the Heisenberg uncertainty relation: 

AqAp > h/2. (1.7) 

The most remarkable example of a macroscopic body in dynamic equilibrium 
is liquid helium (He). This liquid with a boiling point at 4.2K is known to 
remain liquid down to 0 K. The zero-point motion of He atoms precludes 
solidification. 



1.3.4 Bosons and Fermions 

Electrons are fermions. That is, they are indistinguishable quantum particles 
subject to Pauli’s exclusion principle. Indistinguishability of the particles is 
defined by using the permutation symmetry. According to Pauli’s principle 
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no two electrons can occupy the same state. Indistinguishable quantum par- 
ticles not subject to Pauli’s exclusion principle are called bosons. Bosons can 
occupy the same state multiply. Every elementary particle is either a boson 
or a fermion. This is known as the quantum statistical postulate. Whether 
an elementary particle is a boson or fermion is related to the magnitude of 
its spin angular momentum in units of h. Particles with integer spins are 
bosons while those with half-integer spin are fermions. This is known as 
Pauli’s spin-statistics theorem. According to this theorem and in agreement 
with all experimental evidence, electrons, protons, neutrons, and p-mesons, 
all of which have spin of magnitude h/2, are fermions while photons (quanta 
of electromagnetic radiation) with spin of magnitude h, are bosons. 



1.3.5 Fermi and Bose Distribution Functions 



The average occupation number at state a, denoted by < iVa >, for a system 
of free fermions in equilibrium at temperature T and chemical potential p, 
is given by the Fermi distribution function: 

< Na >= fpisa) = FT . for fermions, (1.8) 

exp[(£:„ - pj/ksT] -f 1 



where £a is the energy associated with the state a. The Boltzmann constant 
has the following numerical value: ks = 1-38 x 10""^® erg/deg = 1.38 x 
10-23 JK-k 

The average occupation number at state a for a system of free bosons in 
equilibrium is given by the Bose distribution function: 



< Na >= fsiSa) = 



exp[(£a 



1 

h)/W] - 1 



for bosons. 



(1.9) 



1-3-6 Composite Particles 

Atomic nuclei are composed of nucleons (protons, neutrons) while atoms are 
composed of nuclei and electrons. It has been experimentally demonstrated 
that these composites are indistinguishable quantum particles. According 
to Ehrenfest-Oppenheimer-Bethe’s rule [17] the Center-of-Mass (CM) of a 
composite moves as a fermion (boson) if it contains an odd (even) number 
of elementary fermions. Thus He^ atoms (4 nucleons, 2 electrons) move as 
bosons and He^ atoms (3 nucleons, 2 electrons) as fermions. Cooper pairs 
(two electrons) move as bosons, [see Section 8.2]. 
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1.3.7 Superfluids and Bose-Einstein Condensation 

Liquid He'^ (the most abundant isotope) undergoes a superfluid transition 
at 2.19K. Below this transition temperature, liquid He'^ exhibits frictionless 
(zero viscosity) flows remarkably similar to supercurrents. The pioneering 
experimental works on superfluidity were conducted primarily in the late 
1930’ s. In 1938 Fritz London [18] advanced a view that the superfluid transi- 
tion in liquid He^ be interpreted in terms of a B-E condensation [19], where 
a finite fraction of bosons is condensed in the lowest energy state and the 
rest of bosons have a gas like distribution. 

1.3.8 Bloch Electrons and Fermi Liquid Model 

In a metal at the lowest temperatures conduction electrons move in a static 
periodic lattice. Because of the Coulomb interaction among the electrons, 
the motion of the electrons is correlated. However each electron in a crystal 
moves in an extremely weak self-consistent periodic field. Combining this 
result with Pauli’s exclusion principle, which applies to electrons with no 
regard to the interaction, we can obtain the Fermi Liquid model of Landau 
[20] (see Section 3.2). In this model the quantum states for the Bloch electron 
are characterized by k- vector k, zone-number j and energy 



e^Ej(k). ( 1 . 10 ) 

At 0 K, all of the lo west-energy states are filled with electrons, and there 
exists a sharp Fermi surface represented by 



Efk)=EF, ( 1 . 11 ) 

where £p is the Fermi energy. Experimentally, all normal conductors are 
known to exhibit sharp Eermi surfaces at 0 K. Theoretically the band theory 
of solids [21] and the microscopic theory of superconductivity are based on 
this model. The occurrence of superconductors critically depends on the 
Eermi surface; see Section 7.3. 

1.3.9 “Electrons” and “Holes” 

“Electrons” (“Holes”) in the text are defined as quasiparticles possessing 
charge e (magnitude) which circulate counterclockwise (clockwise) when viewed 
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from the tip of the applied magnetic field vector B. We use quotation-marked 
“electron” to distinguish it from the generic electron having the gravitational 
mass m. This definition is used routinely in semiconductor physics. A “hole” 
can be regarded as a particle having positive charge, positive mass and pos- 
itive energy; The “hole” does not, however have the same effective mass m* 
(magnitude) as the “electron”, so that “holes” are not true antiparticles like 
positrons. “Electrons” and “holes” are the thermally excited particles with 
respect to the Fermi energy, and they are closely related to the curvature of 
the Fermi surface; see. Sections 3.5. 

1.3.10 Second Quantization 

In second quantization, where creation and annihilation operators associated 
with each quantum state are used, identical particles (bosons or fermions) 
can be treated simply and naturally. This formulation is indispensable in 
developing a theory of superconductivity, and for completeness it is reviewed 
in Appendix A. 

1.4 Elements of Kinetic Theory 

The understanding of normal conduction is a prerequisite for the supercon- 
ductivity theory. We discuss the elements of the kinetic theory of electrical 
conduction. 

1.4.1 Electrical Conductivity and Matthiessen’s Rule 

Fet us consider a system of electrons independently moving in a potential 
field of impurities, which act as scatterers. The impurities are assumed to be 
distributed uniformly. 

Under the action of an electric field E pointed along the positive x-axis, 
a classical electron will move according to Newtons’s equation of motion: 

dvj. ^ 

= —eE, (1-12) 

(in the absence of the impurity potential). Solving this, we obtain 

r’l = -—Et + 
m 



( 1 . 13 ) 
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where is the x-component of the initial velocity. For a free electron the 
velocity can increase indefinitely and leads to infinite conductivity. 

In the presence of the impurities, this uniform acceleration will be in- 
terrupted by scattering. When the electron hits a scatterer (impurity), the 
velocity will suffer an abrupt change in direction and grow again following 
Eq. (1.13) until the electron hits another scatterer. Let us denote the av- 
erage time between successive scatterings or the mean free time by r/. The 
average velocity {vf) is then given by 

ivf) = -{e/m)ETf, (1.14) 

where we assumed that the electron loses the memory of its preceding motion 
every time it hits a scatterer, and the average velocity after collision is zero: 

(«°) = 0 - ( 1 - 15 ) 

The charge current density (average current per unit volume) j is given 
by 

j = (charge) x (number density) x (velocity) = en {vf) — e^nrfE/m, (1.16) 

where n is the number density of electrons. According to Ohm’s Law, the 
current density j is proportional to the applied electric field E when this field 
is small: 

( 1 . 17 ) 

The proportionality factor a is called the electrical conductivity. It rep- 
resents the facility with which the current flows in response to the electric 
field. Combining the last two equations, we obtain 

(1.18) 

This equation is very useful in the qualitative discussion of the electrical 
transport phenomenon. The inverse mass-dependence law means that the 
ion contribution to the electric transport in an ionized gas will be smaller by 
at least three orders of magnitude than the electron contribution. Also note 
that the conductivity is higher if the number density is greater and/or if the 
mean free time is greater. 

The inverse of the mean free time T/: 

r = l/r, 




3 = <^E. 



(1.19) 
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is called the scattering rate. Roughly speaking this represents the mean 
frequency with which the electron is scattered by impurities. The scattering 
rate F is given by 

r - nivA, (1.20) 

where ri[, v, and A are respectively the density of scatterers, the electron 
speed, and the scattering cross section. 

If there is more than one kind of scatterer, the scattering rate may be 
computed by the addition law: 



r — riivAi + U2vA2 + ... = Fi + F2 + ... . (1-21) 



This is often called Matthiessen’s rule. The total scattering rate is the sum 
of rates computed separately for each kind of scatterer. 

Historically and still today, the analysis of resistance data for a conductor 
is performed as follows: If the electrons are scattered by impurities and again 
by phonons (quanta of lattice vibrations), the total resistance will be written 
as the sum of the resistances due to each separate cause of scattering: 



Rtotal R' 



impurity 



ER 



•phonon ■ 



( 1 . 22 ) 



This is the original statement of Matthiessen’s rule. In further detail, the 
electron-phonon scattering depends on temperature because of the chang- 
ing phonon population while the effect of the electron-impurity scattering 
is temperature-independent. By separating the resistance in two parts, one 
temperature-dependent and the other temperature-independent, we may ap- 
ply Matthiessen’s rule. 



1.4.2 The Hall Effect, “Electrons” and “Holes” 

In this section we discuss the Hall effect. As we see later “electrons” and 
“holes” play very important roles in the microscopic theory of superconduc- 
tivity. Let us consider a conducting wire connected with a battery. If a 
magnetic field B is applied, the field penetrates the wire. The Lorentz force 

F = gv X B, (1-23) 

where gis the charge of the carrier, may then affect the electron’s classical 
motion. If so, the picture of the straight line motion of a free electron in 
kinetic theory has to be modified significantly. If the field (magnitude) B 
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Figiire 1.13: The magnetic and electric forces (F^,F£;) are balanced to zero in 
the Hall effect measurement. 

is not too high and the stationary state is eonsidered, the aetual physieal 
situation turns out to be much simpler. 

Take the case in which the field B is applied perpendicular to the wire of 
a rectangular cross-section as shown in Fig. 1.13. Experiments show that a 
voltage Vc is generated perpendicular to the field B and the electric current 
J such that a steady current flows in the wire apparently unhindered. We 
may interpret this condition as follows. Let us write the current density j as 

j = qnvd, (1-24) 

where n is the density of conduction electrons and the drift velocity. A 
charge-carrier having a velocity equal to the drift velocity is affected by 
the Lorentz force: 

F = g(Ee + VdxB), (1.25) 

where Eg is the electric field due to the cross voltage If. In the geometry 
shown, only the s-component of the force F is relevant. If the net force 
vanishes: 

q(Ec -h VdB) — 0, (1.26) 

the carrier can proceed along the wire (z— direction) unhindered. 

Let us check our model calculation. We define the Hall coefficient Rh^Y 
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where the three quantities on the rhs can be measured. Using (1.24) and 
(1.26), we obtain 

(1.28) 

The experimental values for —quR^j in some metals are given in Table 
1.3. For alkali metals the agreement between theory and experiment is nearly 
perfect. The measured Hall coefficients Rh for most metals are negative. 
This can be understood by assuming that the charge carriers are “electrons” 
having a negative charge q — —e. There are exceptions, however. As we see 
in Table 1.3, Al, Be and others exhibit positive Hall coefficients. This can 
be explained only by assuming that in these metals the main charge carriers 
are “holes” possessing a positive charge q — +e. This is a quantum many- 
body effect. As we shall see later, the existence of “electrons” and “holes” 
is closely connected with the curvature of the Fermi surface. Non-magnetic 
metals which have “holes” tend to be superconductors, as will be explained 
later. 



Rh = l/qn. 



Metal 


Valence 


-l/nqRH 


Li 


1 


-0.8 


Na 


1 


-1.2 


K 


1 


-1.1 


Cu 


1 


-1.5 


Ag 


1 


-1.3 


Au 


1 


-1.5 


Be 


2 


0.2 


Mg 


2 


0.4 


In 


3 


0.3 


Al 


3 


0.3 



Table 1.3. Hall coefficients of selected metals. 





Chapter 2 

Superconducting Transition 



Flux quantization and Josephson interference indicate that the supercon- 
ducting transition is a Bose-Einstein condensation of independently moving 
Cooper pairs (pairons) having a linear energy-momentum relation. 



2.1 Three Phase Transitions 

The superconducting transition is a sharp thermodynamic phase transition 
similar to the vapor-liquid transition of water and the ferromagnetic tran- 
sition of a magnet. But there are significant differences between the three 
transitions. 

First, the vapor-liquid transition is a condensation in the ordinary space, 
while the ferromagnetic transition is a condensation in the spin angular mo- 
mentum space. As we see later, the superconducting transition is a conden- 
sation in the momentum space. 

Second, the cause of the liquid condensation is the intermolecular attrac- 
tion, which may be represented by the Lenard- Jones potential with a depth 
e and a size, see Fig. 2.1. The condensation temperature Tc is of the order 
of the depth e: 

Tc'^ E. (liquid condensation) (2.1) 

The correlation of the motion among a number of molecules becomes great 
near and their rigorous treatment of the phase transition is extremely 
difficult. A ferromagnetic transition may be described by the Ising model 
[1] with an exchange energy J characterizing the alignment tendency of two 
neighboring spins. The condensation (critical) temperature Tc is of the order 
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Figure 2.1: The Lennard-Jones potential representing the interaction between 
atoms is characterized by the potential depth £ and the linear size a. 

of the exchange energy J: 

Tc ~ J. (spin condensation) (2-2) 

In this case, too, the motional correlation extends over a great number of 
spins as the system’s temperature approaches Tc, making the rigorous treat- 
ment of phase transition extremely difficult. In contrast, the superconducting 
transition is, as we shall see, a Bose-Einstein (B-E) condensation of pairons. 
The interparticle correlation comes only through the boson nature of the 
pairons, and the treatment is simple and straightforward. We shall see that 
the critical temperature Tc depends on the pairon density n. 

The three transitions can be distinguished thermodynamically as follows: 
In the case of water, the gas and liquid phases are both characterized by 
two independent thermodynamic variables, e.g. the number density n and 
the temperature T. There is a latent heat at the transition point, indicating 
that there is a finite change in the entropy S at Tc. The order of phase 
transition is defined to be that order of the derivative of the free energy F 
whose discontinuity appears for the first time. Since S = —dF{T, V) j dT, 
the vapor-liquid transition is a phase transition of first order. 

In contrast the superconducting phase has one peculiar component, called 
a super part or a supercondensate, which dominates the transport and mag- 
netic phenomena, and the other component, called the normal part, which 
behaves normally [2]. The two components are inter mi xed in space, but they 
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are distinguished in momentum and move distinetly. In other words, the 
supereondueting phase ean be eharaeterized by the normal thermodynamie 
variables (n, T) and a Ginzburg-Landauwavefunetion (eomplex order pa- 
rameter), whieh represents the quantum state of the supereondensate. [3] 
The two-fluid (eomponent) model is applieable only to supereonduetor (and 
superfluid). The appearanee of the supereondensate wave funetion Tf below 
Tc, is somewhat similar to the appearanee of a spontaneous magnetization M 
below Tc in a ferromagnet. The W is eomplex, while the M is real however. 
The supereondueting transitions at zero magnetie field is of seeond or higher 
order, and there is no latent heat. 



2.2 Pairons Move as Masless Particles 



Let us take a ring-shaped supereonduetor at OK. The ground state for a 
pairon (or any quantum partiele) in the absenee of eleetromagnetie fields ean 
be eharaeterized by a real wave funetion '0o(j') having no nodes and vanishing 
at the ring boundary: 






nearly constant inside the body 
0 at the boundary. 



(2.3) 



Sueh a wave funetion eorresponds to the zero-momentum state, and it eannot 
earry eurrent. Now eonsider eurrent-earrying states. There are many nonzero 
momentum states whose energies are very elose to the ground-state energy 0. 
These states may be represented by the wave funetions {•0„} having a finite 
number of nodes along the ring. A typieal state is represented by 



V-n (r) = uexp{ipr,xlh), 



(2.4) 



Pn 



2Trhn 

~1T' 



n = ±1,±2,... 



(2.5) 



where x is the eoordinate along the ring of eireumferenee L; the faetor u 
is real and nearly eonstant inside, and vanishes at the boundary. When a 
maeroseopie ring is eonsidered, thewavefunetion represents a state having 
linear momentum along the ring. For small n, the value ofp„ = 27thnfL is 
very small, sinee L is a maeroseopie length. The assoeiated energy eigenvalue 
is also very small. 

Let us now eonsider the effeet of a magnetie field. In flux quantization ex- 
periments [4] a minute flux is trapped in the ring, and this flux is maintained 
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by the ring supercurrent (see Fig. 1.5). Experiments (data are summarized 
in Fig. 1.6), show that the trapped flux is quantized: 

I I h irfl 

$ = n$o, ^0 = ^pairon - — = — . (2.6) 

/uG- G 

The integers n appearing in (2.5) and (2.6) are the same, which can be seen 
by applying the Bohr-Sommerfeld quantization rule: 



j) pdx = 27rh{n + 7 ) (2.7) 

to the circulating pairons. The phase (number) 7 is zero for the present ring 
(periodic) boundary condition. 

Flux quantization experiments indicate that a macroscopic supercurrent 
is generated and maintained around the ring, that the charge carriers in the 
supercurrent have charge (magnitude) 2 e, and that a great number of pairons 
participate in the conduction, and that they occupy the same momentum 
state pn, implying that pairons move as bosons. Since the steady-state is 
maintained in the experiments this momentum state pn corresponds to one 
of the energy-eigenstates of the pairon, meaning that the energy of a moving 
pairons is a sole function of its momentum: 

e = £(p). (2.8) 

In other words the pairons do not interact with each other. Furthermore, 
since flux quantization is the momentum quantization, the phenomenon is 
material-independent. 

The Josephson interference [5], (see Figs. 1.8 and 1.9), indicate that two 
supercurrents macroscopically separated up to 1 mm can interfere just as two 
laser beams coming from the same source. This means that the condensed 
pairons move with a non-dispersive linear energy-momentum relation: 

£ = cp, c = constant. (2.9) 

In fact, supercurrent and laser have a great similarities as shown in Table 2.1. 
The only significant difference are (i) that pairons have charges and hence 
respond to electromagnetic fields while photons do not and (ii) that pairons 
can be stationary while photons must always travel at the speed of light. 
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pairons 


common feature 


photons 


£ = Vfp/2 

(Cooper-SchriefFer relation) 


No electromagnetic mass 
boson 


£ = cp = chk 
c = ligth speed 




diffraction 




coherence range ~ 1 mm 


interference 


coherence range ~ 1 


charge 2e 


self focussing power 


0 charge 



Table 2. 1 Analogy Between Supercurrents and Lasers 



2.3 The Bose-Einstein Condensation 

Electrons are fermions. Pairons, each composed of a pair of electrons, move as 
bosons. That is, two or more pairons can occupy one and the same center-of- 
mass momentum state. In general the quantum statistics of composites such 
as pairons, nuclei, atoms, etc. obeys Ehrenfest-Oppenheimer-Bethe’s (EOB) 
rule with respect to the center of mass motion [6]: a composite’s motion 
is fermionic (bosonic) if it contains an odd (even) number of elementary 
fermions. We stress that the quantum statistics is defined with respect to 
the occupation possibility at the center-of-mass momentum. This theorem 
applies independently of any interaction and any energy (bound-state or else). 
No detailed configuration of constituting particles matters. The proof of this 
theorem is given in Chapter 8 [7]. 

A system of independently moving particles in equilibrium obeys the Bose 
or the Eermi distribution law. Eor free bosons with mass M moving in three 
dimensions (3D), the condensation temperature Tc is given by [ 1 ] , [8] 

Tc = 3.31 (2.10) 

where n is the number density of bosons. This formula is applicable to the 
systems of gaseous [87 nucleons (N), 37 electrons (e)] and Na [22N, 

lie] recently observed by Cornell’s [9] andKeterle’s [10] groups. 

The phase transition in an elemental (and compound) superconductor 
can also be regarded as a B-E condensation of free pairons. The phonon- 
exchange attraction can bind any two electrons whose energies are close to 
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the Fermi energy. Hence zero and finite-momentum pairons, are created in 
a superconductor. In fact, Cooper and Schrieffer [11] showed that pairons 
moving in 3D have a linear energy momentum relation 

Eq = {l/2)vFq + Wo, (2.11) 

where vp = (2ei?/m*)^/^is the Fermi velocity and luothe ground-state energy 
of a pairon. The condensation temperature Tc for free pairons is given by 
[ 12 ] 

Tc = 1.01 ( 2 . 12 ) 

Note that this formula is independent of the famous BCS formula [13]: 

2A = 3.53kBT;, (2.13) 

connecting the critical temperature Tc and the zero-temperature quasi-electron 
energy gap A in the weak coupling limit. The Bloch electron (wave packet) 
in a crystal moves unhindered by the lattice potential. Hence pairons, each 
made up of two Bloch electrons move freely in the perfect crystal. The pairon 
size can be estimated by the BCS zero-temperature coherence length [13] 

= hyp/iT A = O.lShv /ksTc. (2-14) 

After solving Eq. (2.12) for n and introducing the interpairon distance Tq = 
we obtain 



ro = - 1.01 nyp/keTc = 5.61 (2-15) 

indicating that the interpairon distance Tq is several times greater than the 
pairon size Thus B-E condensation occurs before the picture of free 
pairons breaks down, and formula (2.12) can be identified as the supercon- 
ducting (critical) temperature. 

In the currently predominant BCS theory the superconducting temper- 
ature Tc is identified as the temperature at which the stationary (zero- 
momentum) pairons break up and disappear in the system. But the heat 
capacity has a maximum at A, which can only be explained in terms of a 
model in which many particles participate in the phase transition. We take 
a view that the superconducting transition is a macroscopic change of state 
with no change in the microscopic constituents (pairons). Our view is sup- 
ported by experiments, for example, hydrogen molecules H 2 in a gas mixture 
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of (H 2 , H) will break up haphazardly with no visible macroscopic change 
of phase. In the B-E condensation a great number of pairons cooperatively 
participate and exhibits a macroscopic change of phase. Hence, in our view 
the pairons do not break up at Tc, and exist above Tc. The current- voltage 
(I-V) curves in the Giaever tunneling [14] go over smoothly to the straight- 
line Ohm’s law behavior as the temperature is raised through Tc, indicating 
that both pairons and electrons above Tc contribute to the charge transport. 

High-Tc cuprates [15] and organic superconductors [16] have layered lat- 
tice structures. The electrical conduction in such a material occurs in a plane 
perpendicular to the c-axis; the Fermi surface is a right cylinder with its axis 
parallel to the c-axis. Pairons formed in a two-dimensional (2D) material 
have a linear energy-momentum relation: 

e = {2 /-k)vpp -I- rco- (2.16) 

The system of free pairons moving in 2D with the relation (2.16) undergoes 
a B-E condensation at 

Tc = l.24:hk'^^vp7A^^. (2-17) 

The condensation of massless bosons in 2D is noteworthy [17] since the B- 
E condensation of massive bosons (e = /2M) is known to occur in three 

dimensions only. This is not a violation of Hohenberg’s theorem [18] that 
there can be no long-range order in two dimensions, which is derived with 
the assumption of an /—sum rule representing the mass conservation law. In 
fact, no B-E condensation occurs in 2D for finite-mass bosons [17]. 

High-Tc superconductors above Tc exhibit unusual transport behaviors. 
This will be explained later with the assumption that there exist two kinds 
of charge carriers, electrons and pairons, both being scattered by phonons. 
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Figure 3.1: A periodic potential in one dimension. 




neutral, and hence the number of electrons equals the number of ions. Both 
numbers are denoted by N. 

At the lowest temperatures the ions are almost stationary near the equi- 
librium lattice points. (Because of quantum zero-point motion, the ions are 
not at rest even at 0 K. But this fact does not affect the following argument.) 
The system then can be viewed as the one in which the electrons move in a 
periodic lattice potential V. The Hamiltonian of this idealized system that 
now depends on the electron variables only can be written as 









j>k 



rj - rfcl 



+ 5] V{T,) + C, 



(3.2) 



where V(r) represents the lattice potential, and the constant energy C de- 
pends on the lattice configuration. 

Let us drop the Coulomb interaction energy from (3.2). We then have 

H = V (vj) + constant, 

j j 




In Fig. 3.1, we draw a typical lattice potential in one dimension (ID). 

For definiteness, we consider an infinite orthorhombic (ore) lattice. We 
choose a Cartesian frame of coordinates {x,y,z) along the lattice axes. The 
potential V {x, y,z) = V (r) is lattice-periodic: 



F(r + R) = y(r), 

R =niai -f 77,26 j + 773ck, (uj : integers) 



(3.4) 

(3.5) 
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where (a, b, c) are lattice constants and the vector R is called the Bravais 
lattice vector. 

The Schrodinger equation for an electron is 

= E-ipEir), (3.6) 

where E is the energy. Clearly '0^(r + R) also satisfies the same equation. 
Therefore the values of the wavefunction at r and r + R may he different 
only hy a r-independent phase: 

+ R) = (3.7) 

where k = {kx,ky,kz) is called a fc-vector. Eq. (3.7) represents a form of 
the Bloch’s theorem [1]. It generates far reaching consequences in theory of 
conduction electrons. 

The three principal properties of the Bloch wavefunctions are: 

(A) The prohahility distribution P(r) is lattice-periodic: 

P(r) = |^(r)|' = P(r-fR). (3.8) 

(B) The fc-vector k = {k^, ky, k^) in Eq. (3.7) has the fundamental range: 

— 7r/a < kx < 7r/a, —n/b < ky < n/b, —Trie < k^ < 'k/c^ 

(3.9) 

the end points that form a rectangular hox, are called the Brillouin 
boundary. 

(C) The energy eigenvalues E have energy gaps, and the allowed energies E 
can he characterized hy the zone number j and the A;- vectors: 

E = Ejitik) = £j(p). (3.10) 

Using Eq. (3.7), we can express the Bloch wave function ij; in the form: 
'0i?(r) = '0j,k(r) = exp(zk • r)uj^u{r), (3.11) 

«j-k(r -f R) = Uj,k(r). (3.12) 

Equations (3.10)-(3.12) indicate that the Bloch wavefunction ■0£;(r), associ- 
ated with quantum numbers (j,k), is a plane- wave characterized by fc- vector 
k, angular frequency to ^ h~^Ej{k) and wave train Mj,k(r)- 
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3.2 Fermi Liquid Model 

We consider a monovalent metal, whose Hamiltonian Ha is given in Eq. (3.1): 

^ r? h ^ p2 

-rfel 

j=l j>fc ' J Q=1 




(3.13) 



The motion of the set of N electrons is correlated because of the interelec- 
tronic interaction. If we omit the ionic kinetic energy, interionic and inter- 
electronic Coulomb interaction from Eq. (3.13), we obtain 



^ + constant, 



( 3 . 14 ) 



which characterizes a system of electrons moving in the bare lattice. 

Since the metal as a whole is neutral, the Coulomb interaction among the 
electrons, among the ions, and between electrons and ions, all have the same 
orders of magnitude, and hence they are equally important. We now pick 
one electron in the system. This electron is in interaction with the system of 
N ions and N - \ electrons, the system (medium) having the net charge -\-e. 
These other - 1 electrons should, in accordance with Bloch’ s theorem be 
distributed with the lattice periodicity and all over the crystal in equilibrium. 
The charge per lattice ion is greatly reduced from e to N~~^e because the net 
charge e of the medium is shared equally by N ions. Since is a large 
number, the selected electron moves in an extremely weak ejfective lattice 
potential Ve as characterized by the model Hamiltonian 

hc = ~ + Ve(r), I4(r + R) = Ee(r). (3.15) 

2m 

In other words any chosen electron moves in an environment far different 
from what is represented by the bare lattice potential V. It moves almost 
freely in an extremely weak effective lattice potential V^. This picture was 
obtained with the aid of Bloch’s theorem, and hence it is a result of quantum 
theory. To illustrate let us examine the same system from the classical point 
of view. In equilibrium the classical electron distribution is lattice-periodic. 
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so there is one electron near each ion. This electron will not move in the 
greatly reduced field. 

We now assume that electrons move independently in the effective po- 
tential field Ve- The total Hamiltonian for the idealized system may then he 
represented hy 

He = = (3.16) 

i 3 3 

This Hamiltonian He is a far better approximation to the original Hamil- 
tonian than the Hamiltonian i/g. In He both interelectronic and inte- 
rionic Coulomb repulsion are not neglected but are taken into consideration 
self-consistently. This model is a one-electron-picture approximation, but it 
is hard to improve on by any simple method. The model in fact forms the 
basis for band theory of electrons. 

We now apply Bloch’s theorem to the Hamiltonian He composed of the 
kinetic energy and the interaction energy Ve. We then obtain the Bloch 
energy bands and the Bloch states characterized by band index j and 

A;- vector k. The Fermi-Dirac statistics obeyed by the electrons can be applied 
to the Bloch electrons with no regard to interaction. This means that there 
is a certain Fermi energy ep for the ground-state of the system. Thus there 
is a sharp Fermi surface represented by 

ej{fik)=SF, (3-17) 



which separates the electron-filled fc-space (low-energy side) from the empty 
A;-space (high energy side). The Fermi surface for a real metal in general is 
complicated in contrast to the free-electron Fermi sphere represented by 



f_ ^ pIepI + pI 

2m 2m 



(3.18) 



The independent electron model with a sharp Fermi surface at 0 K is called 
the Fermi liquid model of Landau [2]. As we show later, many thermal 
properties of conductors are dominated by those electrons near the Fermi 
surface. The shape of the Fermi surface is very important for the occurrence 
of superconductors. In the following section, we shall examine the Fermi 
surfaces of some metals. 

The Fermi liquid model was obtained in the static lattice approximation 
in which the motion of the ions is neglected. If the effect of moving ions 
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(phonons) is taken into account, a new model is required. The electron- 
phonon interaction turns out to be very important in the theory of super- 
conductivity, which will be discussed in Chapter 4. 



3.3 The Fermi Surface 



Why does a particular metal exist with a particular crystalline state? This 
is a good question. The answer must involve the composition and nature of 
the atoms constituting the metal and the interaction between the component 
particles. To illustrate let us take sodium, which forms a bee lattice. This 
monovalent metal may be thought of as an ideal composite system of electrons 
and ions. The system Hamiltonian may be approximated by Ha in Eq. 
(3.13), which consists of the kinetic energies of electrons and ions and the 
Coulomb interaction energies among and between electrons and ions. This 
is an approximation since the interaction between electron and ion deviates 
significantly from the ideal Coulomb law at short distances because each ion 
has core-electrons. At any rate the study of the ground-state energy of the 
ideal model favors a fee lattice structure, which is not observed for this metal. 
If multivalent metals like Pb and Sn are considered, the condition becomes 
even more complicated, since the core electrons forming part of ions have 
anisotropic charge distribution. Because of this complexity it is customary 
in solid state physics to assume the experimentally known lattice structures 
first, then proceed to study the Fermi surface. 

Once a lattice is selected, the Brillouin zone is fixed. For an ore lattice 
the Brillouin zone is a rectangular box defined by Eqs. (3.9). We now assume 
a large periodic box of volume 

(Aia)(7V2 6)(A3c), Ai, iVa, A^3 » !■ (3.19) 



Fet us find the number N of the quantum states in the first Brillouin zone. 
With the neglect of the spin degeneracy, the number N is equal to the total 
fc-space volume enclosed by the Brillouin boundary divided by unit A;-cell 
volume 



( 



27T 

a 



) 








(3.20) 



which equals the number of the ions in the normalization volume. It is 
also equal to the number of the conduction electrons in a monovalent metal. 
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Figure 3.2; The Fermi surface of sodium (bcc) is nearly spherical within the first 
Brillouin zone. 

Thus, the first Brillouin zone can contain twice (because of spin degeneracy) 
the number of conduction electrons for the monovalent metal. This means 
that at 0 K, half of the Brillouin zone may be filled by electrons. Something 
similar to this actually happens to alkali metals including Li, Na, K. These 
metals form bcc lattices. All experiments indicate that the Fermi surface 
is nearly spherical and entirely within the first Brillouin zone. The Fermi 
surface of sodium is shown in Fig. 3.2. 

The nearly free electron model [NFEM] developed by Harrison [3, 4] can 
predict a Fermi surface for any metal in the first approximation. This model is 
obtained by applying Heisenberg’s uncertainty principle and Pauli’s exclusion 
principle to a solid. Hence it has a general applicability unhindered by the 
complications due to particle-particle interaction. Briefly in the NFEM, the 
first Brillouin zone is drawn for a chosen metal. Electrons are filled, starting 
from the center of the zone, with the assumption of a free-electron dispersion 
relation. If we apply the NEEM to alkali metals, we simply obtain the Eermi 
sphere as shown in Eig. 3.2. 

Noble metals, including copper (Cu), silver (Ag), and gold (Au), are 
monovalent fee metals. The Brillouin zone and Fermi surface of copper are 
shown in Fig. 3.3. The Fermi surface is far from spherical. Notice that the 
Fermi surface approaches the Brillouin boundary at right angles. This arises 
from the mirror symmetry possessed by the fee lattice. 
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Figure 3.3: The Fermi sphere bulges out in the (111) direction to make contact 
with the hexagonal zone faces. 




Figure 3.4: The Fermi surfaces in the second zone for Be. (a) NFEM monster, 
(b) measured coronet. The coronet encloses unocupied states. 
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Figure 3.5: The Fermi surface for bcc tungsten. The central figure contains 
electrons and all other figures contain vacant states, after Schonberg and Gold [6]. 




Figure 3.6: The Fermi surface constructed by Harrison’s model (NFEM) in the 
second zone for Al. The convex surface encloses vacant states. 
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Figure 3.7; The conjectured Fermi surface in the third zone for fee Pb. 



For a divalent metal like calcium (Ca) (fee), the first Brillouin zone can in 
principle contain all of the conduction electrons. However, the Fermi surface 
must approach the zone boundary at right angles, which distorts the ideal 
configuration considerably. Thus the real Fermi surface for Ca has a set 
of unfilled corners in the first zone, and the overflow electrons are in the 
second zone. As a result Ca is a metal, and not an insulator. Besides Ca has 
“electrons” and “holes”. Divalent beryllium (Be) forms a hexagonal closed 
pack (hep) crystal. The Fermi surfaces in the second zone (a) constructed in 
the NFEM and (b) observed [5], are shown in Fig. 3.4. Tungsten (W), which 
contains d-electrons [(xenon) 4F^5d^6s^] forms a bee crystal. The conjectured 
Fermi surface is shown in Fig. 3.5. Let us now consider trivalent aluminum 
(Al), which forms a fee lattice. The first Brillouin zone is entirely filled with 
electrons. The second zone is half filled with electrons, starting with the 
zone boundary as shown in Fig. 3.6. As another example, we exa mi ne the 
Fermi surface of lead (Pb), which also forms a fee lattice. Since this metal 
is quadrivalent and hence has a great number of conduction electrons, the 
Fermi surface is quite complicated. The conjectured Fermi surface in the 
third zone is shown in Fig 3.7. For more detailed description of the Fermi 
surface of metals see standard texts on solid state physics (Refs. [4], [7], and 
[8]). Al, Be, W and Pb are superconductors, while Naand Cu are not, which 
will be discussed further in Chapter 8. 
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Figure 3.8: The density of states in energy N{e) and the Fermi distribution 
function f{e) are drawn as functions of the kinetic energy £. The change in / 
is appreciable only near the Fermi energy /Tq if k^T /Tq. The shaded area 
represents approximately the number of thermally excited electrons. 



3.4 Heat Capacity and Density of States 

The band structures of conduction electrons are quite different from metal to 
metal. In spite of this, the electronic heat capacities at very low temperatures 
are all similar, which is shown in this section. We first show that any normal 
metal having a sharp Fermi surface has a T-linear heat capacity. We draw 
the density of states M{e), and the Fermi distribution function f{e) as a 
function of the kinetic energy £ in Fig. 3.8. The change in /(e) is appreciable 
only near the Fermi energy ep. The number of excited electrons, Nx^ is 
estimated by 

Nx=N{£p)\iBT. (3.21) 

Each thermally excited electron will move up with an extra energy of the 
order k^T. The approximate change in the total energy NE is given by 
multiplying these two factors: 



ISE = Nx ksT = M{ep){kBT)\ 



(3.22) 
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Differentiating this with respect to T, we obtain an expression for the heat 
capacity: 

Cv ^ -^AE = 2klAf{ej.)T, (3.23) 

which indicates the T-linear dependence. This T-dependence comes from the 
Fermi distribution function. Using the more rigorous calculation, we obtain 

Gv={l/3)n\lN{£F)T.\ (3.24) 

The density of states, N{£f), for any normal metal can be expressed by 

= E ^ / ®iv^’ 

where the factor 2 is due to the spin degeneracy, and the surface integration 
is carried out over the Fermi surface represented by 

£j{fik) =£f- (3.26) 



As an illustration, consider a free electron system having the Fermi sphere: 

{pI+pI+ P^)/(2m) = Sf. (3.27) 

The gradient Ve(p) at any point of the surface has a constant magnitude 
pp/m, and the surface integral is equal to Appp. Equation (3.25), then, yields 

2V jppp _ 1/2 

{2FhY {pplm) 

As a second example, consider the ellipsoidal surface represented by 





2mi 2m2 2m^ 



After elementary calculations, we obtain (Problem 3.4.1). 

ol/2 

M{e) = V — ^ (mim2m3)^/^£^/^ (3.30) 

TT^n 

which shows that the density of states still grows like but the coefficient 
depends on the three effective masses (mi, m 2 , m 3 ). 
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Problem 3.4.1. (a) Compute the momentum-space volume between the 
surfaces represented by e = / 2mi +pl / 2 m 2 +pl / 2ms, and e + de = 

p'^/2mi ■^Py/2m2 +pfl2ms- By counting the number of quantum 
states in this volume, obtain Eq. (3.30). (b) Derive Eq. (3.30), start- 
ing from the general formula (3.25). Hint: Convert the integral over 
the ellipsoidal surface into that over a spherical surface. 



3.5 Equations of Motion for a Bloch Electron 

We discuss, in this section, how conduction electrons respond to the ap- 
plied electromagnetic fields. [9] Let us recall that in the Eermi liquid model 
each electron in a crystal moves independently in an extremely weak lattice- 
periodic effective potential KCr): 

K(r-fR) = K(r). (3.31) 

We write down the Schrddinger equation: 

l-Nv^ + V{v)]i,{T)^E4,{r). (3.32) 

According to Bloch’s theorem, the wavefunction t/) satisfies 

^i.k(r + R) = e’‘''^^/'j-k(r). (3.33) 

The Bravais vector R can take on only discrete values, and its minimum 
length can equal the lattice constant uq. This generates a limitation on the 
domain in k. Eor example the values for each ka (a = x, y, z) for a sc 
lattice are limited to (— tt/uo, 7r/ao). This means that the Bloch electron’s 
wavelength \ = 2'k / k has a lower bound: 



A>2flo.. (3.34) 

The Bloch electron state is characterized by fe-vector k, band index j and 
energy 

e = £j(^k) = £j(p). (3.35) 

Here we defined the lattice momentum by p = ^k. The energy-momentum 
or dispersion relation represented by Eq. (3.35) can be probed by transport 
measurements. A metal is perturbed from the equilibrium condition by an 
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applied electric field; the deviations of the electron distribution from the 
equilibrium move in the crystal to reach and maintain a stationary state. 
The deviations, that is, the localized Bloch wave packets, should extend over 
one unit cell or more. This is so because no wave packets constructed from 
waves whose wavelengths have the lower bounds 2ao can be localized within 
distances less than uq. 

Dirac demonstrated [9], that for any p-dependence of the kinetic energy 
[e — ffj(p)] the center of a quantum wave packet, identified as the position of 
the corresponding particle, moves in accordance with Hamilton’s equations 
of motion. Hence the Bloch electron representing the wave packet moves 
classical mechanically under the action of the force averaged over the lattice 
constants. The lattice force —dVe/dx averaged over a unit cell vanishes: 

CLO 

f ! dydz f dx-^Ve{x, y, z) = 0. (3.36) 

\ ^ / unit cell J J J 

Thus only important forces acting on the Bloch electron are electromagnetic 
forces. 

We now formulate dynamics for the Bloch electron as follows. First, from 
the quantum principle of wave-particle duality, we postulate that 

{%k^, hky, hk^) = (p^, Py, Pz) = (pi, P2, ps) = p. (3.37) 

Second, we introduce a model Hamiltonian, 



Hq{Vi, P‘2, Pz) = Sj{hki,hk2,hks). (3.38) 

Third, we generalize our Hamiltonian H to include the electromagnetic in- 
teraction energy: 

H ^ Ho{p - qA) 4- qcj), (3.39) 

where (A, 0) are vector and scalar potentials generating electromagnetic 
fields (E,B): 



E = -V0(r,t)-^^^^, B = VxA(r,i), r =(a;i, 3 : 2 , ais)- (3.40) 

By using the standard procedures, we then get Hamilton’s equations of mo- 
tion: 




d 

— iTo(p - qA), p 



dH 

dr 



dHp ^ 
dr ^ dr' 



(3.41) 
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The first equation defines the velocity v ={vi.,V 2 ,vz). Notice that in the zero- 
field limit these equations are in agreement with the general definition of a 
group velocity: 

Vg^i = du){k)ldki, a;(k) = e(p)//i, (wave picture) (3.42) 

Uj = 5e(p)/9pi- (particle picture) (3.43) 

In the presence of magnetic field the first of Eqs. (3.41) gives the velocity v 
as a function of p — gA. Inverting this functional relation, we have 

p-gA = f(v). (3.44) 

Using Eqs. (3.41)-(3.44), we obtain (Problem 3.5.1) 

jr 

— = g(E-hvxB). (3.45) 

(JjL 

Since the vector f is a function of v, Eq. (3.45) describes how the velocity v 
changes by the action of the Lorentz force (the right-hand term). 

To see the nature of Eq. (3.45), we take a quadratic dispersion relation 
represented by 

e == p\l2m\ + p\/2ml + pl/2ml -f So, (3.46) 

where are effective masses and Sq is a constant. The effective masses 
{m*} may be positive or negative. Depending on their values, the energy 
surface represented by Eq. (3.46) is ellipsoidal or hyperboloidal. See Eig. 
3.9. If the Cartesian axes are taken along the major axes of the ellipsoid, Eq. 
(3.45) can be written as 



m*ji = q(E + vxBf, (3.47) 

(Problem 3.5.1). These are Newtonian equations of motion. Only a set of 
three effective masses (mt) are introduced. The Bloch electron moves in an 
anisotropic environment if the effective masses are different. 

Let us now go back to the general case. The function f may be determined 
from the dispersion relation as follows: Take a point A at the constant-energy 
surface represented by Eq. (3.35) in the fc-space. We choose the positive 
normal vector to point in the direction in which energy increases. A normal 
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Figure 3.9: (a) Ellipsoid, (b) hyperboloid of one sheet (neck), (c) hyperboloid of 
two sheets (inverted double caps). 

curvature k is defined as the inverse of the radius of the contact circle at A 
(in the plane containing the normal vector) times the curvature sign Sa- 

k = SaRa\ (3-48) 

where ^^is +1 or -1 according to whether the center of the contact circle 
is on the positive side (which contains the positive normal) or not. In space- 
surface theory [10], the two planes which contain the greatest and smallest 
normal curvatures are known to be mutually orthogonal. They are, by con- 
struction, orthogonal to the contact plane at A. Therefore, the intersections 
of these two planes and the contact plane can form a Cartesian set of orthog- 
onal axes with the origin at A, called the principal axes of curvatures. By 
using this property, we define principal masses rui by 

_L = ^ 

rrii dpf ’ 

where dpi is the differential along the principal axis i. If we choose a Cartesian 
coordinate system along the principal axes, Eq. (3.45) can be written as 

(3.50) 

Note that these equations are similar to Eqs. (3.47). The principal masses 
{rUi}, however, are defined at each point on the constant-energy surface, 
and hence they depend on p and £j(p). Let us take a simple example: 
an ellipsoidal constant-energy surface represented by Eq. (3.46) with all 



niidvi/dt = q(E 4- v x B)j. 



(3.49) 
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positive m*. At extremal points, e.g. (pi, max, 0,0) = ([2(s — 0, 0), 

the principal axes of curvatures match the major axes of the ellipsoid. Then 
the principal masses {rrii} can simply be expressed in terms of the constant 
effective masses {m*} (Problem 3.5.3). 

The proof of the equivalence between (3.45) and (3.50) is carried out as 
follows. Since fj are functions of (fi, U 2 , ?;s), we obtain 



^ _ V" — ^ 

dt ^ dvj dt ^ \ dfi ) dt 



(3.51) 



The velocities Vi from Eq. (3.41) can be expressed in terms of the first p- 
derivatives. Thus in the zero-field limit: 



dvj d'^e _ 1 
dfi dpidpj ~ rrii/ 



(3.52) 



which defines the symmetric mass tensor elements {rriij}. By using Eqs. 
(3.51) and (3.52), we can re-express Eq. (3.45) as 



1]^0^ = 9(E + vxB)., (3.53) 



which is valid in any Cartesian frame of reference. The mass tensor {rriij} 
is real and symmetric, and hence can always be diagonalized by a principal- 
axes transformation [12]. The principal masses {rrii} are given by (3.49) and 
the principal axes are given by the principal axes of curvature, (q.e.d.) 

In Eq. (3.49) the third principal mass m 3 is defined in terms of the second 
derivative, d'^e/dp\, in the energy-increasing {pz-) direction. The first and 
second principal masses (mi, m 2 ) can be connected with the two principal 
radii of curvature, (Pi, P 2 ), which by definition equal the inverse principal 
curvatures [ki,K 2 )'. (Problem 3.5.4.) 

X V 1 

— = -KjV = - — , u=|v|, = (3.54) 

[ibj rj rj 

Eqs. (3.54) is a very useful relation. The signs (definitely) and magnitudes 
(qualitatively) of the first two principal masses (mi, m 2 ) can be obtained by 
a visual inspection of the constant-energy surface, an example of which is the 
Eermi surface. The sign of the third principal mass m 3 can also be obtained 
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by inspection: the mass m 3 is positive or negative according to whether 
the center of the contact circle is on the negative or the positive side. For 
example, the system of free electrons has a spherical constant-energy surface 
represented by e = (2m) with the normal vector pointing outwards. By 

inspection the principal radii of curvatures at every point of the surface is 
negative, and the principal masses (mi, m 2 ) are positive and equal to m. 
The third principal mass m 3 is also positive and equal to m. Eqs. (3.50) 
were derived from the energy-fc relation (3.35) without referring to the Fermi 
energy. They are valid for all wave vectors k and all band indices j. 

Problem 3.5.1. Assume a quadratic dispersion relation [Eq. (3.46)] and 
derive Eq. (3.47). 

Problem 3.5.2. Assume a general dispersion relation [Eq. (3.38)] and de- 
rive Eq. (3.45). 

Problem 3.5.3. Consider the ellipsoidal constant-energy surface represented 
by Eq. (3.46) with all m* > 0. At the six extremal points, the principal 
axes of curvatures match the major axes of the ellipsoid. Demonstrate 
that the principal masses {mj} at one of these points can be expressed 
simply in terms of the effective masses {m*}. 

Problem 3.5.4. Verify Eq. (3.54). Consider first the 2D Eermi circle, and 
then a general case. 




Chapter 3 

Bloch Electrons 



To properly develop a microscopic theory of superconductivity, a deeper un- 
derstanding of the properties of normal metals than what is provided by the 
free-electron model is required. Based on the Bloch’s theorem, the Fermi 
liquid model is derived. At 0 K, the normal metal is shown to have a sharp 
Fermi surface, which is experimentally supported by the fact that the heat 
capacity is linear in temperature at the lowest temperatures. “Electrons” 
and “holes”, which appear in the Hall effect measurements, are defined in 
terms of the curvature of the Fermi surface. Newtonian equations of motion 
for a Bloch electron (wave-packet) are derived and discussed. 



3.1 Bloch Theorem 



Let us take a monovalent metal such as sodium (Na). The Hamiltonian H 
of the system may be represented by 




fco = (47r£ro)~^- The sums on the right hand side (rhs) represent, respectively, 
the kinetic energy of electrons, the interaction energy among electrons, the 
kinetic energy of ions, the interaction energy among ions, and the interaction 
energy between electrons and ions. The metal as a whole is electrically 
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Chapter 4 

Phonon-Exchange Attraction 



The cause of superconductivity is the phonon-exchange attraction between 
a pair of electrons, which is derived using quantum perturbation theory. 



4.1 Phonons and Lattice Dynamics 



In the present section, we review a general theory of the heat capacity based 
on lattice dynamics. 

Let us take a crystal composed of N atoms. The potential energy V 
depends on the configuration of N atoms (ri, r 2 , • • • , r^v). We regard this 
energy V as a function of the displacements of the atoms. 



u. 




(4.1) 



measured from the equilibrium positions Let us expand the potential 
V = L(ui, U 2 , • • • ,Uiv) = V{uix,uiy,uiz, U 2 x,- ‘ tcrms of small displace- 
ments {ujfj,}: 



L-Vo + Xl 

j n-x,y,z 

(4.2) 

where all partial derivatives are evaluated at Ui = U 2 = • • • = 0, which is 
indicated by subscripts 0. We may set the constant Vq equal to zero with 
no loss of rigor. By assumption, the lattice is stable at the equilibrium 
configuration. Then the potential V must have a minimum, requiring that 



dV 

dUjn 



nEEEE 



d^V 

dUjudV/)f;li 



+ • 



J 0 
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the first-order derivatives vanish: 



dV 

duj^ 



(4.3) 



For small oscillations we may keep terms of the second order in only. We 

then have 

^-^'-EEEE 

j ti k V 



■^jfj,ku — 



d^V 



dujfj^ duki/ 



(4.B) 



The prime (') indicating the harmonic approximation will be dropped here- 
after. The kinetic energy of the system is 



r-E 



m.2 ^-^m.2 ■r— \^-^m.2 

"2 ’"i ^ ^ ^ 

j 3 n 



'3 k-- 



We can now write down the Lagrangian L = T — V as 



^ — V ^ — \ TTl • 2 
3 k 



EEEE 



k V 



(4.6) 



(4.7) 



This Lagrangian L in the harmonic approximation is quadratic in and 
Uj^. According to theory of the principal-axis transformation [1], we can in 
principle transform the Hamiltonian (total energy) H = T +V for the system 
into the sum of the energies of the normal modes of oscillations: 

3iV 

H = E,::(P!+u,lQl), (4.8) 

K —1 

where {Q^, Pf^} are the normal coordinates and momenta, and are char- 
acteristic frequencies. Note: there are exactly 3N normal modes. 

Let us first calculate the heat capacity by means of classical statistical 
mechanics. This Hamiltonian H is quadratic in canonical variables {Qk,Pk)- 
Hence the equipartition theorem holds. We multiply the average thermal 
energy for each mode (k-sT) by the number of modes 3N and obtain SNksT 
for the average energy {H) . Differentiating this with respect to T, we obtain 
?)N\b for the heat capacity, in agreement with Dulong-Petit’s law. It is 
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interesting to observe that we obtained this result without knowing the aetual 
distribution of normal-mode frequencies. The fact that there are 3N normal 
modes played an important role. 

Let us now use quantum theory and calculate the heat capacity based on 
formula (4.8). The energy eigenvalues of the Hamiltonian H are given by 

E[{n^}] = '^{^ + n^)?lWK. n^ = 0,l,2,--- . (4.9) 

We can interpret Eq. (4.9) in terms of phonons as follows: the energy of 
the lattice vibrations is characterized by the set of the numbers of phonons 
in the normal modes {«;}. Taking the canonical-ensemble average of 
Eq. (4.9), we obtain 

{E[{n}]) = -f fo(huj^)]nu;^ = E{T), (4.10) 

K K 



where ^ 

“ exp{e/'kBT) - 1 



(4.11) 



is the Planck distribution function. 

The normal-modes frequencies depend on the normalization volume 
V, and they are densely populated for large V. In the bulk limit, we may 
convert the sum over the normal modes into a frequency integral and obtain 



E{T) = Eo + 


poo 

/ duhu fo{hu>)V{uj), 
lo 


(4.12) 


Eo = l 


poo 

/ dLohio'D{uj), 

Jo 


(4.13) 



where V{u) is the density of states (modes) in angular frequency defined 
such that 



number of modes in the interval {(jj, u -\- du>) = V{uj)dijo. 



(4.14) 



The constant Eq represents a temperature-independent zero-point energy. 
Differentiating E{T) with respect to T, we obtain for the heat capacity 



Cv = 



dE 

df 



J V 



j ^ dfo{hij) 

dujhw-— ^ V[lo). 



(4.15) 
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This expression was obtained under the harmonic approximation only, which 
is good at very low temperatures. 

To proceed further, we have to know the density of normal modes, T>{u). 
To find the set of characteristic frequencies { 0 ;^} requires solving an algebraic 
equation of 3A/^-th order, and we need the frequency distribution for large N. 
This is not a simple matter. In fact, a branch of mathematical physics whose 
principal aim is to find the frequency distribution, is called lattice dynamics. 
Fig. 4.1 represents a result obtained by Walker [2] after the analysis of 
the X-ray scattering data for aluminum, based on lattice dynamics. Some 
remarkable features of the curve are 

(A) At low frequencies 

D{lo)occo^. (4-16) 

(B) There exists a maximum frequency such that 

D{(jo) = 0 for (4-17) 

(C) A few sharp peaks exist below Um- 

The feature (A) is common to all crystals. The low frequency modes can 
be described adequately in terms of longitudinal and transverse elastic waves. 
This region can be represented very well by the Debye’s continuum model, 
indicated by the broken line. The feature (B) is connected with the lattice 
structure. Briefly, no normal modes of extreme short wavelengths (extreme 
high frequencies) exist. There is a limit frequency uj^- Sharp peaks were first 
predicted by Van Hove [3] on topological grounds, and these peaks are often 
referred to as van Hove singularities. As we will see later, the cause of super- 
conductivity lies in the electron-phonon interaction. The microscopic theory 
however can be formulated in terms of the generalized BCS Hamiltonian, 
see Section 7.1, where all phonon variables are eliminated. In this sense the 
details of lattice dynamics are secondary to our main concern. The following 
point, however, is noteworthy. All lattice dynamical calculations start with 
the assumption of a real crystal lattice. For example, to treat aluminum, 
we start with a fee lattice having empirically known lattice constants. The 
equations of motion for a set of ions are solved under the assumption of a 
periodic lattice-box boundary condition. Thus the fc-vectors used in both 
lattice dynamics and Bloch electron dynamics are the same. The domain of 
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Figure 4.1: The density of normal modes in the angular frequency for aluminum. 
The solid curve represents the data deduced from X-ray scattering measurements 
due to Walker [2]. The broken lines indicate the Debye distribution with 0£) = 
328 K. 

the A;-vectors can be restricted to the same first Brillouin zone. Colloqui- 
ally speaking, phonons (bosons) and electrons (fermions) live together in the 
same Brillouin zone, which is equivalent to say that electrons and phonons 
share the same house (crystal lattice). This affinity between electrons and 
phonons makes the conservation of momentum in the electron-phonon inter- 
action physically meaningful. Thus the fact that the electron-phonon inter- 
action is the cause of superconductivity is not accidental. 



4.2 Electron-Phonon Interaction 

A crystal lattice is composed of a regular arrays of ions. If the ions move, then 
the electrons must move in a changing potential field. Frohlich proposed an 
interaction Hamiltonian, which is especially suitable for the transport and 
superconductivity problems. In the present section we derive the Frohlich 
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Hamiltonian [4]. 

For simplicity let us take a simple cubic (sc) lattice. The normal modes 
of oscillations for a solid are longitudinal and transverse running waves char- 
acterized by wave vector q and frequency Uq. First, consider the case of a 
longitudinal wave proceeding in the crystal axis x, which is represented by 

Uq exp{—iLdqt -|- zq • r) = Uq exp{—iu)qt iqx), (4-18) 

where Uq is the displacement in the a:-direction. The wavelength A = 21x1 q 
(> 2ao) is greater than twice the lattice constant uq. The case: A = 12ao is 
shown in Fig. 4.2. 

If we imagine a set of parallel plates containing a great number of ions 
fixed in each plate, we have a realistic picture of the lattice vibration mode. 
From Fig. 4.2 we see that the density of ions changes in the x-direction. 
Hence the longitudinal modes are also called the density-wave modes. The 
transverse wave mode can also be pictured from Fig. 4.2 by imagining a set 
of parallel plates containing a great number of ions fixed in each plate and 
assuming the transverse displacements of the plates. Notice that this mode 
generates no charge-density variation. 



Figure 4.2: A longitudinal wave proceeding in the x-direction; A = 12 Uq. 

Now, the Fermi velocity Vp in a typical metal is of the order 10® ms~^ 
while the speed of sound is of the order 10®ms“^. The electrons are then 
likely to move quickly to negate any electric field generated by the density 
variations associated with the lattice wave. Hence the electrons may follow 
the lattice waves quite easily. Given a traveling normal mode in Eq. (4.18), 
we may assume an electron density deviation of the form: 

Cq ex^{-iujqt -I- ^ ■ r), 



(4.19) 
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Since electrons follow phonons immediately for all Uq, the factor CqCan be 
regarded as independent of ujq. We further assume that the deviation is linear 
in Uq • q = qUq^ and again in the electron density n(r). Thus 

Cq^ Ac^quqn{r). (4.20) 

This is called the deformation potential approximation. The dynamic re- 
sponse factor Ac^ is necessarily complex since there is a time delay between 
the field (cause) and the density variation (result). The traveling wave is 
represented by the exponential form (4.19). Complex conjugation of this 
equation yields (7* exp{iu>qt — zq • r). Using this form we can reformulate the 
electron’s response, but the physics must be the same. From this cosideration 
we obtain (Problem 4.2.1) 

-4, = Al,. (4.21) 

We can express the electron density (field) by 

n(r) = ■0'^(r)'0(r), (4.22) 

where 'i/)(r) and t/'^(r) are annihilation and creation electron field operators. 

We now construct an interaction Hamiltonian Hp, which has the dimen- 
sion of an energy and which is Hermitean. We propose 

~[AqgUqexp(zq ■ r)z/>^(r)z/;(r) 4- h.c.], (4.23) 

q ^ 

where h.c. denotes the hermitian conjugate. Classically, the displacement Uq 
changes, following the harmonic equation of motion: 

Uq Lu'^Uq = 0. (4.24) 

Let us write the corresponding Hamiltonian for each mode as 

H = ^{p^ + uj^q^), q = u, p = q, ojq = uj, (4.25) 

where we dropped the mode index q. If we assume the same Hamiltonian H 
and the basic commutation relations 



[q, p] = ih, [q, q] = [p, p] = 0, 



(4.26) 
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the quantum description of a harmonic oscillator is complete. The equations 
of motion are 

g = F] p = ^[p, H] = (4.27) 

(Problem 4.2.2). We introduce the dimensionless complex dynamical vari- 
ables: 

a = — iuiq). (4.28) 

Using Eq. (4.27) we obtain 

a = {2huj)~^^'^{—uj'^q + itop) = iua\ a = —iua. (4.29) 

We can express (g, p) in terms of (a^, a): 

q = —i{h/2co)^^^{a^ — a), p = {hui/2Y^^{a^ a). (4.30) 

Thus we may work entirely in terms of {a\ a). After straightforward calcu- 
lations, we obtain [Problem 4.2.3] 

hua^a = {2)~'^{p + iuq){p — iuq) 

= {2)~^[p^ + u'^q'^ + iuj(qp ~ pq)] = H - \.huo. 

hu) aa^ = H (4-31) 

aa^ — a^a = [a, a^] = 1 (4.32) 

H = -huj{a^a + aa^) = hu{a^a+ -) = hLo{n + -). (4.33) 

2 2 2 

The operators (a^, a) satisfy the Bose commutation rules. We can therefore 
use second quantization algebras in sections A.1-A.2 and obtain 

• Eigenvalues of n = a^a : n' — 0, 1, 2, • • • [see Eq. (A. 1.1)] 

• Vacuum ket |0) : a|0) = 0 [seeEq. (A.1.14)] 

• Eigenkets of nT : |0), a'^ 10) , (a^")^ |0) • ■ • having the eigenvalues 
0,1,2 ,•• • [see Eq. (A. 1.16)] 
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• Eigenvalues of H : ^hiu, ^hu, ■ • ■ 

In summary, the quantum Hamiltonian and the quantum states of a har- 
monic oscillator can be simply described in terms of the bosonic second quan- 
tized operators. 

We now go back to the case of the lattice normal modes. Each normal 
mode corresponds to a harmonic oscillator characterized by (q,cUg). The 
displacements -Uq can be expressed as 

r n 

Wq = ^ («q - (4-34) 

where (aq,a^) are operators satisfying the Bose commutation rules: 

[Uq, a^] = aqflj, - aj,aq = <5pq, [uq, Op] = [o]j, oj,] = 0. (4.35) 

The field operators ip (ip^) can be expanded in terms of the momentum-state 
electron operators Cq (c^): 

= TVyiTi '/’*('■) = (vjlTi 

(4.36) 

Using Eqs. (4.20), (4.34) and (4.36), we can reexpress Eq. (4.23) as (Problem 
4.2.3): 

= y^^(V',4+,Cka, + A.c.). V, = A,{h/2u,,y/Hg. (4,37) 

k q 

This is the Erohlich Hamiltonian. Electrons describable in terms of Ck’s are 
now coupled with phonons describable in terms of Oq’s. The term 

Vq 4+qCk Uq [V* ^Ck+q 

can be pictured as an interaction process in which a phonon is absorbed 
(emitted) by an electron as represented by the Eeynman diagram [5] in Eig. 
4.3. (a) [(b)]. Note: At each vertex the momentum is conserved. The 
Erohlich Hamiltonian Hp is applicable for longitudinal phonons only. As 
noted earlier, the transverse lattice normal modes generate no charge density 
variations, making the electron-transverse-phonon interaction negligible. 
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Figure 4.3: Feynman diagrams representing (a) absorption and (b) emission of a 
phonon by an electron. 

Problem 4.2.1. Prove Eq. (4.21). 

Problem 4.2.2. Verify Eq. (4.27). 

Problem 4.2.3. Verify Eq. (4.31). 

Problem 4.2.4. Verify Eq. (4.37). 

4.3 Phonon-Exchange Attraction 

By exchanging a phonon, two electrons can gain an attraction under a cer- 
tain condition. In this section we treat this effect by using the many-body 
perturbation method. 

Let us consider an electron-phonon system characterized by 

" = EE 

k s q 

4-A *^k+qs^k« + h.C.) 

k s q 

= Hgi + Hph + XHp = Hq + AV, iy = Hp) (4.38) 

where the three sums represent: the total electron kinetic energy (77e/)) the 
total phonon energy (77p/i), and the Erohlich interaction Hamiltonian Hp, 
[see (4.37)]. 
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Figure 4.4: The Coulomb interaction represented by the horizontal wavy line 
generates the change in the momenta of two electrons. 



For comparison we consider an electron gas system characterized by the 
Hamiltonian 



Hc = EE 5 E-E (3, 4| jl, 2) cjcjcic 2 = + Vc, 

k s kisi k4S4 

(4.39) 



(3,4|n,|l,2) 



(k3S3,k4S4 I Vc I kiSi,k2S2) 

47re^A:o 1 



F q 



2 ^ki+k2,k3+k4^kl — kg.q ^S3S1^S4S2 ■ (4.40) 



The elementary interaction process can be represented by a diagram in Fig. 
4.4. The wavy horizontal line represents the instantaneous Coulomb interac- 
tion Vc- The net momentum of a pair of electrons is conserved: 



ki -f k2 — k3 -f k4, (4-41) 

as seen by the appearance of the Kronecker’s delta in Eq. (4.40). Physically, 
the Coulomb force between a pair of electrons is an internal force, and hence 
it cannot change the net momentum. 

We wish to find an effective Hamiltonian Vf, between a pair of electrons 
generated by a phonon exchange. If we look for this Ug in the second order 
in the coupling constant A, the likely candidates may be represented by 
two Feynman diagrams in Fig. 4.5. Here, the time is measured upward. 
(Historically, Feynman represented the elementary interaction processes in 
the Dirac Picture (DP) by diagrams. Such a diagram representation is very 
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popular and widely used in quantum field theory [5].) In the diagrams in 
Fig. 4.5, we follow the motion of two electrons. We may therefore consider 
a system of two electrons and obtain the effective Hamiltonian Ug through a 
study of the evolution of two-body density operator p 2 - For brevity we shall 
hereafter drop the subscript 2 on p indicating two-body system. 




Figme 4.5: A one-phonon-exchange process generates the change in the momenta 
of two electrons similar to that caused by the Coulomb interaction. 

The system-density operator p{t) changes in time, following the quantum 
Liouville equation: 

= [H, A = Up. (4.42) 

We assume the Hamiltonian H in Eq. (4.38), and study the time evolution 
of p(f), using quantum many-body perturbation theory. We sketch only 
the important steps; more detailed calculations were given in Fujita-Godoy’s 
book 1,[6]. 

Let us introduce a quantum Liouville operators 

n = Ho-^ XV, (4.43) 

which generates a commutator upon acting on p, see Eq. (4.42). We assume 
that the initial-density operator Pq for the combined electron-phonon system 
can be written as 



Po Pelectron Pphonon) 



(4.44) 
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which is reasonable at 0 K, where there are no real phonons and only virtual 
phonons are involved in the dynamical processes. We can then choose 

Pphonon = |0) (0|, (4.45) 

where |0) is the vacuum-state ket for phonons: 

Uq |0) = 0 for anyq. (4.46) 

The phonon vacuum average will be denoted by an upper bar or angular 

r\r*o c • 

Pit) = (0| Pit) |0) ^ (p(f))„„ . (4.47) 

Using a time-dependent perturbation theory and taking a phonon- average, 
we obtain from Eq. (4.42) 

^ expi-iTh-^no)V pit - t))^^ . (4.48) 

In the weak-coupling approximation, we may calculate the phonon-exchange 
effect to the lowest (second) order in A so that 

(y expi—iTh~^Ho)V pit — r)) = A^ (Vexp (— pit — r). 

(4.49) 

In the Markoffian approximation we may replace pit — r) by p{t) and take 
the upper limit t of the r-integration to oo. Using these two approximations, 
we obtain from Eq. (4.48) 

lim (V(7fo - 

Let us now take momentum- state matrix elements of Eq. (4.50). The Ihs is 
d d 

— (kiSi,k2S2|p(t) |k3S3,k4S4) = — p(l,2;3,4,f), (4.51) 

where we dropped the upper bar indicating the phonon average. The rhs re- 
quires more sophisticated computations since the Liouville operators (V,7fo) 
are involved. After lengthy but straightforward calculations, we obtain from 
Eq. (4.50) 

^p(l,2;3,4,f) = ^ J]-*n-i[(l,2|u,|5,6) P2(5,6;3,4,t) 

ksSs k6«6 

-{5,6|»e|3,4) ,7j(l,2;5,6,t)] 



(4.82) 
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(3,4|^,|l,2) = |yj'- 

\2 -fc2 9 ^ki+k2.k3+k4^k3-ki,q ^S3Si<^S4S2- (4.53) 

(63 - £i) -h 

Kronecker’s delta 5ki+k2,k3+k4 in (4.53) means that the net momentum is 
conserved, since the phonon-exchange interaction is an internal interaction. 

For comparison, consider the electron-gas system. The two-electron den- 
sity matrix for this system changes, following 

= 5252-''‘'‘t(r2i''c|5,6) p,(5,6;3,4,i) 

kgss kes6 

-(5,6|u,|3,4)p,(l,2;5,6,t)] (4.54) 



which is of the same form as Eq. (4.52). The only differences are in the 
interaction matrix elements. Comparison between Eqs. (4.40) and (4.53) 



yields 



V ^ 



(Coulomb interaction), 



(4.55) 



\Vq\^ (phonon-exchange interaction) . (4.56) 

(Ski+q “ £ki) “ h CCg 

In our derivation, the weak-coupling and the Markoffian approximation were 
used. The Markoffian approximation is justified in the steady state condition 
in which the effect of the duration of interaction can be neglected. The 
electron mass is four orders of magnitude smaller than the lattice-ion mass, 
and hence the coupling between the electron and ionic motion must be small 
by the mass mismatch. Thus expression (4.56) is highly accurate for the 
effective phonon-exchange interaction at 0 K. This expression has remarkable 
features. First, it depends on the phonon energy hiVq. Second, it depends 
on the electron energy difference 6ki+q — £^ki before and after the transition. 
Third, if 

kki+q-£i| < (4.57) 



the effective interaction is attractive. Fourth, the atraction is greatest when 
£ki+q — £ki 0, that is, when the phonon momentum q is parallel to the 
constant energy (Fermi) surface. A bound electron-pair may be formed due 
to the phonon-exchange attraction as demonstrated by Cooper [7], which will 
be discussed in the following chapter. 




Chapter 5 

Quantum Statistical Theory 



In a quantum statistical theory one starts with a reasonable Hamiltonian and 
derive everything from this, following step-by-step calculations. Only Heisen- 
berg’s equation of motion (quantum mechanics), Pauli’s exclusion principle 
(quantum statistics), and Boltzmann’s statistical principle (grand canonical 
ensemble theory) are assumed. 



5.1 Theory of Superconductivity 

The major superconducting properties were enumerated in section 1.1. The 
purpose of a microscopic theory is to explain all of these from first principles, 
starting with a reasonable Hamiltonian. Besides, one must answer basic 
questions such as: 

• What causes superconductivity? The answer is the phonon-exchange 
attraction. We have discussed this interaction in Chapter 4. It gener- 
ates Cooper pairs [1], called pairons for short, under certain conditions. 

• Why do impurities that must exist in any superconductor not hinder 
the supercurrent? Why is the supercurrent stable against an applied 
voltage? Why does increasing the magnetic field destroy the supercon- 
ducting state? 

• Why does the supercurrent flow only in the surface layer? Why does 
the supercurrent dominate the normal current in the steady state? 
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• What is the supercondensate whose motion generates the supercurrent? 
How does magnetic-flux quantization arise? Josephson interference in- 
dicates that two supercurrents can interfere macroscopically just as two 
lasers from the same source. Where does this property come from? 

• Below the critical temperature Tc, there is a profound change in the 
behavior of the electrons by the appearance of a temperature-dependent 
energy gap A(T). This was shown by Bardeen Cooper and Schrieffer 
(BCS) in their classic work [2]. What is the cause of the energy gap? 
Why does the energy gap depend on the temperature? Can the gap 
A(T) be observed directly? 

• Phonons can be exchanged between any electrons at all time and at 
all temperatures. The phonon-exchange attraction can bound a pair 
of quasi-electrons to form moving (or excited) pairons. What is the 
energy of excited pairons? How do the moving pairons affect the low 
temperature behavior of the superconductor? 

• All superconductors behave alike below Tc. Why does the law of corre- 
sponding states work here? Why is the supercurrent temperature- and 
material-independent? 

• What is the nature of the superconducting transition? Does the tran- 
sition depend on dimensionality? 

• About half of all elemental metals are superconductors. Why does 
sodium remain normal down to 0 K? What is the criterion for super- 
conductivity? What is the connection between superconductivity and 
band structures? 

• Compound, organic, and high-T superconductors in general show type 
II magnetic behaviors. Why do they behave differently compared with 
type I elemental superconductors? 

• All superconductors exhibit five basic properties: (1) zero resistance, 
(2) Meissner effect, (3) flux quantization, (4) Josephson effects and (5) 
gaps in the elementary excitation energy spectra. Can a quantum sta- 
tistical theory explain all types of superconductors in a unified manner? 
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• Below 2.2 K, liquid He'^ exhibits a superfluid phase in which the su- 
perfluid can flow without a viscous resistance, the flow property re- 
markably similar to the supercurrent. Why and how this similarity 
arise? 



5.2 The Bardeen-Cooper-Schrieffer Theory 

In 1957 BCS published a classic paper [2] which is regarded as one of the most 
important theoretical works in the twentieth century. The Nobel physics 
prize in 1972 was shared by Bardeen, Cooper and Schrieffer for this work. 

We shall briefly review this theory. 

In spite of the Coulomb interaction among electrons there exists a sharp 
Fermi surface for the normal state of a conductor, as described by the Fermi 
liquid model. The phonon exchange attraction can bound pairs of electrons 
near the Fermi surface within a distance (energy) equal to Planck’s constant 
h times the Debye frequency Uu- The electron pairs having antiparallel spins 
and charge (magnitude) 2e are called Cooper pairs (pairons). Cooper pair and 
pairons both denote the same entity. When we emphasize the quasi-particle 
aspect rather than the two electron composition aspect, we use the term 
pairon more often. Under the two conditions, we may write a Hamiltonian 
H in the form: 

H = cj^gCks + kfcl (^ks^ls 

k s k s 

Sk>0 £fc<0 

X! ■ ■ ■ 5Z5Z ^ ^ 1^2 C 4 C 3 , (5.1) 

ki Si k4 S 4 

where = si is the kinetic energy of a free electron measured relative to 
the Fermi energy ep, and (ckisj = c| (ci) are creation (annihilation) 
operators satisfying the Fermi anticommutation mles: 

■(Cks) “ ^k,k' ^s,s' ) ■{Cks! Ck's'} = {^ksJ^k's'i ~ 

The first (second) sum on the rhs of (5.1) represents the total kinetic energy of 
“electrons” with positive Sk (“holes” with negative Sk )• The matrix element 
(l,2|f/|3,4) denotes the net interaction arising from the virtual exchange 
of a phonon and the Coulomb repulsion between electrons. Specifically, we 
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assume that 



(I,2|t/13,4) = 



< 



-w ^ki+k2,k3+k4 



0 



if \£m\ < hUD 
otherwise, 



(5.3) 



where Vo is a constant (energy). 

Starting with this Hamiltonian (5.1), they obtained an expression W for 
the ground-state energy 



W = huj£)N'{0)wo = NoWq, (5.4) 

where 

_ -2hu)p 

“ exp[2/uoAf(0)] - 1 

is the pairon ground-state energy, and 

Nq = huj£)J\f{0) (5.6) 

is the total number of pairons and A^(0) is the density of states per spin at 
the Fermi energy. In the variational calculation of the ground-state energy 
BCS found that the unpaired electrons, often called the quasi-electrons, not 
joining the ground pairons which form the supercondensate, have the energy 

Efe = (A2+£2)l/2_ (57) 

The energy constant A, called the quasi-electron energy gap, in Eq. (5.7) 
is greatest at 0 K and decreases to zero as temperature is raised to the 
critical temperature Tc- BCS further showed that the energy gap at 0 K, 
A(T = 0) = Aq and the critical temperature Tc are related (in the weak 
coupling limit) by 

2Ao = 3.53kBTc. (5.8) 

These findings are among the most important results obtained in the BCS 
theory. A large body of theoretical and experimental work followed several 
years after the BCS theory. By 1964 the general consensus was that the BCS 
theory is an essentially correct theory of superconductivity [3]. 
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5.3 Remarks 

BCS assumed the Hamiltonian in Eq. (5.1) containing “electron” and “hole” 
kinetic energies. They also assumed a spherical Fermi surface. These two 
assumptions however contradict each other. If a Fermi sphere whose inside 
(outside) is filled with electrons is assumed, there are “electrons” (“holes”) 
only as we saw in Section 3.5. Besides this logical inconsistency, if a free 
electron model having a spherical Fermi surface is assumed, the question 
why only certain metals are superconductors cannot be answered. We must 
incorporate the band structures of electrons more explicitly. We shall later, 
in Chapter 7, discuss a generalization of the BCS Hamiltonian. 




Chapter 6 

Cooper Pairs (Pairons) 



In 1956 Cooper demonstrated [1] that, however weak the attraction may be, 
two electrons just above the Fermi sea could be bound. The binding energy is 
greatest if the two electrons have opposite momenta (p, — p) and antiparallel 
spins (t, I) . The lowest bound energy wq is 

-‘^hiop s 

exp[2/AA(0)r;o] - 1’ 

where cuo is the Debye frequency, vq a positive constant characterizing the 
attraction, and Af(0) the electron density of states per spin at the Fermi 
energy. If electrons having nearly opposite momenta (p, — p + q) are paired, 
the binding energy is less than \wq\. For small q, which represents the net 
momentum (magnitude) of a Cooper pair, the energy momentum relation is 

Wq = U)Q + cq < 0, (6.2) 

with c/vp = 1/2 (2/tt) for 3 (2) D, and vp = (2ejp/m*)^/^ is the Fermi 
velocity. Equations (6.1) and (6.2) play very important roles in the theory 
of superconductivity. We shall derive them in this chapter. 

6.1 The Cooper Problem 

We saw in Section 4.3 that two electrons near the Fermi surface can gain 
attraction by exchanging a phonon. This attraction can generate bound 
states for the electron pair. We shall look for the ground state energy of the 
Cooper pair (pairon). We anticipate that the energy is lowest for the pairon 
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Figure 6.1: A stationary Cooper pair having zero net momentum. 

with zero net momentum, that is, a stationary pairon. Moving pairons will 
be considered in the following section. 

We consider a 2D motion. This will simplify the concept and calculations. 
The 3D case can be treated similarly. Take two electrons just above the Fermi 
surface (circle), one electron having momentum k and up spin and the other 
having momentum — k and down spin, see Fig. 6.1. We measure the energy 
relative to the Fermi energy ep ■ 

(6.3) 

The sum of the kinetic energies of the two electrons is 2sk- By exchanging a 
phonon, the pair’s momenta change from (k, — k) to (k',— k'). This process 
lowers the energy of the pair. 

Following Cooper, we write down the energy-eigenvalue equation, post- 
poning its microscopic derivation to Section 6.4: [1] 

wqA (k) = 2gfc A (k) - '^o J (fk'A{k'), (6.4) 

where tools the pairon energy, and A(k)the wave function; the prime on the 
integral sign means the restriction: 

0 < £k < hujo- (6.5) 

Eq. (6.4) can be solved simply as follows. Consider the last integral: 




( 6 . 6 ) 
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which is a constant. Assume that the energy wq is negative: 

wq < 0. (6.7) 

Then, 2£k — Wq = 2ek + \wq\ > 0. After rearranging the terms in Eq. (6.4) 
and dividing the result by 2£k + |u)o|, we obtain 

A (k) = a (6.8) 

^ ^ 2£k + \wo\ ^ ^ 

Substituting this expression into Eq. (6.6) and dropping the common factor 
C, we obtain 

If' 1 

1 = j — :. (6.9) 

{2Trhy V 2£k + \wo\ ^ ^ 

By introducing the density of states at the Eermi energy, A7(0), we can eval- 
uate the fc-integral as follows: (Problem 6.1.1) 

1‘hujD I 2 

l = uoA7(0) J -voAf{0)\n[{2hLOD + \wo\)/\wo\] 



(6.10) 



— 2huJD 

exp[2/uoA7(0)]-r 

We thus found a negative energy for the stationary pairon. The r>o-dependence 
of the energy wq is noteworthy. Since exp (2/a;) cannot be expanded in pow- 
ers of a; = uoA7(0), the energy wq cannot be obtained by a perturbation 
(r:o)-expansion method. We note that formula (6.10) holds for any dimen- 



Problem 6.1.1. Verify Eq. (6.10). 



6.2 Moving Pairons 

The phonon exchange attraction is in action for any pair of electrons near 
the Eermi surface. Such pairs can in general have net momenta and hence 
move. They are called moving pairons. The energy Wq of a moving pairon 
can be obtained from a generalization of Eq. (6.4): 



Wga(k,q) = [£(|k-f q/2|) -f e(|-k + q/2|)]fl(k,q) 



^lio/ rfVo(k'.q), 



( 6 . 11 ) 
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which is Cooper’s equation, Eq. (1) of his 1956 Physical Review Letter [1]. 
We note that the net momentum q is a constant of motion, which arises from 
the fact that the phonon exchange is an internal process and hence cannot 
change the net momentum. The pair wavefunctions a(k, q) are coupled with 
respect to the other variable k, meaning that the exact (or energy-eigenstate) 
pairon wave functions are superpositions of the pair wave functions a(k, q). 

We note that Eq. (6.11) is reduced to Eq. (6.4) in the small-^ limit. The 
latter equation was solved earlier. Using the same technique we obtain from 
Eq. (6.11) 

^^^[^(|l^ + q/2|) + ^(|-k + q/2|) + |wg|]-^ (6.12) 

We now assume a free-electron model, whose Eermi surface is a circle of 
radius (momentum) 

kp = {2mieFY^‘^ , (6.13) 

where mi represents the effective mass. 

The prime on the fc-integral means the restriction: 0 < £(|k -|- q/2|), 
e(|— k -f q/2|) < hu>D. We may choose the x-axis along q as shown in Eig. 
6.2. We assume a small q and keep terms up to the first order in q. The 
A;-integral can then be expressed by (Problem 6.2.1.) 



[2'KhY 

Vq 




kp-\-k]j — ^qcos6 



k dk 



kp+hqcos9 



Wg\ + (P - kj,)/mi 



7t/2 



= 2mi 



d9 In 



\wq\ + 2huj£) — vp qcos9 



Wq\ -f Vp qcos 6 



kp) = miujphkp^ ^ 

where we retained the linear term in {kp/kp) only. 

After performing the ^-integration, we obtain (Problem 6.2.2.) 



(6.14) 

(6.15) 



w, = !0o + (2/ir) vpq, 



(6.16) 



where wq is given by Eq. (6.10). This result was first obtained (but unpub- 
lished) by Cooper. It is recorded in Schrieffers’ book [2], Eq. (2-15). As 
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Figure 6.2: The range of the integration variables {k, 9) is restricted to the shell 
of thickness kn- 

expected, the zero-momentum pairon has the lowest energy. The excitation 
energy is continuous with no energy gap. The energy Wq increases linearly 
with momentum q for small q rather than quadratically. This fact arises since 
the density of states is strongly reduced with increasing momentum q, and 
this behavior dominates the increase of the kinetic energy. Pairons move 
like massless particles with a common speed 2vfI'k. This linear dispersion 
relation plays a vital role in the B-E condensation of pairons. See Chapter 
9. 

Such a linear relation is valid for pairons moving in any dimension (D). 
However the coefficients slightly depend on the dimensions; in fact 



Wq = WQ-]rcq, (6.17) 

where c/vp = 1/2, 2/7rand 1 for 3, 2 and 1 D. (see Problem 6.2.3.). 

Problem 6.2.1. Verify (6.14). Use the diagram in Fig. 6.2. 

Problem 6.2.2. Derive (6.16). 

Problem 6.2.3. Derive an energy-momentum relation [Eq.(6.17)] for 3D 
with the assumption of a Fermi sphere. Use a diagram similar to that 
in Fig. 6.2. 




70 



CHAPTER 6. COOPER PAIRS (PAIRONS) 



6.3 Energy-Eigenvalue Problem for a Quasi- 
particle 

In the Cooper problem we considered two electrons above the Fermi sea of 
electrons with the Fermi sphere represented by 

= (6.18) 

It is not strictly a two-electron problem. Due to the Pauli exclusion principle, 
the two electrons are forbidden to go into the states whose energies are less 
than the Fermi energy £p. Thus the role of the electrons which form the 
Fermi sea is passive. 

We wish to show that the Cooper equation is an example of the energy- 
eigenvalue equation for a quasi-particle. We do this in two steps. In this 
section we set up the energy -eigenvalue problem for a quasiparticle. Using 
this technique we derive the Cooper equation in Section 6.4. As a preliminary, 
we consider an electron characterized by the Hamiltonian 



H^,P) = ■^ + u{x). (6.19) 

We may set up the eigenvalue equations for the position x, the momentum 
p, and the Hamiltonian H as follows: 

X \x') = x^ \x'\ (6.20) 

pW) = P'\P'), (6.21) 

h \e^) = £y = £y \v\ (6.22) 

where x' , p\ and are eigenvalues. 

By multiplying Eq. (6.22) from the left by (x|, we obtain 

h{x,—ifid/dx)^^{x) = £i,(l)^^{x) (6.23) 

(p^{x) = {x\u). (6.24) 



Eq. (6.23) is just the Schrddinger energy-eigenvalue equation, and (p^{x) the 
familiar quantum wave function. If we know with certainty that the system 
is in the energy eigenstate u, we can choose a density operator to be 



Pi = 



1 ^) = !. 



(6.25) 
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Let us now consider tr{|z^)(a;| which can be transformed as follows: 
tx{\u){x\ Pi} - (a| u){x\ i^){u\ 

a a 

or 

tr{ \u){x\p^} = {x\p^\u) = <l)^{x). (6. 26) 

This means that the wave function (pj,{x) can be regarded as a mixed repre- 
sentation of the density operator p^ in terms of the states {v^x). In a parallel 
manner, we can show (Problem 6.3.1) that the wave function in the momen- 
tum space (j)^{p) = {p\ y) can be regarded as a mixed representation of p^ in 
terms of energy- state v and momentum- state p\ 

Mp) = tr{|z^)(p| Pi} = {p\ Pi 14 (6.27) 

In analogy with (6.26) we introduce a quasi-wavefunction ^u(p) through 

^^{p) = Trj^apP}, (6.28) 

where '0|)is the energy-state creation operator, a^the momentum- state anni- 

hilation operator, and p a many-body-system density operator that commutes 
with the Hamiltonian: 

[p, H] = 0. (6.29) 

This is the necessary condition that p be a stationary density operator, which 
is seen at once from the quantum Liouville equation: 

= [H, p]. (6.30) 

Let us consider a system for which the total Hamiltonian H is the sum 
of single-electron energies h: 

H = 4 - 31 ) 

3 

For example, the single-electron Hamiltonian h may contain the kinetic en- 
ergy and the lattice potential energy. We assume that the Hamiltonian H 
does not depend on the time explicitly. 

In second quantization the Hamiltonian H can be represented by 

^ = EE {oia\h\ad) plpb = EE 

a b a b 



(6.32) 
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where {rjD are annihilation (creation) operators and satisfying the Fermi 
anticommutation rules: 

We calculate the commutator [H, ipl] . In such a commutator calculation, 
the following identities are very useful 

[A,BC]^[A,B]C + B[A,C], [AB,C] = A[B,C] + [A,C]B, (6.33) 

[A, BC] = {A, B}C - B{A, C}, [AB, C] = A{B, C} - {A, C}B. (6.34) 

Note: the negative signs on the right-hand terms in Eqs. (6.34) occur when 
the cyclic order is destroyed for the case of the anticommutator: {A, B} = 
AB + BA. We obtain after simple calculation (Problem 6.3.2) 

[H, = XI V- (6-35) 

We multiply Eq. (6.35) by a^p from the right, take a many-body trace and 
obtain 

X ^ £v^w{p)y (6.36) 

which is formally identical with the Schrddinger energy-eigenvalue equation 
for the one-body problem: (Problem 6.3.3) 

X Mp) = {p\ ■ (6-37) 

ij- 

The quasi- wave-function 4^^^(p) can be regarded as a mixed representation 
of the one-body density operator n in terms of the states (j^,p) (Problem 
6.3.4): 

'^v{p) ^ {p\n\p). (6.38) 

The operator n is defined through 

T^iVbPvi} = (“bl = riba. (6.39) 

These riba are called b-a elements of the one-body density matrix. 

We reformulate Eq. (6.36) for a later use. Using Eqs. (6.29), (6.35) and 
the following general property 



lA{ABp} = Tt{pAB} = lA{BpA]. 



(6.40) 
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(cyclic permutation under the trace), we obtain (Problem 6.3.5) 

Tr{[H, tpl] Gpp} = Trii^l [ap, H] p) = (6.41) 

whose complex-conjugate is 

Ey%{p) = IV { aj] i)^p ] } . (6.42) 

Either Eq. (6.41) or Eq. (6.42) can be used to formulate the energy- 
eigenvalue problem. If we choose the latter, we may proceed as follows: 

1. Given H in the momentum space, compute [il, a^]; the result can be 
expressed as a linear function of ; 

2. Multiply the result by i/j^p from the right, and take a trace; the result 
is a linear function of 4/*; 

3. Use Eq. (6.42); the result is a linear homogeneous equation for I'*, a 
standard form of the energy eigenvalue equation. 

Problem 6.3.1. Verify Eq. (6.27). 

Problem 6.3.2. Derive Eq. (6.35). 

Problem 6.3.3. Derive Eq. (6.37) from Eq. (6.22). 

Problem 6.3.4. Prove Eq. (6.38). 

Problem 6.3.5. Verify Eq. (6.41). 

6.4 Derivation of the Cooper Equation 

Second-quantized operators for a pair of electrons are introduced as 

^12 = ^kiTkai = 44 . ^34 = C4C3. (6.43) 

Odd-numbered electrons carry up spins t and even-numbered carry down 
spins |. The commutators among B and can be computed using the 
Eermi anticommutation relations, and they are given by (Problem 6.4.1) 



[Bn, -B34] = BnBs 4 — B34B12 — 0, 

Bn ~ BnBn = 0, 



(6.44) 

(6.45) 
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[B 



12 , 



Bl] = 



1 — ni — 


722 if ki = ks, 


II 




C2C4 

Cl 4 


if ki = ks, 
if ki / ks, 


^2 ^ ^4 
^2 = ^4 


(6.46) 


0 


otherwise, 






^kiT^kiT ) 


^2 = *^k2t^k2i 




(6.47) 



where 



are the number operators for electrons. 

Let us now introduce the relative and net (CM) momenta (k, q) such that 



k=^(ki-k 2 ), q = ki+k 2 ; ki= k+^q, k 2 = -k+^q. (6.48) 
We may alternatively represent the pair operators by 

— -®kitk2i = C-k+q/2i,Ck+q/2T, ®kq = ‘^k+q/2T^-k+q/2i' (6.49) 

The prime on i?kq will be dropped hereafter. In the k-q representation the 
commutation relations can be re-expressed as 



[-®k,q, .Sk'q'] 0, 

[5kq]' = 0, 



(6.50) 

(6.51) 






1 '^k+q/2'f k+q/2| 

C-k+q/2J.C_j^,^q,^2j 



[■Bk.q, BI^,^,] — < 



Ck+q/2TCk'+q//2T 



if k = k' and q = q' 
if k + q/2 = k' -f q'/2 and 
-k + q/2 ^ -k' + q'/2 
if k -1- q/2 ^ k' -y q'/2 and 
-k + q/2 = -k' + qV2 



0 otherwise. 

(6.52) 

If we drop the “hole” contribution from the original BCS Hamiltonian in 
(5.1), we obtain the Cooper Hamiltonian: 



He = Y1 ^kq^k'q, (6.53) 

k s k k' q' 

€ fc >0 



where we used (5.3); Vq = VojV the prime on the summation means the 
restriction: 



0 < e(lk + q/2l), £(|-k + q/2|) < 



(6.54) 
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Our Hamiltonian He in Eq. (6.53) can be expressed in terms of pair 
operators (5, B^): 

He = E'E' [£(|k + q/2|) + e(|-k + q/2|] 

k q 

^^O^iq^k'q. (6.55) 

k k' q' 

Using Eqs. (6.52) and (6.51), we obtain (Problem 6.4.2) 

= [E(|k + q/2|)+£(|-k + q/2|]B*, 

f 

-vq^ bI^{1 - nk+q/2T - n_k+q/2i)- (6.56) 

k' 

If we represent the energies of pairons by and the associated pair 
annihilation operators by (f)^, we can in principle re-express He as 

He = (6.57) 



which is similar to Eq. (6.32) with the only difference that here we deal with 
pair energies and pair-state operators. We multiply Eq. (6.56) by ^^p^^from 
the right and take a grand-ensemble trace. After using Eq. (6.42), we obtain 



w^Ukq = ?Ugakq = [£(|k + q/2|)-f£(|-k-f q/2|]akq 

f 

-VoY^ (fii/q(l - ^k+q/2T - n-U+ci/2l)(l>u) (6.58) 

k' 

Cfkq,y = ^^{.^kq 4*uPgc} ~ ®kq- 



The energy can be characterized by q: w,y = Wq. In other words, excited 
pairons have net momentum q and energy Wq. We shall omit the subindex 
u in the pairon wavefunction: akq,i 2 = Ukq. The angular brackets mean the 
grand-canonical-ensemble average: 



{A)^TR{Act>,pJ 



TR{A ex^p{aN - (3 H)} 
TR{exp{aN - PH)} ' 



(6.59) 



In the bulk limit: N ^ oo, U — > oo while n = N/V = finite, where N 
represents the number of electrons, fc-vectors become continuous. Denoting 
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the wavefunction in this limit by a(k, q) and using a factorization approxi- 
mation, we obtain from Eq. (6.58) 



rUqa(k,q) = [£(|k + q/2l) -f £(|-k -i- q/2j] a(k, q) 



Vo 



{27rh)^ 

x{l- fp [e(|k + q/2|)] - fp [e(|-k + q/2|]}, 



(tE a(k', q) 
(6.60) 
(6.61) 



The factorization is justified since the coupling between electrons and pairons 
is weak. 

In the low temperature limit {T 0 or /3 — ^ oo), 

fp{Ep)^0, (ep>0). (6.62) 



We then obtain 

^qo(k,q) = [e(lk + q/2|) -t-e(|-k-hq/2|]a(k,q) - J (f k' a(k.' , q) , 

(6.63) 

which is identical with Cooper’s equation (6.11). 

In the above derivation we obtained the Cooper equation in the zero- 
temperature limit. Thus the energy of the pairon, Wq, is temperature- 
independent. This low temperature approximation is adequate for the de- 
scription of superconductors below Tc. But as we will see later the pairons ex- 
ist above Tc. It is then important to know the validity of the low-temperature 
approximation. 

This problem can simply be answered by examining Eq. (6.60). The 
energy Wq{T) is now temperature-dependent. The numerical solution of Eq. 
(6.60) yields that 'Wq(T) can still be written in the form: 

Wq{T) = wq{T) -H cq (6.64) 

with |ujo(T)| decreasing smoothly over afew 0£> as long as Qd ^ Tp- 
In the present many-electron calculations the picture of two electrons 
above the Eermi sea of electrons is not used. All electrons are treated equally. 
Our derivation gives a firm foundation to the linear dispersion relation for a 
moving pairon. 



Problem 6.4.1. Derive Eqs. (6.44)-(6.46). 



Problem 6.4.2 Derive Eq. (6.56). 




Chapter 7 

Superconductors at 0 K 



We construct a generalized BCS Hamiltonian which contains the kinetic en- 
ergies of “electrons” and “holes”, and the pairing Hamiltonian arising from 
phonon-exchange attraction and Coulomb repulsion. We follow the original 
BCS theory to construct a many-pairon ground state and find a ground state 
energy: W — (l/2)hcvj)Af(0)(wi + W 2 ),'where wi and W 2 are respectively the 
ground state energies of “electron” (1) and “hole” (2) pairons. Energy gaps 
Aj are found in the quasi-electron excitation spectra: = {el -t- 

7.1 The Generalized BCS Hamiltonian 

BCS assumed a Hamiltonian containing “electron” and “hole” kinetic en- 
ergies and a pairing interaction [1]. They also assumed a spherical Fermi 
surface. But if we assume a free electron model, we cannot explain why only 
some, and not all, metals are superconductors. We must incorporate the 
band structures of electrons explicitly. In this section we set up and discuss 
a generalized BCS Hamiltonian. [2] We assume that 

• In spite of the Coulomb interaction, there exists a sharp Fermi surface 
at 0 K for the normal state of a conductor (the Fermi liquid model [3]). 

• The phonon exchange can bound Cooper pairs [4] near the Fermi sur- 
face within a distance (energy) equal to Planck’s constant h times the 
Debye frequency u>d- 

m “Electrons” and “holes” have different effective masses (magnitude). 
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• The pairing interaction strengths Vij among anJ between “electron” (1) 
and “hole” (2) pairons are different so that 



(l,2;i|C/|3,4;j) = 



VijV k3+k4^Sl,S3^S2,S4 

0 



if \£m\ < 
otherwise. 



(7.1) 



“Electrons” and “holes” are different quasiparticles, which will be denoted 
distinctly. Let us introduce the vacuum state creation and annihilation 
operators, and the number operators for “electrons” (sk > 0): 



.(1) 

■"ks 



— Ck5, 



dl)t _ J 



-'ks 



''ks’ 



n, 



( 1 ) = 



ks 



= C, 



ks ^ks J 



4 '.’ \M = 0- (7.2) 



For “holes” {sk < 0), we introduce the vacuum state |(/> 2 ), creation and 
annihilation operators, and the number operators as follows: 



(2) ^ t „(2)t _ 

•"ks — ‘"ks) ‘'ks ‘"ks) 



n 



(2) ^ ^(2)t (2) 
ks — ""ks ‘"ks > 




(7.3) 



Hereafter we adopt Dirac’s convention that a “hole” has a positive mass m 2 , 
a positive energy = je'fcl and the positive charge e. At 0 K there are only 
zero-momentum pairons of the lowest energy. The ground state ^ for the 
system can then be described in terms of a reduced Hamiltonian: 






k ‘^k' 



k' 



+ ^21^k ''^kV + ^’22&k ^&kt 



(2)r(l) 



d2)k(2)tl 



(7.4) 



where V{j = V ^Vij , and are pair annihilation operators defined by 



di) 



.(1) Ji) 

‘'-ki‘'kT ) 



d2) 



= .(2) (2) . 
— ‘"kf ‘"-ki) 



(7.5) 



the primes on the last summation symbols indicate the restriction that 



0 < = £k < hcoj:) for “electrons” 

0 < = \£k\ < huio for “holes”. 



(7.6) 



For the sake of arguments, let us drop the interaction Hamiltonian alto- 
gether in Eq. (7.4). We then have the first two sums representing the kinetic 
energies of “electrons” and “holes”. These energies are positive by 
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k'=k + q 




-k-q 




Figure 7.1: Two Feynman diagrams representing a phonon exchange between two 
electrons. 



definition. Then the lowest energy of this system, called the Bloch system, is 
zero, and the corresponding ground state is characterized by zero “electrons” 
and zero “holes”. This state will be called the physical vacuum state. In the 
theoretical developments in this chapter, we look for the ground state of the 
generalized BCS system whose energy is negative. 

We now examine the physical meaning of the interaction strengths 
Consider part of the interaction terms in Eq. (7.4): 



-ViibW'b 



(l)tL(l) 



-V22 



(7.7) 



The first term generates a transition of the electron pair from (k |) 

to (k' I). This transition is represented by the fc-space diagram in 

Fig. 6.1. Such a transition may be generated by the emission of a virtual 
phonon with momentum q — k' — k(— q) by the down (up)-spin “electron” 
and subsequent absorption by the up (down)-spin “electron” as shown in 
Fig. 7.1 (a) and (b). Note: These two processes are distinct, but yield 
the same net transition. As we saw earlier the phonon exchange generates 
an attractive change of states between two “electrons” whose energies are 
nearly the same. The Coulomb interaction generates a repulsive correlation. 
The effect of this interaction can be included in the strength Vn. Similarly, 
the exchange of a phonon induces a change of states between two “holes”, 
and it is represented by the second term in Eq. (7.7). The exchange of a 
phonon can also pair create or pair annihilate “electron” (“hole”) pairons. 
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called - (+)pairons, and the effects of these processes are represented by 



-'^12 



-V21 



-’k' 



(7.8) 



These two processes are indicated by fc-space diagrams (a) and (b) in Fig. 

7.2. 





(a) (b) 



Figure 7.2: k-space diagrams representing (a) pair creation of ground pairons and 
(b) pair annihilation. 

The same processes can be represented by Feynman diagrams in Fig. 
7.3. We assume that the time flows upwards, and that “electrons” (“holes”) 
proceed in the positive (negative) time directions. A phonon is electrically 
neutral; hence the total charge before and after the phonon exchange must be 
the same. The interaction Hamiltonians in Eqs. (7.7) and (7.8) all conserve 
charge. For type I elemental superconductors, we additionally assume that 
there are only acoustic phonons having a linear energy-momentum relation: 

£ = Csq, (7.9) 

where Cs is the sound speed. 

The interaction strength Vij can be the same for all (i,j) if the phonon 
exchange only is considered. By including the effect of the Coulomb repul- 
sion, only the values of the strengths Vu — U 22 are reduced, (see below for 
the explanation); hence the following inequalities hold: 



vn = V22 < v \2 — V21. 



( 7 . 10 ) 
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k+q 

(b) 



Figure 7.3: Feynman diagrams representing: (a) pair-creation of ± ground pairons 
from the physical vacuum, and (b) pair annililation. 



The two forces, which are generated by the exchange of longitudinal acoustic 
phonons and photons are both long ranged. But the speeds of light and 
sound differ by a factor on the order of 10^. Hence for the same k, the 
energies of light and sound are different by the same factor 10^. It then fol- 
lows that the photon-exchange interaction acts at a much shorter ^-distance 
than the phonon-exchange interaction. This means that only the phonon- 
exchange attraction can pair-create or pair-annihilate ± pairons by emission 
and absorption of a virtual phonon with momentum q crossing over the Fermi 
surface. In other words exchange of a photon with an extremely small q can 
generate a correlation among pairons, while exchange of an acoustic phonon 
not only generates a correlation among pairons but also pair-creates or pair- 
annihilates ± pairons. This difference generates the inequalities (7.10). The 
zero -temperature coherence length i^q, which is a measure of the Cooper pair 
size, is on the order of 10 A. This can be accounted for by the phonon- 
exchange attraction of a range of the order ^q, which is much greater than 
the lattice constant. The bare Coulomb repulsion has an even greater range, 
but this force can be screened by the motion of other electrons in the con- 
ductor. Therefore the effect of the Coulomb repulsion for the Cooper pair 
separated by lO"^ A, is completely negligible. This means that for type I 
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superconductors the interaction strengths are all equal to each other: 

vii = U 22 = vi 2 = uq. (type I) (7.11) 

This assumption simplifies the algebra considerably. In this and the follow- 
ing chapters, we discuss mainly the case of elemental superconductors. In 
high- Tc superconductors, the interaction strengths are not equal because 
the Coulomb repulsion is not negligible and inequalities (7.10) hold. This 
case will be discussed separately in detail in Chapter 18. The theoretical 
treatments for both cases are not dissimilar. We often develop our theory 
without assuming Eq. (7.11) and derive general results; we then take the 
limit: vn = v ^2 Vi 2 in the final expressions. A further discussion on the 
nature of the generalized BCS Hamiltonian will be given in Section 7.3. 



7.2 The Ground State 



In this section we look for the ground state of the generalized BCS system. At 
0 K there are only ± ground pairons. The ground state if for the system may 
then be constructed based on the reduced Hamiltonian Hq in (7.4), which can 
be reexpresed in terms of pairon operators 6’s only: (Problem 7.2.1) 



= E24”r'-«+x:24>C'4^>-E'E'[‘’n*-; 

+ Ui2&k + V2ib'?^b^} -I- V22b^k^b^^}^]. 



(i)tdi) 

k ®k' 



(7.12) 



We calculate the commutation relations for pair operators and obtain (Prob- 
lem 122.) 



((,», 6<;>] ^ = 0. s W = 0, 

= (1 - "ki - «i,i. 



di)Aj) 



(i)l2 _ uU)ilj) 



( 7 . 13 ) 

Following BCS [1], we assume that the normalized ground state ket \^) 
can be written as 









(i)k(i)t 



n 



i+4'4>' 



4 (1+ 1 4’ P)*''" V (1+ 1 s® 

Here the ket |0) by definition satisfies 



10 ). 



( 7 . 14 ) 
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Figure 7.4; The fc-space shell in 2D where pairons of both charge types are 
generated and intercorrelated. 



It represents the physical vacuum state for “electrons” and “holes”, that 
is, the ground state of the Bloch system with no “electrons” and no “holes” 
present. In Eq. (7.14) the product-variables k (and k') extend over the region 
of the momenta whose associated energies are bounded: 0 < e^j^\ <hujD, 
and this is indicated by the primes on the product symbols. The A:-space shell 
in which pairons are generated and intercorrelated are shown in Fig. 7.4. 
Since = 0, [see Eq. (7.13)], only two terms appear for each k(k% The 

quantity | represents the probability that the pair states (k — k i) are 
occupied. By expanding the product, we can see that the BCS ground state 
|4i) contains the zero-pairon state |0), one-pairon states |0), two-pairon 

states |0) ) physical meaning of the state |'F) will further be 

discussed in the paragraph after Eq. (7.28). The ket [T') is normalized such 
that 

= 1 . ( 7 . 16 ) 

In the case where there is only one state k in the product, we obtain 



{<tl9/> = (Oj 



(1+ I s<‘> P)V2 



1 + 

( 1 + 1 4 ' ’ 



0) = 1. 
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The general case can be worked out similarly. (Problem 7.2.3.) 

Since the ground state wavefunction has no nodes, we may choose to 
be non-negative with no loss of rigor: > 0. We now determine 

such that the ground state energy 

ly = (^'|/7o|^) (7.17) 

has a minimum value. This may be formulated by the extremum condition: 

(5V7 = (5(^|i7ol^) =0. (7.18) 



The extremum problem meant by (7.18) with respect to the variation 
in g’’s can more effectively be solved by working with variations in the real 
probability amplitudes w’s and r?’s defined by 



= [l+5k 



0 ') 2 ]- 1/2 



=5k^[l+5k^1 = 1- (7-19) 



The normalized ket j'l^) can then be expressed by 






(2) , .,(2)r(2)t^ 



(7.20) 



The energy W can be written from Eq. (7.17) as (Problem 7.2.4.) 

W = - E'E' E E (7.21) 



Taking the variations in u’s and u’s, and noting that = 0, 

we obtain fromEqs. (7.18) and (7.21) (Problem 7.2.5.) 

2£fc - (4'^^ - ^ 0- (7-22) 

k' 



To simply treat these equations subject to Eqs. (7.19), we introduce a 
set of energy-parameters: 

A«>. £« ^ (e®^ + 

such that 

^(1)2 _ ^(i)2 ^ ^ a[^V2£^?. (7.23) 
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////// 



Quasi-electron 



A 

- Fermi energy 



Figure 7.5: Quasi-electrons have an energy gap A relative to the Fermi energy. 



(Problem 7.2.6.). Then, Eqs. (7.22) can be reexpressed as 

2 






/ 



2E\ 



(i)' 



(7.24) 



k' i=i 

Since the rhs of Eqs. (7.24) does not depend on k, the “energy gaps’ 

A« .. A, 



(7.25) 



are independent of k. Hence we can simplify Eqs. (7.24) to 

k' i ^-^k' 

These are called generalized energy gap equations. As we shall see later, E^'^ 
is the energy of an unpaired electron or (quasi-electron). Quasi-electrons have 
energy gaps relative to the Eermi energy as shown in Eig. 7.5. Notice 
that there are in general “electron” and “hole” energy gaps, (Ai, A 2 ). 

Using Eqs. (7.23)-(7.26), we calculate the energy W and obtain (Problem 
7.2.7.) 






6 ) 6 ) U) U) 



k j 



k k' i j 



(i) 



/ , ^ y 



k j 



E; 



% 
0 J • 



2e: 



U) 



(7.27) 
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In the bulk limit the sums over k are converted into energy integrals, yielding 

^ r^D p2 /\ 2 

^ “ (g2 ^2)1/2 “ 2(e2 + A^)1/2J- 

i=i ^ ^ 

The ground state |T’) from Eq. (7.14) is a superposition of many-pairon 
states. Each component state can be reached from the physical vacuum 
state |0) by pair-creation and/or pair-annihilation of ± pairons and pair- 
state change through a succession of phonon exchanges. Since the phonon- 
exchange processes, as represented by Eq. (7.8), can pair-create (or pair- 
annihilate) ± pairons simultaneously from the physical vacuum, the super- 
condensate is composed of equal numbers of ± pairons. We can see from Eig. 
7.3 that the maximum numbers of +(-) pairons are given by (l/2)/ia;£)A/i(0) 
[(l/2)/ia;oA^2(0)]. We must then have 

M(0)=A(2(0)=AA(0), (7.29) 



which appears to be unrealistic, but it will be justified by the assumption 
that the supercondensate is generated only on part of the Eermi surface, (see 
Section 7.3.8). 

Using Eq. (7.29), we obtain from Eq. (7.28) (Problem 7.2.8.) 



W = ^No(wi -f W 2 ), Wi = huD{l - [1 + < 0. (7.30) 



We thus find that the ground state energy of the generalized BCS system is 
negative, that is, the energy is lower than that of the Bloch system. Eurther 
note that the binding energy \wi\ per pairon may in general be different for 
different charge types. 

Let us now find Aj from the gap equations (7.26). In the bulk limit, these 
equations are simplified to 



1 



f*huj£) 






de 



Vj2 



p/kjx) 



de 



A9 



(£2 + A 2)1/2 



2 

^A/’(0)Ai sinh“^(/iu;£)/Ai) -t- -^A7(0)A2 sinh“^(/ici;£,/A2). (7.31) 



Eor type I superconductors, we assume that the interaction strengths Vij are 
all equal to each other: vn = = V 22 = wo- We see from Eqs. (7.31) that 

“electron” and “hole” energy gaps coincide: 



Ai — A 2 = A. 



(7.32) 
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Equations (7.26) are then reduced to a single equation: 



^ = E'E 



A 



Vo- 



id 



2E, 



(i)-' 

k' 



(7.33) 



which is called the BCS energy gap equation. After dropping the com- 
mon factor A and taking the bulk limit, we obtain (Problem 8.5.7.) 1 = 
VqM { 0) sinh~^ {huj D / ^) or 



A = 



hur, 

sinh[l/'!;oA/’(0)] 



(7.34) 



Equation (7.34) is similar to Eq. (6.10) for the binding energy of the ground 
pairon \wq\. The exponential factor, however, is a little different. The factor 
exp[l/uoA7(0)] appears in Eq. (7.34) as opposed to the factor exp[2/?;o-AA(0)] 
in Eq. (6.10). 

We now substitute Eq. (7.34) into Eq. (7.30) and calculate the ground 
state energy. After straightforward calculations, we obtain (Problem 7.2.10.) 



-2Af{0)h^ojl 
exp[2/DoA/’(0)] — 1 



(— NoWq). 



(7.35) 



Equations (7.34) and (7.35) are the famous BCS formulas for the energy 
gap and the ground state energy, respectively. They correspond to Eqs. 
(2.40) and (2.42) of the original paper [1]. We stress that these results are 
exact, without assuming the weak coupling limit (r;o — > 0) , and that they 
were obtained from the reduced BCS Hamiltonian Hq. 



Problem 7.2.1. Verify Eq. (7.12). 

Problem 7.2.2. Derive Eqs. (7.13). 

Problem 7.2.3. Verify Eq. (7.16). Hint: Assume that there are only two 
fc-states in the product. If successful, then treat the general case. 

Problem 7.2.4. Derive Eq. (7.21). 

Problem 7.2.5. Derive Eq. (7.22). 

Problem 7.2.6. Check the consistency of Eqs. (7.19) and (7.23). Use the 
identity: {u^ -|- — {u^ — u^)^ = 4u^u^. 
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Problem 7.2.7. Verify Eq. (7.27). 
Problem 7.2.8. Verify Eq. (7.30). 
Problem 7.2.9. Verify Eq. (7.34). 
Problem 7.2.10. Derive Eq. (7.35). 



7.3 Discussion 

We have uncovered several significant features of the ground state of the 
generalized BCS system. 

7.3.1 The Nature of the Reduced Hamiltonian 

The reduced BCS Ha mi ltonian Hq in Eq. (7.4) has a different character from 
the normal starting Hamiltonian for a metal, which is composed of interacting 
electrons and ions. Bardeen Cooper and Schrieffer envisioned that there are 
only zero-momentum pairons at 0 K. Only the basic ingredients to build 
up pairons are introduced and incorporated in the BCS Hamiltonian. Both 
“electrons” and “holes” are introduced from the outset. These particles are 
the elementary excitations in the normal state. 

7.3.2 Binding Energy per Pairon 

We may rewrite Eq. (7.35) for the ground state energy in the form: 

W = Afo = Ru,oV(0), (7.36) 

which can be interpreted as follows: The greatest total number of pairons 
generated consistent with the BCS Hamiltonian is equal to hu]:)J\f{0) = Nq. 
Each pairon contributes a binding energy \wq\. This energy |tyo| can be mea- 
sured directly by quantum tunneling experiments as we shall see in Chapter 
11. Our interpretation of the ground state energy is quite natural, but it is 
distinct from that of the BCS theory, where the energy gap A is regarded 
as a measure of the binding energy. Our calculations does not support this 
view, see section 7.3.4. 
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7.3.3 Critical Field Be and Binding Energy |w;ol 

By the Meissner effeet a superconduetor expels a weak magnetie field B from 
its interior. The magnetic energy stored is higher in proportion to and 
the excluded volume than that for the uniform B-flux configuration. For a 
macroscopic superconductor the difference in the energy is given by 

VB^ 

2/^0 




If this energy exceeds the difference of the energy between super and normal 
conductors, Ws — Wn , which is equal to |VFol > the superconducting state 
should break down. The minimum magnetic field Be that destroys the su- 
perconducting state is the critical field at 0 K, J5c(0) = Bq. We therefore 
obtain 

IW 5 - VFivI = iVFol = iVo Kl = \vBlii^\ (7.38) 

which gives a rigorous relation between \wq\ and Bq. 



7.3.4 The Energy Gap 

In the process of obtaining the ground state energy W by the variational 
calculation, we derived energy-gap equations, Eq. (7.26) which contain the 
energy parameters 

= (7.39) 

The fact that represents the energy of a quasi-electron, can be seen as 
follows [5]. The quasiparticle energy is defined to be the total excitation 
energy of the system when an extra particle is added to the system. From 
Eq. (7.21) we see that by negating the pair state (k — k |), the energy is 

increased by 









(7.40) 



where we used Eqs. (7.23) and (7.24). To this we must add the energy 
of the added “electron”. Thus the total excitation energy Ae is 



Ae = 4‘>[l-2<"] + 2Ai«|.‘H' 



(l)2l 






(7.41) 
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Thus, the unpaired electron has the energy as shown in Fig. 7.5. The 
validity domain for the above statement is 0 < <JIujd- 

7.3.5 The Energy Gap Equations 

The reduced Hamiltonian Hq was expressed in terms of pairon operators 
Us only as in Eq. (7.12). The ground state 'T in Eq. (7.14) contains 6’s 
only. Yet in the energy-gap equations, which result from the extremum con- 
dition for the ground state energy, the energies of quasi-electron, E^\ appear 
unexpectedly. Generally speaking the physics is lost in the variational calcu- 
lation. We shall derive the gap equations from a different angle by using the 
equation-of-motion method in Chapter 10. 









■ji 



Figure 7.6: A circuit containing a superconductor (S), battery and resistance. 

7.3.6 Neutral Supercondensate 

The supercondensate composed of equal numbers of ± pairons is electrically 
neutral. This neutrality explains the stability against a weak electric field 
because no Lorentz electric force can be exerted on the supercondensate. 
This stability is analogous to that of a stationary excited atomic state, say, 
the 2p-state of a neutral hydrogen atom. 

A neutral supercondensate is supported by experiments. If a supercon- 
ducting wire S is used as part of a circuit connected to a battery, as shown 
in Fig. 7.6. the wire S, having no resistance, generates no potential drop. 
If a low-frequency AC voltage is applied to it, its response becomes more 
complicated. But the behavior can be accounted for if we assume that it 
has a normal component with a finite resistance and a super part. This is 
the two fluid model [6]. The super part, or supercondensate, decreases with 
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rising temperature and vanishes at Tc. The normal part may be composed 
of any charged elementary excitations including quasi-electrons and excited 
pairons. At any rate, analyses of all experiments indicate that the supercon- 
densate is not accelerated by the electric force. This must be so, otherwise 
the supercondensate would gain energy without limit since the supercurrent 
is slowed down by neither impurities nor phonons, and a stationary state 
would never have been observed in the circuit. 

7.3.7 Cooper Pairs (Pairons) 

The concept of pairons is inherent in the BCS theory, which is most clearly 
seen in the reduced Hamiltonian i?o, expressed in terms of pairon operators 
6's only. The direct evidence for the fact that a Cooper pair is a bound 
quasi-particle having charge (magnitude) 2e comes from flux quantization 
experiments. 

7.3.8 Formation of a Supercondensate and Occurrence 
of Superconductors 

We now discuss the formation of a supercondensate based on the band struc- 
tures of electrons and phonons. Let us first take lead (Pb), which forms an 
fee lattice and which is a superconductor. This metal is known to have a 
neck-like hyperboloidal Fermi surface represented by [7] 

2 2 2 

+ ^ + (mi,m 2 ,m 3 ) = (1.18,0.244,-8.71)m. (7.42) 

2 ?? 7/1 2iTTl2 ^^3 

We postulate that the supercondensate composed of ± ground pairons is 
generated near the ’’necks”. The electron transitions are subject to Pauli’s 
exclusion principle, and hence creating pairons require a high degree of sym- 
metry in the Fermi surface. A typical way of generating pairons of both 
charge types by one phonon exchange near the neck is shown in Fig. 7.3. 
Only part of “electrons” and “holes” near the specific part of the Fermi sur- 
face are involved in the formation of the supercondensate. The numbers of 
± pairons, which are mutually equal by construction, may both then be rep- 
resented by hnUjN'{0)/2, which justifies Eq. (7.29). Next take aluminum 
(Al), which is also a known fee superconductor. Its Fermi surface contains 
inverted double caps. Acoustic phonons with small momenta may generate 
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a supercondensate near the inverted double caps. Supercondensation occurs 
independently of the lattice structure. Beryllium (Be) forms a hep crystal. 
Its Fermi surface in the second zone, shown in Fig. 3.4, has necks. Thus, Be is 
a superconductor. Tungsten (W) is a bee metal, and its Fermi surface, shown 
in Fig. 3.5, has necks. This metal is also a superconductor. In summary type 
I elemental superconductors should have hyperboloidal Fermi surfaces favor- 
able for the creation of ± pairons mediated by small-momentum phonons. 
All of the elemental superconductors whose Fermi surfaces are known appear 
to satisfy this condition. 

To test further let us consider a few more examples. A monovalent metal, 
such as sodium (Na), has a nearly spherical Fermi surface within the first 
Brillouin zone. Such a metal cannot become superconducting at any tem- 
perature since it does not have “holes” to begin with; it cannot have -i- 
pairons and therefore cannot form a neutral supercondensate. A monovalent 
fee metal like Cu has a set of necks at the Brillouin boundary. This neck is 
forced by the inversion symmetry of the lattice (see Fig. 3.3). The region of 
the hyperboloidal Fermi surface may be more severely restricted than those 
necks (unforced) in Pb. Thus this metal may become superconducting at 
extremely low temperatures, which is not ruled out but unlikely. 




Figure 7.7: The behavior of near the Fermi energy. 
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7.3.9 Blurred Fermi Surface 

In Sections 3.2 - 3.3, we saw that a normal metal has a sharp Fermi surface 
at 0 K. This fact manifests itself in the T-linear heat capacity universally 
observed at the lowest temperatures. The T-linear law is in fact the most 
important support for the Fermi liquid model. For a superconductor the 
Fermi surface is not sharp everywhere. To see this, let us solve Eq. (7.23) 
with respect to and v^. in the BCS limits. We obtain 

= + = + + (7.43) 

Fig. 7.7 shows a general behavior of near the Fermi energy. For the 
normal state A = 0, there is a sharp boundary at Sk = 0; but for a finite 
A, the quantity v^. drops off to zero over a region of the order 2 ~ 3A. This 
represents the probability that the virtual electron pair at (k t,— k |) 
participates in the formation of the supercondensate. It is not the probability 
that either electron of the pair occupies the state k. Still, the diagram 
indicates the nature of the changed electron distribution in the ground state. 
The supercondensate is generated only near the necks and/or inverted double 
caps. Thus these parts of the Fermi surface are blurred or fuzzy. 




Chapter 8 

Quantum Statistics of 
Composites 

8.1 Ehrenfest-Oppenheimer-Bethe’s Rule 

Experiments indicate that every quantum particle in nature moves either as 
a boson or as a fermion [1]. This statement, applied to elementary parti- 
cles, is known as the quantum statistical postulate (or principle). Bosons 
(fermions), by definition, can (cannot) multiply occupy one and the same 
quantum-particle state. Spin and isopin (charge), which are part of parti- 
cle state variables are included in the definition of the state. Electrons (e) 
and nucleons (protons p, neutrons n) are examples of elementary fermions 
[1,2]. Composites such as deuterons (p, n) tritons [p,2n), hydrogen H (p, e) 
are indistinguishable and obey quantum statistics. According to Ehrenfest- 
Oppenheimer-Bethe (EOB) rule [3, 4] a composite is fermionic (bosonic) if it 
contains an odd (even) number of elementary fermions. Let us review the ar- 
guments leading to EOB’s rule as presented in Bethe-Jackiw’s book [4]. Take 
a composite of two identical fermions and study the symmetry of the wave- 
function for two composites, which has four particle-state variables, two for 
the first composite and two for the second one. Imagine that the exchange be- 
tween the two composites is carried out particle by particle. Each exchange 
of fermions (bosons) changes the wavefunction by the factor -1 (+1). In 
the present example, the sign changes twice and the wavefunction is there- 
fore unchanged. If a composite contains different types of particle as in the 
case of H, the symmetry of the wavefunction is deduced by the interchange 
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within each type. We shall see later that these arguments are incomplete. 
We note that Feynman used these arguments to deduce that Cooper pairs [5] 
(pairons) are bosonic [6]. The symmetry of the many-particle wavefunction 
and the quantum statistics for elementary particles are one-to-one [1]. A set 
of elementary fermions (bosons) can be described in terms of creation and 
annihilation operators satisfying the Fermi anticommutation (Bose commu- 
tation) rules, see Eqs. (8.2) and (8.24). But no one-to one correspondence 
exists for composites since composites by construction have extra degrees of 
freedom. Wavefunctions and second-quantized operators are important aux- 
iliary quantum variables but they are not observables in Dirac’s sense [1]. 
We must examine the observable occupation numbers for the study of the 
quantum statistics of composites. In the present chapter we shall show that 
fob’s rule applies to the Center-of-Mass (CM) motion of composites. 



8.2 Two-Particle Composites 

Let us consider two-particle composites. There are four important cases 
represented by (A) electron-electron (pairon), (B) electron-proton (hydrogen 
H), (C) nucleon-pion, and (D) boson-boson. 



(A) Identical fermion composite. Second-quantized operators for a 
pair of electrons are defined by [8] 

Bn = = 4.A2 = ^34 = C4C3, (8.1) 

where Cj^^(ckJ = creation (annihilation) operators (spins indices 

omitted) satisfying the Fermi anticommutation rules: 

{Ci, 4} = Ci4 -f- 4ci = ^kika, {ci, C2}=0. (8.2) 

The commutators among B and can be computed by using (8.2) and are 
given by [8] 



[B\2, Bu] = BnB^^ — B34B12 — 0, (-612)^ = 0, 

[Bi 2, B34J 



1 — ni - 


- ri2 if 


h = h, 


^2 = 


= ki^ 


C 2 C 4 


if 


h = ^3, 


^2 7 ^ ^4 


Cl 4 


if 


7^ ^3j 


k2~- 


- A)4 


0 


otherwise, 







( 8 . 3 ) 

( 8 . 4 ) 
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where 

= (i = l>2) (8.5) 

represent the number operators for electrons. Using Eqs. (8.1)-(8.5) and 



^12 = 



(8.6) 



we obtain 

^^12 — ■^12(1 ~ ~ T^’2 + B\2Bi 2)B\2 — n\2- (8.7) 

Hence 

(n?2 - rii2) I n'12) = {n'J - n'12) | n'2) = 0, | 0, 



yielding 

72)2 = 0 or 1. (8.8) 

Let us now introduce the relative and net (or CM) momenta (k, q) such 
that 



k=^(ki-k 2 ), q = ki+k 2 ; ki= k+^q, 



C2 = -k+iq. (8.9) 



We may alternatively represent the pair operators by 



Bkci = C_k4.iqCk+iq = Bi2, 



r' t ^ d d 
-^kq — <^k+iq‘^-k+|q’ 



(8.10) 



The prime on will be dropped hereafter. From Eq. (8.8) we deduce that 
the number operator in the k-q representation. 

’^kq = 5^q^kq, (8.11) 

has eigenvalues 0 or 1: 

%q = 0 or 1. (8.12) 

The total number of a system of pairons, N, is represented by 

= ^ J^ni2 = J]^nkq-^nq, (8.13) 

ki k2 k q q 

^kq = 53 ^kq^kq 
k k 



where 



(8.14) 
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represents the number of patrons having net momentum q. From Eqs. (8.12)- 
(8.14) we see that the eigenvalues of the number operator riq can be non- 
negative integers. To explicitly see this property, we introduce 

= (8.15) 

k 

and obtain, after using Eqs. (8.2)-(8.5) and (8.10), 

[Sq, Tlq] = ^ )(1 — ~ ^-k-|-5q)-^kq — Bq, [Uq, (8.16) 

k 

Although the occupation number is not connected with Bq as ^ B^Bq, 
the eigenvalues ofriq satisfying Eqs. (8.16) can be shown straightforwardly 
to yield [1] 

< = 0,1,2 (8.17) 

with the eigenstates 

|0), il) = Bt|0), |2) = B*Bt|0),... (8.18) 

This is important. We illustrate it by taking a one-dimensional motion. The 
pairon occupation-number states may be represented by drawing quantum 
cells in the {k^q) space. Erom Eq. (8.12) the number are limited to 0 
or 1, see Eig. 8.1. The number of pairons characterized by net momentum 
gonly, is the sum of the numbers of pairs at column q, and clearly it is 
zero or a positive integer. 

In summary, pairons with both k and q specified are subject to the Pauli 
exclusion principle, see Eq. (8.12). Yet, the occupation numbers of pairons 
having CM momentum q are 0,1, 2,..., see Eq. (8.17). Note that our results 
Eqs. (8.8), (8.12) and (8.17) are obtained by using the pair commutators 
(8.3)-(8.4). Eurther note that our result (8.17) does not follow from con- 
sideration of the symmetry of the wavefunction, the symmetry arising from 
Eqs. (8.3) only. Eq. (8.4) is needed to prove Eq. (8.16). The fact that the 
quantum statistics depends on whether we specify (k, q) or q alone, arises 
because a composite by construction has more degrees of freedom than an 
elementary particle (electron). Only with respect to the CM motion pairons 
are bosonic and can multiply occupy the same momentum state q. We say 
in short that pairons move as bosons. 
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k 




Figure 8.1; The number representation of many electron-pairs in the (fc, q) space. 



(B) Different-fermion composite. The quantum state for two distin- 
guishable particles (1,2) can be represented by 

|km,kf)=lkW)|kf). (8.19) 

We may represent the state | ka for the particle j by specifying a set of 
occupation numbers {ria^\n^^\ ...) with the restriction that each can 

take on a value either 0 or 1 and only one member of the set takes the value 

1. These numbers ria can be represented by [10] 

= ( 8 . 20 ) 

where creation (annihilation) operators (t|a^) satisfy the Fermi anticom- 
mutation rules (8.2). The quantum state for a many-electron-many-proton 
system may be represented by a generalization of Eq. (8.19), the direct prod- 
uct of a many-electron (antisymmetric) state and a many-proton (antisym- 
metric) state. Such states can be described in terms of second-quantized 
operators c's (electrons) and a's (protons), both satisfying the anticommu- 
tation rules (8.2). Following Dirac [1], we postulate that observables for 
different particles commute: 





= 0 , 



( 8 . 21 ) 
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based on which we may choose such that ds and a's anticommute with each 
other: 

{c, o)} = {c, a} = 0 . ( 8 . 22 ) 

Pair operators are defined by 

Bi 2 = B 34 = C 4 O 3 . (8.23) 

We study the number operator defined in the form (8.14) and show 
by means of Eq. (8.16) that the eigenvalues of are 0,1,2,.... That is, 
hydrogens H move as bosons. 



(C) Fermion-boson composite. We define pair operators in the form 
(8.23) with boson operators ( 6 's) satisfying the Bose commutation rules: 

[ 61 , b\] = bib\ - b\bi = 6 k,k 2 , [b^ 62 ] = 0. (8.24) 



Fermion and boson operators mutually anticommute, which is in accord with 
Eq. (8.21). We obtain 



{Bi 2 , B34} = ^12-634 + B34B12 — 0 






I' 1 + ni - ri 2 if fci = ks, ^2 = 

^ iiki = fcs, k2 k^ 

if ki ^ ks, k 2 = ki 

0 otherwise. 



I 



We define riq and 5q as in Eqs. (8.14) and (8.15), use Eq. (8.26) 
[riq, J5q] + 5q + = 0, 



K, Bl^] - ^ ^kq%+iq = 0. 



The vacuum state, |0), satisfying 

«k | 0 ) = &k | 0 ) = 0 , (all k) 
is defined. One-pair states |riq = l) is constructed by 

K = 1)3 |l)=Bt| 0 >, n,|l)=|l). 



(8.25) 

(8.26) 

and obtain 

(8.27) 

(8.28) 

(8.29) 

(8.30) 
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The two states (|0) , |1)) are the only pair- number states at q which can be 
constructed without violating the restriction imposed by Eq. (8.28). In fact, 
applying Eq. (8.28) to |1) we obtain 

([n„ = (n,B* - 2B* - BJ,) |1) 

k k 

= {n,B* - 3Bj) |1) = 0, 
or 

n,Bt|l) = 3Bj|l), (8.31) 

indicating that no two-pair state can be constructed in a regular manner. 
That is, |2) ^ |1). Hence fermion-boson composites move as fermions. 

(D) Identical boson composite. We introduce pair operators: 

^2 = 4i42 - 44 » Bi2 = 02^1 ■ (8.32) 

We compute commutators among B and and obtain 

[5i2, B 34] = 0, (8.33) 

' 1 + ni -h ri2 if ki = ks, k2 = k4, k2 7^ ka, ki 7^ k4 

2-f4ni if ki = ka,k2 = k4,k2 = ka,ki = k4 

a2a\ if ki = ka, k2 7^ k4, k2 7^ ka, ki 7^ k4 

024 + ctaoj if ki = ka, k2 / k4, k2 7^ ka, ki = k4 

[S12, 5J4] = 02aJ -f ojoi if ki = ka, ka 7^ k4, k2 = ka, ki 7^ k4 (8.34) 

ojoi if ki 7^ ka,k2 = k4,ka 7^ ka,ki 7^ k4 

a\ai 020^ if ki 7^ ka, ka = k4, ka 7^ ka, ki = k4 

4 “i + if ki 7 ^ ka, ka = k4, ka 7 ^ ka, ki = k4 

0 otherwise. 

Consider a pair creation operator 

(8.35) 

k5^0 

Multiplying this equation from the left by rtq and from the right by |$o)) we 
obtain 

n,B* |$„> = n,(^'B*„ + B*,) |«.„) = (J]'b*, + 2BJ,) |1.o), (8.36) 

k7:0 k^O 
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Figure 8.2: (a) State 5^^ |$o) , ^ 7 ^ 0. (b) State |‘^’o)- 



which indicates that 5^ |<l>o) is not the eigenstate of riq. This is significant. 
The state eorresponding to 7 ^ 0 in one dimension is shown in 

Fig. 8.2(a). The eorresponding oeeupation number nkq = has the 

eigenvalue one since 

"kqBi, l* 0 ) = “Ll,“l^k+l,“-k+|<l“k+l,<+l,dk+l<, 1*0) 

= kjto. (8.37) 



For k = 0 a straightforward calculation gives 




nq 2^ sn 



4 «Ll^o)-2Sjq|$o). 



(8.38) 



Thus the operator noq has the eigenvalue 2. The state Bq^ |$o) is represented 
by Fig. 8.2(b). These last two results generate Eq. (8.36). In the presenee 
of the double oeeupaney at k = 0, we find no one-pair number state. This 
anomaly does not oeeur when dealing with elementary fermions sinee the 
double oeeupaney is exeluded by Pauli’s prineiple. 



8.3 Discussion 

In 1940 Pauli established the spin-statistics theorem [2]: half-integral spin 
elementary particles are fermions while integral spin particles are bosons. 
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He derived it by applying general principles of quantum theory and rela- 
tivity to elementary particles. Just as elementary particles, composites are 
experimentally found to be indistinguishable and move either as bosons or 
as fermions (quantum statistical principle). This can be understood sim- 
ply if the CM of a composite moves, following the same general principles, 
and if the spin-statistics theorem is applied. We take Democritos’ atomistic 
view: every matter is composed of massive ’’atoms” (elementay particles). 
(Massless quantum particles such as photons, neutrinos will not be consid- 
ered hereafter.) We saw in case (D) that no one-pair state for the identical 
boson pair can be constructed. Hence this composite moves neither as a 
boson nor as a fermion in violation of the quantum statistical principle. The 
arguments quoted earlier for the EOB’s rule fail in this case. Electrons and 
nucleons have half spins while pions have zero spin. Hence the other three 
cases (A)-(C) are in accord with the spin-statistics theorem and also with 
the EOB’s rule. 

In our derivation we omitted consideration of spin, isospin, .... We now 
discuss this point. Eollowing Dirac [1], we define the indistinguishability 
of a system of identical elementary particles in terms of the permutation 
symmetry: 

[P, H] = [P, = 0, (all ^ and all P) (8.39) 

[P, p] = 0, (8.40) 

where 

H = H{rj^,r]2,...,riN) (8-41) 

is the Hamiltonian of N particle-variables r] containing position, momen- 
tum and other quantum variables such as spin, isospin, ... ; ^ is a system- 
dynamical function such as the center-of mass and the total momentum; P^s 
are permutation operators of N particle indices. The density operator p is 
defined in the form: 

p = ^ {u\, ^ = 1, P. = probability, (8.42) 

where |z/) are symmetric (antisymmetric) kets for bosons (fermions). The 
particle state is characterized by momentum k, spin-component a, isospin- 
component T, ... . The state may equivalently be represented by the contin- 
uous position, r, a, T, ... . The set of momenta, {k}, is infinite since the po- 
sition conjugate to the momentum is a continuous variable. Dirac’s relativis- 
tic wave equation [1] indicates that the electron and antiparticle (positron) 
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has spin 1/2. Pauli’s spin- stall sties theorem [2] originates in the relativistic 
quantum motion of the partieles in the ordinary three-dimensional spaee [2]. 
In eontrast other sets {cr},{r}, ... are all finite, and hence these variables 
play seeondary roles in quantum statisties. This is so because the quantum 
statisties of the partieles must be defined with the eondition that there are 
an infinite set of particle-states. In faet, if there were only one state, nei- 
ther symmetrie nor antisymmetrie states ean be construeted. If there were 
only two states, no antisymmetrie states for three or more particles ean be 
constructed. Limiting the number of partieles is unnatural. 

We have studied the eigenvalues of the pair- number operators (ni 2 , n^q., Uq), 
which are observables in Dirac’s sense [1]. All of our results are obtained 
without introdueing the Hamiltonian. Hence the results are likely to be valid 
independently of any interaetion and energy (bound or unbound). This is sig- 
nifieant, and is supported by the following arguments. We eonsider a system 
of interacting particles and write the Hamiltonian H in the form 



H ^ Ho + XV, 



(8.43) 



where Hq is the sum of the single-particle Hamiltonian: 

(V 

ifo = 5] fto (>?,), (8.44) 

i=i 

and V is an interaetion Hamiltonian and A a eoupling constant. For A = 0 
quantum statistics is postulated. Consider now a eontinuous limit: 

A ^ 1. (8.45) 

No continuous limit can change diserete (permutation in our ease) symmetry. 
Hence the quantum statistics arising from the particle-permutation symme- 
try and relativistie quantum dynamics is unchanged in the limit (8.45). Such 
demonstration can be extended to the ease of an interaetion Hamiltonian 
with other partiele-fields. All experiments appear to support our view: in- 
dependenee of the statisties upon interaction. 

We saw in (A) that the CM motion of a pairon is bosonie while its mo- 
tion with both (k, q) speeified is fermionic. This means that the fermionic 
nature of the eonstituents (eleetrons) is important for the total description 
of a composite (pairon). This is a general eharacter of any composite. In 
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fact Bardeen, Cooper and Sehrieffer, in their historie paper on supereondue- 
tivity [ 8 ], used the fermionie property (8.3) to eonstruet the ground-state 
of a BCS system, the state of the pairons bosonieally eondensed all at zero 
CM momentum. By assuming the spin-statisties theorem for eomposites 
Feynman argued that the pairons move as bosons [10], and proeeeded to de- 
rive the Josephson equations [11], whieh will be diseussed later. Chapter 12. 
Both fermionie and bosonie properties of the pairons were used in the total 
deseription of supereonduetivity [ 12 ]. 

Let us now eonsider a three-identieal fermion eomposite. Triplet operators 
(T, T^) are defined by 

^123 = ^123 = C 3 C 2 C 1 . (8.46) 

If any two of the momenta {ki,k 2 , k^) are the same, T’s vanish due to Pauli’s 
exelusion prineiple. We shall show that the CM motion of the triplet is fermi- 
onie. Deeompose the triplet into a system of a two-fermion eomposite and a 
fermion. The CM motion of the pair eomposite is bosonie aeeording to our 
study in ease (A). Applying the result in ease (C) to the system, we then 
deduee that the CM motion of the triplet is fermionie. The above line of ar- 
gument ean be extended to the ease of an A-nueleon system. First, eliminate 
the multi-oeeupaney states. Seeond, split it into a system of (N - l)-nueleon 
eomposite and a nueleon. Third, apply the arguments in either (B) or (C), 
and deduee that the addition of one nueleon ehanges quantum statisties. Next 
we eonsider an atom eomposed of a nueleus and one eleetron. By the same 
argument the addition of the eleetron ehanges quantum statisties. Further 
addition of an eleetron generates the ehange in statisties. 

In summary, the quantum statisties for the CM motion of any eomposite 
is determined by the total number of the eonstituting elementary fermions. If 
this number is odd (even), the eomposite moves as a fermion (boson). Com- 
posites may eontain no massive elementary bosons. The FOB 's rule with 
respeet to the CM motion of a eomposite follows direetly from the eommu- 
tation relations (8.3)-(8.4) and their generalizations. We stress that this rule 
eannot be derived from the arguments based on the symmetry of a eompos- 
ite wavefunetion equivalent to the symmetry property of the produet of the 
ereation operators alone. The quantum statisties of the eonstituent partieles 
must be treated separately. For example, the CM of hydrogen moleeules 
(2e, 2p) move as bosons. But ortho-and para-hydrogens have different inter- 
nal struetures and behave differently beeause the quantum statisties of the 
two eonstituting protons play a role [13]. 
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Experiments show that photons are bosons. A photon in a vacuum runs 
with the light speed and cannot stop. Hence the photon does not have the 
position variable as a quantum observable. In this respect, it is essentially 
different from other elementary fermions such as the electron and nucleon. 
Pions (tt), and kaons (K) are experimentally found to be massive bosons. 
As we saw in Section 8.2, no massive elementary bosons exist. These tt and 
K must be regarded as composites. Fermi and Yang [14] regarded tt as a 
composite of nucleon and antinucleon. In the standard model tt is regarded 
as a composite of two quarks [15]. These theoretical approaches are in line 
with our theory. 

In codensed matter physics, many elementary excitations such as phonons, 
magnons, plasmons, etc. appear. These particles cannot travel as fast as 
photons and they cannot be considered as relativistic quantum particles in 
principle. Hence they cannot have non-zero spins. They must therefore be 
bosons. 




Chapter 9 

Bose-Einstein Condensation 



Pairons can multiply occupy the same CM momentum state. They move 
freely as bosons having a linear dispersion relation: e — cp. The sys- 
tem of the pairons undergoes a B-E condensation transition of the second 
(third) order in 3 (2)D with the critical temperature Tc = 
where n is the pairon density. 



9.1 Free Massless Bosons Moving in 2D 

In this section we consider a system of free bosons having a linear dispersion 
relation: e = cp, moving in 2D. The system undergoes a B-E condensation. [1] 
The results obtained here are useful in the discussion of high-Tc supercon- 
ductors. 

The total number of bosons, N, and the Bose distribution function: 





(> 0) {a = Pp) 


(9.1) 


are related by 








+ Xy 


(9.2) 


P 


p 

Ep>0 





where yu is the chemical potential and f3 = 



No = - 1)“^ (9.3) 
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is the number of zero-momentum bosons. The prime on the summation indi- 
cates the omission of the zero-momentum state. For notational convenience 
we write 

e — cp = {2/7r)vFP (> 0), (9.4) 

where c = {2/'k)vf is the pairon speed and vp is the Fermi speed. 

We divide Eq. (9.2) by the normalization area L^, take the bulk limit: 

N ^ 00 , L ^ 00 while NL~^ — n, (9.5) 

and obtain 

n-no = J (fp f{£), (9.6) 

where Uq = Nq/E^is the number density of zero-momentum bosons and nthe 
total boson density. After performing the angular integration and changing 
integration variables, we obtain from Eq. (9.6) (Problem 9.1.1) 



f°° X 

2Trh^Ep‘^{n — no) = / ds j , 

Jo A e® - 1 



X = Pe] 



(9.7) 



A = e'’". (< 1) 



(9.8) 



The fugacity A is less than unity for all temperatures. After expanding the 
integrand in (9.7) in powers of Ae~® (< 1)., and carrying out the a: -integration, 
we obtain 



n^ = n-no = 



k|ry,(A) 
2'kTP (P ’ 



(9.9) 



OO yk 
fc=l 



(9.10) 



We need here, but we introduced 0^ for later reference. Eq. (9.9) gives 
a relation among A, n and T. 

The function 02 (-^) monotonically increases from zero to the maximum 
value 02(1) = 1.645 as A is raised from zero to one. In the low-temperature 
limit, A = 1, 02(A) = 02(1) = 1-645, and the density of excited bosons, 
varies like T^ as seen from Eq. (9.9). This temperature behavior of persists 
as long as therhs ofEq. (9.9) is smaller than n; the critical temperature Tc is 



n — 



k|r,V2(i) 

2'kIPc^ 
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or 

kgTc = 1.954 \= 1.2AfiVpn}^\ (9-H) 

If temperature is increased beyond Tc, the density of zero momentum bosons, 
no , becomes vanishingly small, and the fugacity A can be determined from 



n = 



2Trh‘^c^ ’ 



T>T,. 



(9.12) 



In summary the fugacity A is equal to unity in the condensed region: 
T < Tc, and it becomes smaller than unity for T > Tc, where its value is 
determined from Eq. (9.12). 

The internal energy density u, which is equal to the thermal average of 
the system energy per unit area, is given by 



This can be calculated in the same way as Eq. (9.6). We obtain (Problem 
9.1.2) 



u = 



<f>3W 



= 2nkB 



0s(A) 

T? Ml) 



The molar heat capacity at constant density, Cn, is 



(9.14) 



C = Cn = Rinkp)-^ 



du{T, n) 
&T 



(9.15) 



where Ris the gas constant. The partial derivative du/dT may be calculated 
through 

du{T,v) du(T,X) , du(T,X)dX{T,n) 

dT ~ dT dX dT 

du{T,X) du{T,X)dn{T,X)/dT 

dT dX dn{T,X)/dX' ^ ^ 



(Problem 9.1.3). All quantities {n,u,C) can now be expressed in terms of 
0^(A). After straightforward calculations, the molar heat C is (Problem 
9.1.4) 



C = R{7rh^L^nkB)-^k%T 






24>l{xy 

0i(^) . 



6i? 



<^s(A) ,„02(A) 



Jc) </>2(l) 



AR 



01 (A)' 



(9.17) 
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In the condensed region T < Tc, A = 1. We observe that as A ^ 1, 

00 

= ^ <^2(1) = 1-645, 

1 

-> 03(1) = 1.202, 04(A) ^ 04(1) = 1.082. 

Using these, we obtain from Eqs. (9.14) and (9.17) 



C = 6R 



03(1) fT' 



(T < Te) 



( 9 . 18 ) 



( 9 . 19 ) 



(9.20) 



02 ( 1 ) \TcJ ■ 

Observe the T-quadratic dependence of C. Also note that the molar heat 
capacity C at Tc is given by 



C{T,) = C„„ = 6fl ^ = 4.38 fi, 

02 ( 1 ) 



(9.21) 



For T > Tc, the temperature dependence of A, given by Eq. (9.12), is 
quite complicated. We can numerically solve Eq. (9.12) for A by a computer, 
and substitute the solution in Eq. (9.17) to obtain the temperature behavior 
of C. The result is shown in Fig. 9.1. Eqs. (9.17) and (9.16) allow us not 
only to examine the analytical behavior of C near T = Tc but also to obtain 
C without numerically computing the derivative du{T,n)/dT. 

In summary the molar heat capacity C for a 2D massless bosons rises 
like in the condensed region, reaches 4.38 R at T = Tc, and then de- 
creases to the high temperature limit value 2R. The heat capacity changes 
continuously at T — Tc, but its temperature derivative dC{T,n)/dT jumps 
at this point. Thus the B-E condensation is a third-order phase transition. 
The condensation of massless bosons in 2D is noteworthy [1]. This is not a 
violation of Hohenberg’s theorem [2] that there can be no long range order 
in 2D, which is derived with the assumption of an / -sum rule representing 
the mass conservation law. In fact no B-E condensation occurs in 2D for 
finite-mass bosons [1]. 



Problem 9.1.1. Verify Eq. (9.7). 
Problem 9.1.2. Verify Eq. (9.14). 
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Figure 9.1: The molar heat capacity C for 2D massless bosons rises like T^, 
reaches 4.38 i? at Tc, and then decreases to 2R in the high-temperature limit. 

Problem 9.1.3. Prove Eq. (9.16). 

Problem 9.1.4. Verify Eq. (9.17). 



9.2 Free Massless Bosons in 3D 



The case of free massless bosons moving in 3D can be treated similarly. We 
state the theories and results concisely. The results will be used to describe 
a B-E condensation of pairons for the 3D BCS system [3] in Section 9.3. 

In the bulk limit the normalization condition is given by 



n — no 



1 

{2'k%Y 



d^p /(e;/3,M), 



which is reduced to [Problem 9.2.1] 



n^ = n-no = 



7v^h^(A 



This equation gives a relation among (n,T, A). 



(9.22) 



(9.23) 
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Reduced Condensate 
Density 




Figure 9.2: The temperature variation of the ground boson density Uq. 



The function 03(A) has the maximum value 1.202 at A = l,and it de- 
creases monotonically as A is reduced to zero. Examination of Eq. (9.23) 
indicates that 

A = 1 for T < Tc, (9.24) 

where the critical temperature Tc is given by 



k^Fc = 



03 ( 1 ) 



1/3 



= 2.017 ncn^/^ 



(9.25) 



and that A becomes less than unity for T > Tc, where A is determined from 
7r^;iVr), = k|T^03(A). (T > Tc) (9.26) 



Substitution of Eq. (9.24) into Eq. (9.23) indicates that the excited boson 
density in the condensation region (T < Tc) rises like T^. This means 
that the density of zero-momentum bosons, uq, varies as 




n 




for T < Tc, 



(9.27) 



which is shown in Eig. 9.2. The internal energy density u is [Problem 9.2.2] 



u - 




3nkfiTV4(A) 



(9.28) 
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Figure 9.3: The internal energy density u for 3D massless bosons rise like T'^ 
below Tc, and grows less steeply after passing with a discontinuous change in 
the slope at T = Tc. 



This u rises like T^ in the eondensation region: 

u oc T^ (T < Tc) 



(9.29) 



whieh is similar to the ease of black-body radiation (Stephan-Boltzmann 
law). The u is continuous at Tc, but its T-derivative has discontinuity. See 
Fig. 9.3. 

The molar heat capacity C = R{nkB)~^du{T,n)/dT is [Problem 9.2.3] 



C^12R 



tVm^) 



Tcj m 



10.8R ( ^ 



iiT<n, 



(9.30) 



r 97?‘^3(A) 



if T > Tc. 



(9.31) 



The temperature behavior of C is shown in Fig. 9.4. We see here that the 
molar heat C has a discontinuous drop AC at Tc equal to 



AC = = 6.57i?. 

02 ( 1 ) 



(9.32) 



The ratio of this jump to the maximum heat capacity Cmax is a universal 
constant: 
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Figure 9.4: The molar heat capacity C for 3D massless bosons rises like T^, and 
reaches 10.8 i? at the transition temperature Tc = 2.02 hcn^^^. It then drops 
abruptly by 6.57 R and approaches the high-temperature limit 3R. 

The heat eapaeity C(T) just below Tc obeys a T^-law, whieh is similar to 
Debye’s T^-law for the heat eapaeity of phonons at low temperatures. Thus 
the phase transition is of seeond order in eontrast to the third-order phase 
transition obtained for the 2D bosons. 

Problem 9.2.1. Verify Eq. (9.23). 

Problem 9.2.2. Verify Eq. (9.28). 

Problem 9.2.3. Verify Eqs. (9.30) and (9.31). 

9.3 B-E Condensation of the Pairons 

In the generalized BCS system there are ± pairons. The dispersion relation 
for eaeh type of pairon above Tc is linear: 

Ej — Cjp + WQ. (9.34) 

This relation ehanges below Tc beeause of the presenee of the supereonden- 
sate, see Chapter 10. 
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We consider the 3D BCS system in this section, and assume that 

Cj = (l/2)4^t (9.35) 

In practice “electron” and “hole” masses (mi, m 2 ) may differ greatly. Then 
the Fermi velocities Vp'^ and are different, yielding different critical tem- 
peratures as seen from Eq. (9.25). We call those pairons for which Tc is the 
higher the predominant pairons (predominant for the B-E condensation). 

We are primarily interested in the temperature region where a supercon- 
ducting transition occurs at Tc, much lower than the Debye temperature 0/). 
We hereafter neglect the temperature dependence of the dispersion relation. 
Then the total number of pairons is still given by Nq\ 

EE nj) = iVo = huoMiU). (9.36) 

3 q 

Pairons above Tc move like free massless bosons having energy 

eq^Wq-wa^ [ll2)vpq, (9.37) 

where we shifted the energy constant, and omitted the superscripts denot- 
ing the predominant pairons. This system undergoes a B-E condensation 
transition of the second order at the critical temperature Tp. 

kpTc = l.OlhvFTip^, (9.38) 



9.4 Discussion 

We obtained formulas (9.11) and (9.38) for the critical temperature Tc for sys- 
tems of free dominant pairons moving in 2 and 3D with the linear dispersion 
relation. We discuss the underlaying assumptions and important results. 

9.4.1 Pairons Move as Bosons. 

Pairons move as bosons. Since this is an important element in the present 
theory, we elaborate on its physical significance. Let us take a supercon- 
ductor of macroscopic dimensions at 0 K. There exist a great number of 
zero-momentum pairons in the system. If the size of the system is made 
ten times greater, the number of zero-momentum pairons will be ten times 
greater. Thus the occupation number Nq at zero momentum has no upper 
limit. The number of zero-momentum pairons per unit volume uq is finite, 
and it is given by uq — hu)oN{U)lV . 
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9.4.2 Pairons Move as Massless Particles. 

Pairons move in 3D with the linear Cooper-Schrieffer relation: 

eq = Wq-WQ = —. (9.39) 

They move with the common speed (Problem 9.4.1) 

Vp 

^ 2 

regardless of their momenta q for small q. Eq. (9.39) was obtained in Section 

6.2 in the Cooper problem with the assumption of a Fermi sphere and the 
small-q limit. As we discussed earlier, ± pairons in a type I superconductor 
are generated near hyperboloidal Fermi surfaces. We must therefore recalcu- 
late the energy-momentum relation. The results are however the same, and 
the linear relation (9.39) still holds (see Problem 9.4.1). 



(9.40) 



9.4.3 Pairons Do Not Overlap in Space. 



The pairon size can be estimated by the BCS zero-temperature coherence 
length 



_ hvp 



0.18 



hvp 



(9.41) 



which was obtained in their historic paper [3] after calculating the current 
density and comparing with the Pippard’s equation. [4] The average separa- 
tion ro between two pairons can be defined by 



ro = n 



- 1/3 

? 



(9.42) 



where n is the pairon density. Using Eqs. (9.38) and (9.42), we obtain 

r„ = 1.01 = 5.6U„, (9.43) 

indicating that the interpairon distance is several times greater than the 
pairon size. Thus pairons do not overlap in space, meaning that the B-E 
condensation of pairons takes place before the picture of free pairons breaks 
down. This is the reason why the theory of superconductivity can be devel- 
oped simply in terms of the independent pairon picture throughout. 
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9.4.4 Pairons Move Freely in the Crystal. 

In Section 3.2 we discussed the Fermi liquid picture in which the Bloch elec- 
tron moves unhindered by the static lattice potential. By extending this 
picture, we can say that a pairon also moves freely in a perfect crystal. Im- 
purities can interrupt the free motion of electrons and pairons but they are 
omitted from our consideration. 

9.4.5 Pairons Hardly Interact with Each Other. 

The Bloch electron moves freely in a perfect crystal, and two Bloch electrons 
interact with each other through a screened Coulomb interaction. By ex- 
tending this picture, two pairons interact with each other through a screened 
Coulomb force. But the average distance between the two pairons is on the 
order 10"^ A. At this separation the screened Coulomb interaction is com- 
pletely negligible. 

9.4.6 B-E Condensation of Massless Bosons. 

A system of massless bosons characterized by the linear dispersion relation 
e — cp undergoes a B-E condensation in 2 and 3D. 

The 2D case was treated in Section 9.1. The critical temperature Tc is, 

keTc = l.%hcn}^^. (9.44) 

The phase transition is of the third order. The superconducting transition 
in high-Tc and layered organic superconductors is connected with the B-E 
condensation of massless bosons moving in 2D. We discuss this topic in more 
detail in Chapter 14. 

The 3D case was treated in section 9.2. The critical temperature Tc is 

k^Te = 2.01 (9.45) 

The phase transition is of the second order. The molar heat capacity C 
versus temperature is shown in Fig. 9.4. The heat capacity has a jump AC 
equal to 6.57 R at Tc. The maximum heat capacity at Tc, Cmax, is equal to 
10.8 R. The ratio AC/Cmax = 0.608 is a universal constant. This number 
0.608 is close to (AC'/C'max)scs = 0.588, obtained in the finite-temperature 
BCS theory [3]. Table 9.1 shows the measured values of AC/Cmax for a 
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selection of elements. The closeness of the measured values to the BCS 
value 0.588 has been regarded as one of the most important support of the 
finite-temperature BCS theory. The ratio 0.608 obtained in our theory is 
even closer to the measured values of 0.6 to 0.7. The main reasons for the 
small but non negligible discrepancy are: there are two types of pairons, 
each having the linear dispersion relation (9.39); and this relation changes 
substantially below Tc, which we discuss in Chapter 11. 



Element 


AC/C„„ 


Hg 


0.706 


In 


0.630 


La,{hcp) 


0.600 


Nb 


0.655 


Pb 


0.730 


Sn 


0.615 


Ta 


0.615 


T1 


0.600 


V 


0.600 



Table 9.1. Measured ratios AC/Cmax at the critical temperature T^. 

9.4.7 No B-E Condensation in One Dimension 

In general the critical temperature Tc for free bosons moving in D dimensions 
can be found from 

" = eMe/Lr) - 1 ’ " = "P- 

The solutions for D = 2 and 3 are given in Eqs. (9.44) and (9.45) respectively. 
For D = 1, Eq. (9.46) has no solution. In other words, there is no B-E 
condensation in ID. (Problem 9.4.2). 

To clearly see this, we take a dispersion relation: 

£ = ap“, (9.47) 

where a and a are constants. If we substitute thise in Eq. (9.46), we can find 
a solution if a < 1. The index a, however, must be greater than, or equal 
to, unity; otherwise the boson has an infinite speed at zero momentum. 
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9.4.8 Critical Temperature for Predominant Pairons 

In the present theory the supereondueting temperature Tc is identified as the 
B-E eondensation temperature for the predominant pairons. Aeeording to 
Eq. (9.38), Tc is proportional to the Eermi speed vp. Thus if the pairon 
density is the same for both eharge types, Tc is higher for pairons of that 
type for whieh vp is higher. The smaller the effeetive mass m*, the higher is 
the Eermi speed vp = {2ep/m*y^^. Eor Pb the “eleetron” effeetive mass mi 
is smaller, by a faetor of about 35, than the “hole” effeetive mass m 2 at the 
neeks (hyperboloidal surfaee of one sheet). Thus the “eleetron” pairon is pre- 
dominant in Pb. Experimentally the predominant type may be determined 
by examining the sign of the Hall voltage. 



9.4.9 Law of Corresponding States for Tc 



The eritieal temperature Tc for the supereondueting transition is very mueh 
lower than the Eermi temperature Tp. The ratio TjTp can be eomputed 
from Eq. (9.38). After eliminating the Eermi veloeity vp — {2ep/m*Y^‘^ 
from this expression, we obtain (Problem 9.4.3) 



Tc 2 x1.Q1 Rq i?o 

Tp (Stt^)^/^ tq ro ’ 



Rq = n 



-1/3 

el ’ 



(9.48) 



where Rq is the mean eleetron separation distanee. Thus the ratio T/Tp is 
proportional to the ratio Rq/tq. The intereleetron distanee Rq can be ealeu- 
lated from data from the lattiee eonstants. Therefore the distanee vq can be 
ealeulated from Eq. (9.48) aeeurately with the knowledge of Tc,Tp, and the 
lattiee eonstants. Table 9.2 shows data on Rq and tq for seleeted elements. 
It is quite remarkable that the interpairon distanee ro for elemental super- 
eonduetors is mueh greater than the the intereleetron distanee Rq. Metals 
A1 and Pb are both fee. The signifieant differenees in tq must eome from 
the eleetron energy band struetures, see below. 



9.4.10 The Pairon Formation Factor 

As diseussed in Seetion 7.3, ± pairons are generated only near speeifie parts 
of the Eermi surfaee. Eor elemental supereonduetors these parts are either 
neeks or inverted double eaps, whieh makes the aetual density n of pairons 
relatively very small. We diseuss this point here. The maximum pairon 
density nis 
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Elements 


Lattice 


H 


Tf 

(lO'^K) 


©D 

(K) 


Rq 

(A) 


^0 

(10^ A) 


a 

(10-“) 


A1 


fee 


1.14 


13.49 


428 


1.77 


13.68 




Pb 


fee 


7.193 


10.87 


105 


1.96 


1.93 


11.29 


Zn 


hep 


0.875 


10.90 


327 


1.97 


16.02 




Sn 


diam. 


3.722 


11.64 


200 


2.05 


4.19 


4.51 


In 


tetr. 


3.403 


9.98 


108 


2.06 


3.94 


5.59 


Nb 


bee 


9.50 


6.18 


450 


2.62 


1.11 


13.37 


Hg 


rhomb. 


4.153 


8.29 


100 


2.27 


2.96 


7.64 


T1 


hep 


2.39 


9.46 


96 


2.12 


5.48 


4.24 


ro = 0.653 


'iRqTf/Tc 


a 


= i.339re(r20^)- 





Table 9.2. Interpairon distance ro and pairon formation factor a. 



n = hiUoN'{0)/V (= Tq (9.49) 

If we assume a Cooper system with a spherieal Fermi surfaee, we ean ealculate 
the ratio Rq/tq and obtain (Problem 9.4.4) 



4 Tp ■ 



(9.50) 



Using this, we obtain from Eq. (9.48) 

T If) / f) \ 

^ = 0.653 ■ (experimental) 

(9.51) 

For the aetual elemental supereonduetors, the eritieal temperature Tc is mueh 
lower than that predieted by Eq. (9.51). To faeilitate interpretation of 
the experimental data, we introduee a eorreetion faetor a, ealled a pairon 
formation factor, sueh that 

T /0 

= 0.593 a ( 7 ^ ] . (experimental) (9.52) 

Tp \Tf J 

Here the faetor a represents the ratio of the experimentally observed (Tc/Tp) 
to the ideal value ealeulated by Eq. (9.51) with the observed Qd/Tc- Data 
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for the factor a are given in Table 9.2. Since Tp appears on both sides, we 
may rewrite Eq. (9.52) as 

Te = 0.593 (9.53) 

which indicates that the critical temperature Tc is high if the Fermi temper- 
ature Tp is high and if the Debye temperature ©d is high. 

The pairon formation factor a may come from the following three main 
sources: First, elemental superconductors must have hyperboloidal Fermi 
surfaces where ± pairons are generated with the help of acoustic phonons. 
Since these surfaces are only small parts of the total Fermi surface, the factor 
q; is a small fraction. Second, the ± pairons are generated in equal numbers 
from the physical vacuum. This means that the density of states for non 
predominant electrons, e.g. “holes” in Pb, is the relevant density of states 
that enters in Eq. (9.49). This makes a even smaller. Third, necks are more 
favorable than inverted double caps, since the density of states are, by geom- 
etry, higher around the neck. This feature appear to explain why fee lead 
(Pb) has a higher Tc than fee aluminum (Al). For these and possibly other 
reasons, the pairon density n in actual superconductors is very small. This 
makes the interpairon distance ro much greater than interelectron distance 
Rq as discussed in Section 9.4.9. 

In our theory, the existenee of ± pairons is the key eriterion for super- 
eonduetivity. If the pairon formation a factor that depends on electron and 
phonon band structures, is finite, the material is a superconductor. The 
value of a can be discussed qualitatively in terms of the Fermi surface. If 
the Fermi surface is spherical or ellipsoidal in the first Brillouin zone as in 
Na and K, a = 0. Then the metals remains normal down to OK. If a metal’s 
Fermi surface is known to contain necks and inverted double caps as in Al, 
Pb, Be, W, such a metal has a finite a, and it is a superconductor. To find 
the pairon formation factor numerically requires a precise knowledge of the 
Fermi surface, which is beyond the scope of the the present-day theory. 

Problem 9.4.1. Derive Eq. (9.40). Use Hamilton’s equations of motion. 

Problem 9.4.2. Show that there are no Tc satisfying Eq. (9.46) in ID. 



Problem 9.4.3. 
Problem 9.4.4. 
Problem 9.4.5. 



Derive Eq. (9.48) 
Derive Eq. (9.50) 
Derive Eq. (9.51) 




Chapter 10 

The Energy Gap Equations 



Below Tc there is a supercondensate made up of ±pairons. The energy of 
unpaired electrons (quasi-electrons) is affected by the presence of a supercon- 
densate: the energy of the quasi-electron changes from to -f- 
which is shown from the energy “gap” equations. The density of condensed 
pairons, no, is the greatest at 0 K, and monotonically decreases to zero as 
temperature approaches Tc- The energy constants Aj{T) decrease to zero at 

10.1 Introduction 

In the energy-minimum principle calculation of the ground state energy, the 
energy gap equations appear mysteriously. The quantities in these equations 
refer to quasi-electrons while the Hamiltonian Hq and the ground state con- 
tain the pairon variables only. In the present chapter we re-derive the energy 
gap equations, using the equation-of-motion method. We obtain a physical 
interpretation: an unpaired electron in the presence of the supercondensate, 
has the energy 

= (£h)2 + ^2)1/2_ 

Extending this theory to a finite T, we obtain the temperature-dependent 
energy gap equations (10.31) and the temperature-dependent quasi-electron 
energy. 

For an elemental superconductor, the gaps for quasi-electrons of both 
charge types are the same: Ai = A 2 = A. The gap A(T), obtained as 
the solution of the T-dependent energy gap equation, is the greatest at 0 K 
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and declines to zero at Tc. This is so because the unpaired electron regains 
the normal (Bloch) energy Cp in the absence of the supercondensate. The 
maximum gap Aq = A(T = 0) is that gap which appeared in the varia- 
tional calculation of the BCS ground state energy in Chapter 7. In the weak 
coupling limit {vq — »■ 0) the maximum energy gap Aq can be related to the 
critical temperature Tc by 

2Ao 3.53 keTc, 

which is the famous BCS formula. 

10.2 Energies of Quasi-electrons at 0 K 

Below Tc, where the supercondensate is present, quasi-electrons move differ- 
ently from those above Tc. In this section we study the energies of quasi- 
electrons at 0 K. The ground state is described in terms of the reduced 
Hamiltonian: 

k' k' 

( 10 . 1 ) 

By using this Hq, we obtain (Problem 10.2.1) 

[Ho, cWt] = ^,0)t ^ 

k k 

[Ho, ^ (10.3) 

k k 

These two equations indicate that the dynamics of quasi-electrons describable 
in terms of c's are affected by stationary pairons described in terms of b's. 

To find the energy of a quasi-electron, we follow the equation-of-motion 
method developed in Section 6.3. We multiply Eq. (10.2) from the right by 
where is the “electron” energy-state annihilation operator and 

p„ = i*)(®j = n'(4” + |o){®l (10.4) 

k k' 
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is the density operator deseribing the supercondensate, and take a grand 
ensemble trace. After using Eq. (6.41), the Ihs can be written as 

TR{[H„, cW] V-«Po} = TR{B« Vi-'Vo} = (10.5) 

where we dropped the subscript u; the quasi-electron is characterized by 
momentum p and energy The first term on the rhs simply yields 

Consider now 

TR{(.«*c«, V'l'Vo} = TR{6«*c«, 

The state |'T) is normalized to unity, and it is the only system-state at 0 K, 
hcncc 

TR{6“*c«, = ('PI IIP). (10.6) 

We note that k ^ p since the state must change after a phonon exchange. 
We examine the relevant matrix element and obtain (Problem 10.2.2.) 



(01 (4^^ -h 4^4^)4^^(4^ + 4^4^^) io) == 4^4^- 

We can therefore write 

tr{4^^cL 4 V'l^Vo} = 

Collecting all contributions, we obtain 

Vt^^*(p) = 44t^^*(p) - [niY^ 4^4^ + ^42^1 4^^4VrVp)- 

k k 

(10.10) 

Using Eqs. (7.24) and (7.25), we get 



(10.7) 

( 10 . 8 ) 
(10.9) 



k k 

We can therefore simplify Eq. (10.10) to 
Similarly we obtain from Eq. (10.3) 

E^^l^f\~p) = -4VP(-P) - 



( 10 . 11 ) 



( 10 . 12 ) 



(10.13) 
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The energy Ep^ can be interpreted as the positive energy required to 
create an up-spin unpaired electron at p in the presence of the superconden- 
sate. The energy can be regarded as the energy required to remove a 
down-spin electron from the paired state (p T> i)- These two energies are 
equal to each other: 

= E^_}1 = > 0. (10.14) 

In the stationary state Eqs. (10.12) and (10.13) must hold simultaneously, 
thus yielding 






(1) _ ^(1) 
Ct) 



Ai 



E.^ 



( 1 ) 



Ai 



= 0 , 



(10.15) 



whose solutions are E'p ^ = ±(£p^^ -f Since E^^ > 0, we obtain 



Ef - 



1/2 



(10.16) 



The theory developed here can be applied to the “hole” in a parallel manner. 
We included this case in Eqs. (10.16). Our calculation confirms our earlier 
interpretation that Ep'^ is the energy of the quasi-electron. In summary 
unpaired electrons are affected by the presence of the supercondensate, and 
acquire energies Ep\ 



Problem 10.2.1. Derive Eqs. (10.2) and (10.3). 
Problem 10.2.2. Verify Eq. (10.7). 



10.3 Energy Gap Equations at 0 K 

The supercondensate is made up of ± pairons, which can be described in 
terms of b's. We calculate [Hq, and [Hq, b^'^] and obtain: (Problem 
10.3.1.) 

-biiXi - "kt - "tki). (10-1'^) 

k' k' 

- «S.). (10.18) 

k k' 
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These equations indicate that the dynamics of the stationary pairons depends 
on quasi-electrons describable in terms of . 

We now multiply Eq. (10.17) from the right by (piPo, where is the 
-pairon energy-state annihilation operator, and take a grand ensemble trace. 
From the first term on the rhs, we obtain 



2e« TR{t.Wy,p„} = 24'> (f I I*!') = 

F, = (<P| 01 Ivp). 

From the first and second sums, we get (Problem 10.3.2.) 






V- 



(1)2 _ ,y(l)2 



“)^1- 



(10.19) 

( 10 . 20 ) 

( 10 . 21 ) 



Since we are looking at the Bose-condensed state, that is, the system-state 
characterized by zero chemical potential, the eigenvalues Ei and E 2 are zero: 



El = E 2 = 0 . 

Collecting all contributions, we obtain 



(10.22) 






u 



( 1)2 „( 1)2 



- Ui. 



-h vi2uQv^^)\]Fi = 0, (10.23) 



(2).,(2)l 



k' 



where we used Since Fi = (Tf] l^i) ^ 0, we obtain 

^ - (4^^^ - bii44£^ + 11124^4'^] = 0> (10.24) 



which is just one of Eqs. (7.23), the equations equivalent to the energy gap 
equations (7.27). 

As noted earlier in Section 8.2, the ground state iT of the BCS system is 
a superposition of many-pairon states and hence quantities like 

(10.25) 

that connect states of different pairon numbers do not vanish. In this sense 
the state can be defined only in the grand ensemble. 

As shown in Section 7.3, the ground state is reachable from the physical 
vacuum by a succession of phonon exchanges. Since pair creation and pair 
annihilation of pairons lower the system energy, and since pairons are bosons, 
aU pairons available in the system are condensed into the zero-momentum 
state. The number of condensed pairons at any one instant may fluctuate 
around the equilibrium value; such fluctuations are in fact more favorable. 
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Problem 10.3.1. Derive Eqs. (10.17) and (10.18). 

Problem 10.3.2. Verify Eq. (10.21). 

10.4 Temperature-Dependent Gap Equations 

In the last two seetions we saw that quasi-eleetron energies and the energy 
gap equations at 0 K ean be derived from the equations of motion for c's and 
b's. We now extend our theory to a finite temperature. 

Eirst, we make an important observation. The supereondensate is eom- 
posed of equal numbers of ± pairons eondensed at zero momentum. Sinee 
there is no distribution, its properties eannot show any temperature variation; 
only its eontent (density) ehanges with temperature. Seeond, we reexamine 
Eq. (10.17). Combining this with Eq. (10.22), we obtain 

= 0. (10-26) 

k' k' 

Erom our previous study we know that both: 

Fi = {^\ IT') = and (T-j IT') = (10.27) 

are finite. The b's refer to the pairons eonstituting the supereondensate 
while and represent the oeeupation numbers of eleetrons. This 
means that unpaired eleetrons, if present, ean influenee the formation of the 
supereondensate. In faet, we see from Eq. (10.26) that if = 0, = 

1, or = 1, = 0, terms eontaining vij vanish, and there is no 

attraetive transition: that is, the supereondensate wavefunetion Ti eannot 
extend over the pair state (k |). Thus as temperature is raised from 
0 K, more quasi-electrons are excited, making the supereondensate formation 
less favorable. Unpaired electrons (fermions) have energies and the 
thermal average of 1 — is 

(l - = 1 - 2{exp[/?E;f^] + 1}“^ = tanh[^£;^^ V2] , (> 0). 

(10.28) 

In the low temperature limit, this quantity approaches unity from below 

tanh[/5£;fV2] = tanh[EP /2kBT] ^1. (T 0) (10.29) 
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We may therefore regard t&r\h[(3E^jp {2] as the probability that the pair state 
(k I, — k I) is available for the supercondensate formation. As temperature is 
raised, this probability becomes smaller, making the supercondensate density 
smaller. Third, we make a hypothesis: The behavior of quasi-electrons is 
affected by the supercondensate only. This is a reasonable assumption at 
very low temperatures, where very few elementary excitations exist. 

We now examine the energy gap equations (7.27) at 0 K: 





(10.30) 



Here we see that the summation with respect to k and i extends over all 
allowed pair-states. As temperature is raised, quasi-electrons are excited, 
making the physical vacuum less perfect. The degree of perfection at (k, i) 
will be represented by the probability / 2). Hence we modify Eqs. 

(10.30) as follows: 



tanh{pE^^/2). (10.31) 

k i 

Equations (10.31) are called the generalized energy-gap equations at finite 
temperatures. They reduce to Eqs. (10.30) in the zero-temperature limit. 
In the bulk limit, the sums over k can be converted into energy integrals, 
yielding 



huJr 



1 , ^ f A 

J (g2 ^2)1/2 

i=l n 



(£2 + Af)V2' 
2keT 



(10.32) 



Eor elemental superconductors Vij = vq, and A/i(0) = jV 2(0) = A/"(0). We 
then see from Eqs. (10.32) that there is a common energy gap: 



Ai = A2 = A, 



(10.33) 



which can be obtained from 

hoj£) 



l = uoA^(0) J de-^^^^^5^tanh 



(£2 + A2)V2' 
2kBT 



(10.34) 
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This gap A is temperature-dependent. The limit temperature Tc at which A 
vanishes, is given by 

THjJD 

1 = vqN{C) [ de-tanh ^ . (10.35) 

0 

This limit temperature Tc can be identified as the critical temperature at 
which the supercondensate disappears. To see this connection, let us recall 
the form of the quasi-particle energies: -1- If there is no 

supercondensate, no gaps can appear (A^ = 0), and is reduced to 

The gap A(T), which is obtained numerically from Eq. (10.34), decreases 
as shown in Fig. 10.1. In the weak coupling limit: 

the critical temperature Tc can be computed from Eq. (10.35) analytically. 
The result can be expressed by (Problem 10.4.1.) 

fcsTc ~ 1.13^^15 exp . (10.37) 

Comparing this with the weak coupling limit of Eq. (7.35), we obtain 

2Ao = 2A(T = 0) = 3.53 keTc, (10.38) 

which is the famous BCS formula [1], expressing a connection between the 
maximum energy gap Aq and the critical temperature Tc. 

Problem 10.4.1. Obtain the weak-coupling analytical solution (10.37) from 
Eq. (10.35). 

10.5 Discussion 

10.5.1 Ground State 

The supercondensate at 0 K is composed of equal numbers of ± pairons with 
the total number of pairons being Nq{0) = Nq = kui]:)N'{0). Each pairon 
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Figure 10.1: Temperature variation of energy gap A(T). 



contributes an energy equal to the ground state energy of a Cooper pair wq 
to the system ground-state energy W: 



W = NqWo, 



— ‘2h,u)£) 

“ exp[(2/uo)AT(0)] - 1' 



(10.39) 



whieh is in agreement with the BCS formula (7.36); this is signifieant. The 
redueed generalized BCS Hamiltonian Hq in Eq. (10.1) satisfies the appliea- 
bility eondition of the equation-of-motion method (i.e. the sum of pairon 
energies). Thus we obtained the ground state energy W rigorously. The 
mathematieal steps are more numerous in our approaeh than in the BCS- 
variational approaeh based on the minimum-energy prineiple. However our 
statistieal meehanieal theory has a major advantage: There is no need to 
guess the form of the trial wave funetion iF, which requires a great intuition. 
This methodological advantage of statistieal meehanieal theory will become 
elear in the finite-temperature theory. 



10.5.2 Supercondensate Density 

The most distinet feature of a system of bosons is the possibility of a B-E eon- 
densation. The Supereondensate is identified as the eondensed pairons. The 
property of the Supereondensate eannot ehange with temperature beeause 
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there is no distribution. But its content (density) changes with temperature. 
Unpaired electrons in the system hinder formation of the supercondensate, 
and the supercondensate density decreases as temperature is raised. 

10.5.3 Energy Gap A(T) 

In the presence of the supercondensate, quasi-electrons move differently from 
Bloch electrons. Their energies are different: 

= -\- IS{TYY^‘^ (quasi- “electron”), (Bloch “electron”) 

(10.40) 

The energy gap A(T) is temperature-dependent, as shown in Fig. 10.1. The 
gap A(Tc) vanishes at Tc, where there is no supercondensate. 

10.5.4 Energy Gap Equations at 0 K 

In Section 7.2, we saw that the energy gap A at 0 K mysteriously appears 
in the minimum-energy-principle calculation. The starting Hamiltonian Hq 
and the trial state ^ are both expressed in terms of the pairon operators b's 
only. Yet, the variational calculation leads to energy-gap equations (7.27), 
which contain the quasi-electron variables only. Using the equation-of-motion 
method, we discovered that the energy-eigenvalue equation for the ground 
pairons generates the energy gap equations. 

10.5.5 Energy Gap Equations Below Tc 

At a finite temperature, some quasi-electrons are excited in the system. These 
quasi-electrons disrupt formation of the supercondensate, making the con- 
densed pairon density and the energy gaps A smaller. This in turn makes 
quasi-electron excitation easier. This cooperative effect is most apparent 
near Tc- In the original paper [1] BCS obtained the temperature-dependent 
energy gap equation (10.9) by the free-energy minimum principle based on 
the assumption that quasi-electrons are predominant elementary excitations. 
We have reproduced the same result (10.9) and its generalization (10.31) 
by the equation-of-motion method. In the process of doing so, we found 
that the temperature dependence of the energy gap A(T) arises from the 
temperature-dependent supercondensate density. 




Chapter 11 

Pairon Energy Gaps. Heat 
Capacity 



By the phonon exchange attraction, a pair of quasi-electrons are bound 
to form moving pairons, which have temperature-dependent energy gaps 
Egj (T) . These gaps are greatest at 0 K and monotonically decrease to zero 
at Tc. The condensed pairon density and the heat capacity are calculated 
under the assumption that moving pairons rather than quasi-electrons are 
predominant elementary excitations. 



11.1 The Full Hamiltonian. 



Quasi-electrons may be bound by the phonon exchange attraction to form 
moving pairons. These pairons, first considered by Fujita and Watanabe [1], 
move with a linear dispersion relation just as those pairons above Tc- But 
they have an energy gap £g{T) relative to the energy level of the stationary 
pairons, (supercondensate). This pairon energy gap £g{T) is the greatest at 
0 K, reaching a value equal to the pairon binding energy \wq\. It decreases 
to zero as temperature is raised to Tc. It is less than the quasi-electron gap 
A(T) in the range (0,Tc). 

Creation operators for “electron” (1) and “hole” (2) pairons are defined by 



Rd)t _ D(^)t _ 

^12 — ^kitksi — 



1 ^2 , 



D(2)t = J2)t„(2)t 

^34 — C 4 C 3 . 



The commutators among B's and B^'s are calculated to be. 



[B“.Bg>]=0, |Bgf=0 



0)l2 _ 



(11.1) 

( 11 . 2 ) 
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B’ih = \ 



1 — n 



U) 



U) 



rio' if ki = ka and k 2 = k 4 
if ki = ka and k 2 ^ k 4 
if ki 7 ^ ka and k 2 = k 4 
0 otherwise. 

Pairon operators of different types j always eommute. Here 



63 C4 



di) 



mii) 






U) — (j)t O') 
'h — *-k2i^k2i 



(11.3) 



(11.4) 



represent the number operators for “electrons” and “holes”. 

Let us now introduce the relative and net momenta (k, q) such that 

k = (l/ 2 )(ki - k 2 ), g = ki+k 2 ; 
ki = k + q/ 2 , k 2 = -k + q/ 2 . (H-5) 

Alternatively we can represent pairon annihilation operators by 

(11.6) 

The prime on B will be dropped hereafter. In this k-q representation the 
commutation relations are re-expressed as 



= 

^kq 



R'v; = d(i) — „(i) „(i) 

£>!,„ — -Dkitkai — ‘--k+q/2i'^k+q/2T’ 



d'(2) (2) 

•^kq - '^k+q/2T^-k+q/2i' 



Ad -BSt'l = ». Ad" = 0- 

(1 - rik+q/2T ~ »^-k+q/ 2 j.)^ji if k = k' and q = q' 



N) 1 - 



0)l2 _ 



?0) R0)tl_ 



[B^LB, 



(11.7) 



Si) 



sm 



‘^'-k+q/2i^7k)+q//2^ 



kqJ-^kq' 



Si) 



Si)\ 



^k+q/2T ^k'+q'/2T 



0 



if k + q /2 = k' -f- q '/2 
and — k + q /2 ^ — k' + q '/2 
if k + q /2 7 ^ k' + q '/2 
and — k -f q /2 = — k' + q '/2 
otherwise. 

( 11 . 8 ) 

We continue to represent the annihilation operators for ground-state pairons 
by = B^q. Using the new notation, we can rewrite the full Hamiltonian 
in Eq. (5.1) as 

k,s 



H 






-E E E [*'n474;i + <'124744 + 

k q k' 

-E'E'[’'«"d*'>7 + + «2i 4>4> + {ii.s: 



?(l)t r(1) 



(l)t R(2)t 



?(^) nS) 



?(2) D(2)t‘ 



k' 




11.2. PAIRON ENERGY GAPS 



135 



Bilinear terms in b and B do not appear beeause of momentum eonservation: 

ki + lc 2 — (ks + IC 4 ) = q — = 0 . ( 11 . 10 ) 



11.2 Pairon Energy Gaps 



When a phonon is exchanged between two quasi-electrons, the pair formed 
brcomes a moving pairon. Since quasi-electrons have an energy gap A, mov- 
ing pairons also have an energy gap Eg relative to the energy of the ground 
pairons. We study the energy of moving pairons in this section. We start with 
the full Hamiltonian H in Eq. (11.9). Using Eqs. (11.1), and (11.7-11.8), we 
obtain (Problem 11.2.1.) 



[H, <>*] 



[£M(|k + q/2|)+eW(|-k+q/21)]BWt 

- «£,/2T - "-k+q/2l) 

k' k' 

k+q/2T^k~q/2i + ^-k-a/2T^-k+g/2 1 ) 1^11 / > ®k' + J> 

k' k' 

( 11 . 11 ) 



■(q 



[H, Bg] 



[e«(|k + q/2|) + £<«(hk + q/2|)|J3« 






kq 

( 2 ) 

k+q/2T 



k' 



k' 






(2) J2)t , „ 

U 1, ^ /ot- \ Gt, ^ /o I U' 



k+q/2i^-k-q/2T 



,(2)t ^(2) 

k-q/2t^k+q/2T 



^-k+q/2ti 



k' 

( 11 . 12 ) 



These exact equations indicate that the dynamics of moving pairons depend 
on pairons and quasi-electrons. If we omit the interaction terms containing 
and in Eq. ( 1 1 . 1 1), we get 

IB, Bg'l = [£W(lk + q/2|)+£(‘)(|-k + q/2|)]Bgt 



Ji) , di) „(i)t , ,, \^ k(2)i 

Wk+q/2T*^k-q/2| + ^-k-a/ 2 T^-k+q /2 l.i UH / , ^k' + ^12^ J- 

k' k' 

(11.13) 
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This simplified equation is equivalent to a set of two separate equations of 
motion for a quasi-eleetron [see Eq. (10.2)]: 



[Ho. c«t] = ]■ (11-W) 



In Seetions 10.2 we analyzed Eq. (11.14) and its assoeiate [Hq, cL^p|], and 
saw that the energy of a quasi- “eleetron” is 



£;0) = [^0)2 + a2(T)]1/2_ 



Using this knowledge and examining Eq. (11.13), we infer that approximate 
but good equations of motion for B's are represented by 




[£(‘>(!k + q/2|) + fiW(hk + q/2i)]B«t 

k' k' 

(11.16) 



[H.ijg] = -[B«(|k + q/2|)+i5«(|-k + q/2i)]B£' 

-[-22E'<’ + - '‘S,/2t - "tU,/2l)- 

k' k' 

(11.17) 

These two equations reduee to the eorreet limits Eq. (6.55) at T = Tc, where 
Aj = 0 and E^'^ = e^i^\ In the limit T — > 0, they generate Eqs. (11.15). 

Let us now introduee the energy-(k-q) representation and rewrite Eqs. 
(11.16) in the bulk limit. After using the deeoupling approximation and 
taking the low temperature limit, we obtain (Problem 11.2.2.) 

= [£;^^H|k + q/2|) + T;(^)(|-k + q/2l)]aj(k,q) 

—Vjj{27rh)~^ J d^A:'aj(k', q), (11.18) 

~6) 

where are the pairon energies and Oj(k, q) the pairon wave funetions. 
After the deeoupling ± pairons ean be treated separately. We drop the 
subseript j hereafter. Equation (11.18) is redueed to the Cooper equation 
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(6.57) in the zero-A limit. The same q appears in the arguments of all 
as, meaning that the net momentum q is a eonstant of motion. From Eq. 
(11.15), we observe that 

£^(lk + q/2|) + jB(|— k + q/2|) > 2Ek > 2ek- (11.19) 

Eq. (11.18) is similar to Eq. (6.11). We ean use the same method to solve it 
to obtain ^ 

Wq = woE -vpq < 0, (11.20) 

where wq{T) (< 0) is the solution of 

Tiu>d 

l=AC(0)uo J d£[|iuo| + 2(e^ + (11.21) 

0 



Note: roo is temperature-dependent, sinee A is. Let us write the energy Wg 
in the form: 

Wq = Wo + £g{T) + ^vpq < 0, (11.22) 

£g{T) = wq{T) -wo>0, (11.23) 

where £g is the energy gap between excited and ground-state patrons. (This 
gap is shown in energy diagram in Eig. 1.10). The gap £g is nonnegative, 
as seen by eomparing Eqs. (11.21) and (6.12) and noting inequality (11.19). 
The gap SgiT) depends on the temperature T, and it ean be numerieally 
eomputed from Eq. (11.21), whieh is shown in Eig. 11.1. 

The temperature behavior of £g{T) and A(T) are similar. Compare Eigs. 
10.1 and 11.1. Both energy gaps are greatest at 0 K and monotonieally 
deerease to zero as temperature is raised to Tg. Eurther note that the pairon 
energy gap SgiT) is smaller than the quasi-eleetron energy gap A(T) over 
the entire temperature range: 

£g{T)<N{T), (0<T<Te), (11.24) 

an inequality whieh ean be verified from Eq. (11.18) (Problem 11.2.3). 

Problem 11.2.1. Derive Eqs. (11.11) and (11.12). 

Problem 11.2.2. Derive Eq. (11.18). 

Problem 11.2.3. Show inequality Eq. (11.24) from Eqs. (11. 19) and (11.20). 
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Figure 11.1: Variation of the pairon energy gap Sg{T) with temperature. 

11.3 Density of Condensed Pairons 

Below Tc there are a great number of condensed pairons. We discuss the 
temperature dependence of the condensed pairon density in this section. 

At 0 K all pairons are condensed at zero momentum. At a finite tem- 
perature there are moving pairons and quasi-electrons. Pairons by construc- 
tion are in negative-energy states, while quasi-electrons have positive kinetic 
energies. Thus by the Boltzmann principle, pairons are more numerous. 
In the following we assume that there are only excited pairons. There are 
± pairons. The predominant pairons are those composed of “electrons” or 
“holes”, whichever has smaller effective mass. These pairons dominate the 
B-E condensation and again the supercurrent flow. The supercondensate is 
composed of equal numbers of ± pairons. The B-E condensation of pairons 
can be discussed by looking at the predominant pairons only. The number 
density of ground predominant pairons at 0 K, no(0), is given by 

no(0) = {l/2)nuDAfi{0)V-^ = n, T = Q. (11.25) 

As temperature is raised, the number density of the ground pairons rio(T) 
decreases and vanishes at the critical temperature Tc. The sum of the density 
of ground pairons, rio(T), and the density of moving pairons, rix{T), is equal 
to TV. 

no{T) -f nx(T) = n. (11.26) 

Our task then is to find rix{T). [There is no way of finding rio(T) directly in 
the theory of B-E condensation.] 
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Let us recall that pairons do exist above Tg, and they have a linear dis- 
persion relation 

= »„ + < 0, «-o ^ 

Below Tc, moving pairons have the L-dependent relation: 

w = vjq{T) 4- \pq <0, (T < Tc) (11.28) 

where wq{T) is the solution of 

hwu 

1 = Af(0)uo J de [| Wo \ +2{e‘^ + (11.29) 

0 

The quasi-electron energy gap A(T) is given by Eq. (10.34) and the critical 
temperature Tc by Eq. (10.35). Note: A = 0 at Tc. Then from Eq. (10.30), 
we obtain wo{Tc) = wq. Thus we obtain 

Wq- Wo = Wo - Wo + ^Vjpq = Eg + ^Vpq > 0. (11.30) 

Moving pairons in equilibrium are populated by the Bose distribution func- 
tion: 

f{e;f3,fi) = _ - ^f{e). {e = Wq-wo) (11.31) 

In the condensation region (T < Tc), the chemical potential /i vanishes: 

fi = 0, T<Tc. (11.32) 

Thus the number density of excited pairons, nx(T), below Tc, is given by 

nx{T) = {27vh)-^ J d^q[e^p{p[eg(T) + vpq/2]} - 1 ]“^ ( 11 . 33 ) 

Let us assume a Eermi sphere. We then obtain (Problem 11.3.1.) 




0 
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Using the Bose-Einstein integral 






r(^) 



dx- 



X 



v-\ 



oo 



A' 



-lg2) _ 



- = V — 

1 Ur' 



(11.35) 



where r(i^) is the gamma function, we can reexpress Eq. (11.34) as 

nx{T) = TT~\2kBT invFf4>z[^w{-Sg/kBT)]. (11.36) 



At Tc, where Wq[Tc) = Wq, = 0, 

Oh T 

nx(Te)=7T-^^03(l)=«- (11-37) 

TiVjr 

Therefore the desired no(T) is given by 



no(T) = n-nx{T) 
_2 2A:flTc 



7T 



hvf 



i3(l){l - (r/7;)3 <»3[exp( U'^bT)] ^^ 



03(1) 



After introducing reduced variables: 

T/Tc = x, Eg/ksTc^y, 



(11.39) 



we can then reexpress Eq. (11.38) as 



MT) ^ . _ 3 03[exp(-y/g;)] 
n 03 ( 1 ) 



(11.40) 



The temperature dependence of no{T)/n is shown in Eig. 11.2. 

If there were no energy gap in the pairon energy [£g{T) = 0], Eq. (11.38) 
simplifies to 



= 1 - 0)3 ^ 1 - (T/T,)^ [sgiT) = 0] (11.41) 



which is a known result for a system of free bosons moving with a linear 
dispersion relation e = cp, see Eq. (9.27). Note: The effect of a nonzero en- 
ergy gap £g{T) is quite appreciable. The number density of moving pairons, 
nx{T), drops off exponentially a little below Tc, as seen from Eq. (11.38). 
The existence of the condensate is the most distinct feature of a system of 
bosons. Elementary excitations in the presence of a supercondensate con- 
tribute to the heat capacity of the system, which will be discussed in the 
following section. 



Problem 11.3.1. Verify Eqs. (11.34) and (11.36). 
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Figure 11.2: The reduced supercondensate density no(T)/n monotonically 

declines with increasing temperature. 



11.4 Heat Capacity 



In this section we calculate the heat capacity of the generalized BCS system 
under the assumption that there are only predominant pairons (no quasi- 
electrons). For the Cooper system the dispersion relation for pairons is 



1 

Wg-Wo = -vpq. 



(11.42) 



For our generalized BCS system, the dispersion relation above Tc has the 
same form (11.42). But below Tc, the relation is altered to 



Wq - Wo = eg{T) + -vfQ. 



(11.43) 



The internal energy density u{T) can be calculated as follows: (Problem 
11.4.1) 



u(T) ^ 






(27t: 

24(/cbT)4 1 



exp{[Sg{T) + VFq/2]/kBT} 



Tr'^ti 



3., 3 



r(4) 



dx- 






,f)£g pX 



— = ZnkBTc{T jTc) 



^04[exp(-£g/fcBr)] 



03(1) 



(11.44) 



Comparing Eq. (11.44) with Eq. (9.28) and noting that £g{Tc) = 0, we 
observe that the internal energy is continuous at Tc. Note: u{T) is a sole 
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function of T. Differentiating u[T) with respect to T, we obtain (Problem 
11.4.2.) 



C{T) 



du{T) 



dT 

-MTiTc) 



= 12nkB(T/Tc) 



^(p^[exp{-Sg/kBT)] 



03(1) 

2 03[exp(-£g/fcsT)] r T deg{T) 



03(1) 



Tr dT 




Above Tc heat capacity C is given by 

C(D = 12n.,(r/rd3||)-9n.«|^. 

where the fugacity A is implicitly given by 

{l/8)7r^h^v^pn = klT^4>^{\), (T > r,). 



(T<T,). 

(11.45) 



(11.46) 



(11.47) 



Comparing Eqs. (11.45) and (11.46), we see that the heat capacity C has 
a discontinuity at Tc- The magnitude of the jump AC at Tc is (Problem 
11.4.3.) 

’303(1) 

ks dT 



AC - 2>nkB 



02(1) 



(11.48) 



JT=Tc 



Figure 11.3. shows a plot of reduced heat capacity C/nks as a function of 
T/Tc- The effect of the pairon-energy gap Sg on the heat capacity C appears 
prominently. From Fq. (11.45), the behavior of C{T) far below Tc may be 
represented analytically by C{T) ~ {T/Tc)^ exp{—£g/kBT) because 04 (a;) is 
a smooth function of x. 

There is also a small but non-negligible correction on the maximum heat 
capacity Cmax [seeFq. (11.47)] because 

den 






The jump AC over the maximum Cmax is given by 

AC/C„,ax = 





deg 




[404(1) 


dCg 


. 02(1) 


d{kBTc)_ 




r-H 

CO 

-s- 
1 


d{kBTc)_ 



If we neglect deg{T)/dT, we have 

_ 3 
“ 4 



AC/a 



03(1)^ 



02(1)04(1)J 



0.608, 



(11.49) 



(11.50) 



(11.51) 
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C/nkg 




Figure 11.3: The (reduced) heat capacity C/nks versus temperature. 



which is quite close to the value obtained by the finite-temperature BCS 
theory [2], 

{AC/C^,^)bcs = 0.588. (11.52) 

The numerical calculation from Eqs. (11.46)-( 11.48) and (11.50) yields the 
following ratio 

AC/C^ax = 0.702. (11.53) 

The experimentally observed ratios of the heat capacity) ump AC to the max- 
imumC'jjjj^^ at Tc. The ratios are in the range 0.6 - 0.7. Thus our theoretical 
results (11.51) and (11.53) are in very good agreement with experiments. 
Further discussion on our results are given in the following seetion. 

Problem 11.4.1. Verify Eq. (11.44). 

Problem 11.4.2. Verify Eq. (11.45). 

Problem 11.4.3. Verify Eq. (11.48). 



11.5 Discussion 

In the present chapter we studied the thermodynamic properties of the BCS 
superconductor below Tc. The equation-of-motion method is repeatedly used 
to study the energy speetra of quasi-electrons, ground and moving pairons. 
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Quasi-electrons and pairons are found to have gaps {Aj,egj) in their spec- 
tra. These gaps depend on temperature. Under the assumption that excited 
pairons are the only elementary excitations in the superconductor, we com- 
puted the density of condensed pairons, rio{T), which is shown in Fig. 11.2. 
Under the same assumption, we calculated the heat capacity C(T), which is 
shown in Fig. 11.3. The overall agreement with experimental data is very 
good. Our description of the superconducting state is quite different from the 
original BCS description [2], in particular regarding the choice of elementary 
excitations: moving pairons versus quasi-electrons. 

11.5.1 Pairon Energy Gap Cg 

The phonon exchange attraction acts at all time and at any temperature. 
Thus two quasi-electrons may be bound to form moving pairons. Since quasi- 
electrons have an energy gap A(T), excited pairons also have an energy gap 
£g (T) . The dispersion relation for the moving pairon is 

Wq = wq + £g{T) + ^vpq <0. {wo < 0) (11.54) 

The temperature behavior of the gap eg{T) is shown in Fig. 11.1. 

11.5.2 Elementary Excitations in a Superconductor 

BCS calculated many thermodynamic properties, including the critical tem- 
perature Tc, the energy gap A(T) and the heat capacity under the assumption 
that quasi-electrons are elementary excitations. This assumption was neces- 
sary if the free-energy minimum principle is used to determine the thermal 
distribution of the quasi-electrons. In our theory all thermodynamic prop- 
erties are computed, using the grand canonical ensemble. The question of 
whether moving pairons or quasi-electrons are dominant is answered logically 
by examining energies of the quasi-particles. Excited pairons having negative 
energies are more numerous than quasi-electrons, and the former dominate 
the low-temperature behavior of the superconductor. 

11.5.3 The Ground Pairon Density no at 0 K 

The energy gap £g(0) at 0 K is equal to the binding energy \wq\ of a pairon. 
We can obtain the values of |u»o| through the quantum tunneling and/or 
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photo-absorption experiments. Since the total binding energy W is given by 

W 

-=n„ K| = (11.55) 

we can estimate the pairon density no- For A1 (Pb), Be — 105 (803) G and 
£g = 0.34 (2.73) meV. The values of uq calculated from Eq. (11.55) are 
Eg = 0.34 (2.73) meV. Thus the estimated pairon density is about 10“^ 
of the conduction electron density. This means that the great majority of 
electrons do not participate in the pairon formation. Only those electrons 
near the hyperboloidal Fermi surface (necks and/or double-caps) can form 
pairons. 

11.5.4 Heat Capacity 

Heat capacity is one of the most revealing properties of any many-particle 
system. Precise heat capacity measurements often contribute to the basic 
understanding of the underlying physics. We saw earlier in Chapter 8 that 
the superconducting transition is a B-E condensation of free pairons moving 
with the linear dispersion relation. The condensation transition is of the 
second order. Below Tc the presence of the supercondensate generates a 
pairon energy gap. In the strong predominant pairon limit, we calculated 
the heat capacity C(T), shown in Fig. 11.3. The effect of Eg on CiT) is 
apparent for all temperatures below Tc. Far below C{T) falls almost 
exponentially as QyEp{—Eg{T)/kBT\. Since d£g/dT < 0 near Tc, the maximum 
Gmax is greater for the generalized BCS system than for the Cooper system. 
Thus, the ratio AC/Cj^ax is greater for the generalized BCS system (0.702) 
than for the Cooper system (0.608). Experimental values of AC/Cmax for 
elemental superconductors are in the (0.6 - 0.7) range. The agreement is 
better than the BCS prediction of 0.588. Our numerical calculations are 
performed with the assumption of strong predominance. In real metals the 
ratio of absolute effective masses for “electrons” and “holes”, \mi/m 2 \, may 
be far from unity. It varies from material to material. Thus if we include the 
finiteness of \mi/m 2 \ in the calculations, we may account for the material- 
dependence of AC/Cmax- The BCS theory is based on the assumption that 
quasi-electrons are the only elementary excitations, while our calculations 
are carried out on the assumption that excited pairons are predominant. It 
is quite remarkable that the calculated C(T) is not dissimilar in spite of the 
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fact that Bose (Fermi) distribution functions are used for moving pairons 
(quasi-electrons) . 




Chapter 12 

Quantum Tunneling 



The I-V curves for the quantum tunneling are interpreted based on the pa- 
iron transport model for S-I-S and S 1 -I-S 2 sandwiches. The data analysis 
yields a direct measurement of the pairon energy gap Eg{T) as a function of 
temperature T. The negative resistance (dl/dV < 0) in the I-V curve for 
the S 1 -I-S 2 system arises from the bosonic nature of the moving pairon. 



12.1 Introduction 

In the last chapter we saw that there are two energy gaps (A, Sg), A in the 
quasi-electron and Sg in the pairon energy spectrum. Although both (A, 
Eg) are called energy gaps, they are different in character. The pairon energy 
gap Eg is the energy separation between the stationary and moving pairons as 
shown in Fig. 12.1(a). This gap is similar to the ionization gap between the 
discrete ground state energy level and the continuous ionized states energy 
band in an atom. In contrast, the quasi-electron energy gap A appears in 
the energy of a quasi-electron: 

£:^ = (4 + AY'^ (12.1) 

where e^ is the energy of the Bloch electron. Eq. (12.1) indicates that the 
quasi-electron in the superconducting state has a higher energy than the 
electron in the normal state. Looking at the energy spectrum as a whole, we 
note that the quasi-electrons have the minimum excitation energy A relative 
to the Fermi energy as shown in Fig. 12.1(b). The point is that the gap 
A defined in terms of the energy of the quasi-electron is compared with the 
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Moving pairon 



s 



g 




Stationary pairon 



Fermi energy 



Figure 12.1: (a) The moving and stationary pairons have an energy gap Eg. (b) 
Quasi-electron energies have a minimum separation A relative to the Fermi energy 
(dashed line). 

energy of the eleetron in the normal state. As we saw in subsection 7.3.9, the 
Fermi surface is blurred in the superconducting state, and no sharp Fermi 
energy exists, which is indicated by the dash line. Hence the photo-absorption 
experiments, if performed, likely detect the pairon energy gap Eg and not the 
electron energy gap A. The quantum tunneling techniques can also detect 
only the pairon-energy gaps Eg. 



12.2 Quantum Tunneling in S-I-S Systems 

We discuss a quantum tunneling in AI-AI 2 O 3 -AI. A typical experimental set- 
up is schematically shown in Fig. 12.2. Here, Si and S 2 are superconductors 
and I is an oxide (insulator thin film) of width ~ 20 A. The system S 1 -I-S 2 
is connected with a variable resistor and a battery. In the present section we 
consider the case where the same superconductors are used for both Si and 
S 2 . Such a system is called an S-l-S system. 

The operating principles are as follows. If the bias voltage is low, charged 
particles may quantum-tunnel through the oxide; the resulting current is low. 
When the voltage is raised high enough, the supercondensate may release 
moving pairons, and the resulting pairons may tunnel and generate a sudden 
increase in the current. By measuring the threshold voltage V), we obtain 
information on the energy gaps. The experimental /(current) -V( voltage) 
curves for AI-AI 2 O 3 -AI sandwich obtained by Giaever and Megerle [1] are 
reproduced in Fig. 12.3. The main features of the 1-V curves (see the two 
lowest lines dXT - 1.10, 1.08 K, Tc =1.14 K) are: 
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Figure 12.2: A schematic sketch of quantum tunneling circuit. 

a) An (anti) symmetry with respect to the zero voltage (not shown). 

b) A nearly flat small current below some threshold voltage 14 . 

c) A sudden current increase near the threshold is temperature-dependent, 

and the slope dl/dV becomes steeper as temperature is lowered. 

d) All I-V curves are below the straight line representing Ohm’s law behav- 

ior. 

e) There is no sudden change in the I-V curve at 24 (1.14 K). 

We shall analyze the experimental data based on the pairon transport 
model. Giaever et al. interpreted the data based on the electron transport 
model [1, 2]. Earlier we gave our view that the pairon gap Eg is the real 
energy gap similar to the ionization energy gap and can be probed by optical 
experiments. We give one more reason why we choose the pairon transport 
model. Tunneling experiments are done in a steady- state condition, in which 
all currents in the superconductors Sj are supercurrents; that is, the charges 
are transported by the condensed pairons. Pairons are in negative-energy 
states, while quasi-electrons have positive energies. By the Boltzmann prin- 
ciple, these pairons are much more numerous than quasi-electrons at the 
lowest temperatures. Besides, our pairon transport model is a natural one 
since we deal with pairons throughout in the S-I-S sandwich. In Section 15.1 
we shall see that the Josephson tunneling, which occurs with no bias, can 
also be discussed in terms of the pairon motion. 
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Figure 12.3; Cur rent- volt age characteristics of an AI-AI 2 O 3 -AI “sandwich” at 
various temperatures, after Giaever and Megerle [1], Tc = 1-14 K. 



excited pairons 



condensed pairons 



Figure 12.4: Pairon energy diagram for S-I-S. 

Consider first the low-temperature limit. If the voltage is raised high 
enough, part of the supereondensate near the oxide may dissoeiate and re- 
lease moving pairons, and some of these pairons gain enough energy to tunnel 
through the oxide. The threshold voltage Vt times the pairon eharge (mag- 
nitude) 2e should equal twiee the binding energy \wq\\ 




2eVt = 2 \wq 



or eV; = |too! ■ 



( 12 . 2 ) 




12.2. QUANTUM TUNNELING IN S-I-S SYSTEMS 



151 



(The factor 2 in front of |ryo| will be explained later). Such behavior is in 
accordance with experiments [3], where an extremely sharp slope is observed. 

The behavior shown in Fig. 12.3 is now interpreted with the aid of the 
diagrams in Fig. 12.4, where the energy spectra for pairons in Si and S 2 
are shown. Ground pairon energy levels are chosen to have the same height, 
ensuring that with no bias voltage, no supercurrent flows in S-l-S. Since we 
have the same superconductors (Si = S 2 ), we have one energy gap £g. The 
energy spectra in Si and S 2 are symmetric with respect to I (oxide). Then 
the 1-V curve is antisymmetric as stated in a). [In contrast, if different 
conductors are substituted for (Si, S 2 ), the 1 -V curve is asymmetric. We 
discuss this case in Section 12.3]. 

To see this antisymmetry, first consider the case when a small voltage 
is applied. Those quasi-particles carrying the positive (negative) charges in 
the oxide tend to move right (left). Second, if we reverse the bias, then 
the opposite tendency holds. If the energy spectra on both sides are the 
same, the 1-V curves must be antisymmetric. This case can be regarded as 
a generalized Ohm’s law. 

^ ^ 'My)' 

where i? is a resistance, a material constant independent of the polarity of 
the voltage; R may depend on V, which is the said generalization. 

Let us now derive a basic formula for the quantum tunneling. Assume 
that a +pairon having charge q — 2e tunnels rightward from Si to 82 - The 
pairon in Si must arrive at the interface (Si, I) with the positive (rightward) 
velocity. Inside Si there are excited pairons (bosons) moving independently 
in all directions and populated with the Planck distribution function: 

"" eN- U £ = cp, c = vp/2. (12.4) 

The pairon chemical potential vanishes below T[. This condition is similar to 
the case of black-body radiation (inside an oven maintained at a temperature 
T), where photons move and are isotropically distributed. 

We ask how many pairons arrive at the small interface element AA per 
unit time in a particular direction {6, (p). The number density of pairons 
moving in the right direction within the solid angle: 



dQ = sm9d9 dcp, 



(12.5) 
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Figure 12.5: A pairon proceeding in the solid angle dUl and located within the 
quasi-cylinder reaches the interface area A A in the time dt. 

see Fig. 12.5, is given by 



-^^f{e)p^dpdn. ( 12 . 6 ) 

Noting that all pairons move with the same speed c, we obtain 

pairon flux = cf{e){2TTh)~^p^dpdTl = -vpf{e){2'Kh)~^p^dpdTL. (12.7) 

Notice that this expression is the same as that for the photon flux escaping 
from a small hole in the oven wall in a specified direction (6, (j)). Upon 
arriving at the interface, some pairons may be kicked in rightward through 
the oxide, gain energy equal to 2eU, and reach S 2 . The quantum tunneling 
here is similar to the elastic potential scattering. Only the final state must 
have an energy higher by 2eU than the initial state so that 



£f = £i + 2eV, ( 12 . 8 ) 

which takes care of the energy gain during its passage through the oxide. We 
may then describe the quantum tunneling in terms of the quantum transition 
rate 

27T 

— \{pf\v\pi)f S{£f - £i), (12.9) 

where is a tunneling perturbation (energy). The precise nature of the 
perturbation does not matter; the perturbation’s only role is to initiate a 
quantum tunneling transition from to p/. Such perturbation may come 
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from lattice defects, interface irregularities, and others. We assume that the 
matrix element, |(p/ |ulpj)|^ is a constant: 

l(P/ l^^|Pi)l^ = ^^ (12.10) 

which is reasonable because of the incidental nature of the perturbation. 
Equation (12.9) may be used if and only if the energy of the final state e/ is 
in an energy continuum. This may be satisfied by the excited pairon states 
in the final-state, depending on Ei, Sf, and 2eV. If not, quantum tunneling 
cannot occur. We multiply Eqs. (12.7) and (12.9) together and integrate with 
respect to dTl over the right-half, and further integrate with respect to dp. 
Since the -tpairon has charge 2e, we multiply the result by 2e to obtain an 
expression for the current density J as 

AttbM'^ 1 f n'^dn 

J f^e)-^^dQ8{Ef-e-2eV). ( 12 . 11 ) 

Pa:>0 

The ^-integration equals one-half of the integration over all directions. In- 
tegration with respect to the initial-state p, may be replaced by integration 
with the final state p/. If we use the identity: 

J ~ (12-12) 

where A/} is the density of states at the final state, we can reexpress (12.11) 
as 

27T 1 

J = -CM\-evp) fi{e)[l + ff{s + 2eV)]Mf{e + 2eV). (12.13) 

Here we added two correction factors: C (a constant) and [1 -I- //(e -f 2eV)]. 
The arguments, e + 2eV in A// and //, represent energies measured relative 
to the energy level fixed in the superconductor S^. Eermi’s golden rule for a 
quantum transition rate, is given by 

-R(p,Po) = (27 t/^) |(p|u|po)P A/>(£). (12.14) 

Thus, Eq. (12.13) can be interpreted simply in terms of this rate R. Bardeen 
pointed out this important fact [4] right after Giaever’s experiments [2]. The 
appearance of the Planck distribution function A(e) is significant. Since this 
factor arises from the initial-state pairon flux, we attach a subscript i. In 
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the derivation we tacitly assumed that all pairons arriving at the interface 
(Sj, I) can tunnel to 5/ and that tunneling can occur independently of the 
incident angle relative to the positive a:-direction. Both assumptions lead to 
an overestimate. To compensate for this, we included the correction factor 

C{<\). (12.15) 

In consideration of the boson-nature of the pairons, we also inserted the 
quantum statistical factor 

!+//(£)• (12.16) 

Let us summarize the results of our theory of quantum tunneling. 

1. The dominant charge carriers are moving pairons. 

2. In the rightward bias (Li > V 2 ), +(-) pairons move preferentially right 
(left) through the oxide. 

3. The bias voltage V = Vi — V 2 allows moving pairons to gain or lose an 
energy equal to 2eV in passing the oxide. 

4. Quantum tunneling occurs at £/ = e, ± 2eV and it does so if and only 
if the final state is in a continuous pairon energy band. 

5. Moving pairons (bosons) are distributed according to the Planck distri- 
bution law, which makes the tunneling current temperature-dependent. 

6. Some pairons may separate from the supercondensate and directly tun- 
nel through the oxide. 

7. Some condensed pairon may be excited and tunnel through the oxide, 
which requires an energy equal to twice the energy gaps Eg or greater. 

Statements 1-6 are self-explanatory. Statement 7 arises as follows: the 
minimum energy required to raise one pairon from the ground state to the 
excited state in Si is equal to the energy gap Eg. But to keep the supercon- 
densate neutral, another pairon of the opposite charge must be taken away, 
which requires an extra energy equal to Eg (or greater). Thus, the minimum 
energy required to move one pairon from the condensate to an excited state 
and keep the supercondensate intact is 2Sg. In the steady-state experimental 
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Figure 12.6: Variation of the measured energy gap Eg{T) with temperature. 



condition, the initial and final states must be maintained and the super- 
eondensate be repaired with the aid of external forees (bias voltages). The 
oxide is used to generate a bias. If the oxide layer is too thiek, the tunneling 
eurrents are too small to measure. 

We now analyze the S-l-S tunneling as follows. For a small bias V below 
the threshold bias Vt such that 

V <Vt = eg{T)le. (12.17) 

The exeited pairons already present in Si and S 2 may tunnel through the 
oxide. The eurrent 7 is small sinee the number density of exeited pairons 
is small. It should reaeh a plateau, where all exeited pairons, whose total 
number is fixed at a given temperature, eontribute; this explains feature b). 

Above the threshold Vt, some of the eondensed pairons in the supereon- 
densate may evaporate so that the resulting exeited pairons tunnel through 
the oxide. The tunneling eurrent is mueh greater, sinee the supereondensate 
is involved. Giaever et al. [1, 3] observed that the threshold voltage Vt de- 
pends on the temperature T and eould determine the energy gap £g{T) as a 
function of T. Fig. 12.6 represents part of their results. 

Above Tc there are no energy gaps, and so eleetrons may be excited more 
easily. There are moving pairons still above Tc. Sinee the number densities of 
“eleetrons” and “holes” outweigh the density of pairons far above the 1-V 
eurve should eventually approaeh the straight line, whieh explains feature d). 
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Feature e) supports our hypothesis that current passing through the oxide is 
carried by pairons. If quasi-electrons that become normal electrons above Tc 
were involved in the charge transport, the current I would have followed the 
ideal (Ohm’s law) straight line immediately above Tc, in disagreement with 
the experimental observation. 

Quantum tunneling is a relatively easy experiment to perform. It is most 
remarkable that the energy gap, which is one of the major superconducting 
features, can be obtained directly with no calculation. 

The energy gap £g{T) can also be measured in photo-absorption exper- 
iments. These experiments [5] were done before the tunneling experiments, 
and they give similar curves but with greater errors, particularly near Tc- 
We briefly discuss this case. First, consider the case of T = 0. As we saw in 
Section 7.2 the binding energy is equal to |wo|- The threshold photon energy 
Ae above which a sudden increase in absorption occurs, is twice the binding 
energy |tuo|: 

As -2ryo [=26:3(0)]. (OK) (12.18) 

The photon is electrically neutral and hence cannot change the charge state 
of the system. Thus the factor 2 in Eq. (12.18) arises from the dissociation of 
two pairons of different charges ± 2e. This is similar to the electron-positron 
pair creation by a 7-ray, where the threshold energy is 2mc^ (c = light speed). 
The threshold energy Ae was found to be temperature-dependent. This can 
be interpreted simply by assuming that threshold energy corresponds to twice 
the pairon energy gap: 

Ae = 2£3(r). (12.19) 



12.3 Quantum Tunneling in S 1 -I-S 2 

Giaever and his group [1-3] carried out various tunneling experiments. The 
case in which two dijferent superconductors are chosen for (Si, S2), is quite 
revealing. We discuss this case here. Fig. 12.7 shows the TV curves of an 
Al-Al203-Pb sandwich at various temperatures, reproduced from Ref. [1]. 
The main features are: 

a^) The curves are generally similar to those for S-TS, shown in Fig. 12.3. 
They exhibit the same qualitative behaviors [features b-e]. 
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Figure 12.7: The I-V curves of Al-Al 203 -Pb sandwich at various temperatures, 
after Giaever and Megerle. 

b') There is a distinct maximum at 

2eVa = Sgi - Sg2 = si- £2, ( 12 . 20 ) 

where £i are the energy gaps for superconductors v. . 

c') Above this maximum there is a negative resistance region (dl/dV < 0). 
(see the inset in Fig. 12.7.) 

d') Below Tc for both conductors, there is a major increase in current at 

2eVb = £gi £2 = £1 3- £ 2 - ( 12 . 21 ) 

The 1-V curves will now be interpreted with the aid of diagrams in Fig. 
12.8. There are two energy gaps (si, £ 2 )- We assume that £1 > £ 2 - No right- 
left symmetry exists with respect to the oxide, meaning no antisymmetry in 
the 1-V curve, see below. 
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Figure 12.8: Pairon energy diagrams for S 1 -I-S 2 . 



Consider first the ease of no bias. Excited pairons in the oxide, may move 
right or left with no preference. Therefore there is no net current. Suppose 
we apply a small voltage. The preferred direction for the +pairon having 2e 
is right while that for the - pairon (having — 2e) is left. From the diagram in 
Fig. 12.8, we see that the + pairons fromSi can preferentially move (tunnel) 
to S 2 , which contributes a small electric current running right. The -pairons 
fromS 2 can preferentially move to Si, which also contributes a tiny electric 
current running right. This contribution is tiny, since the excited pairons in 
S 2 must have energies greater by at least Si (> £ 2 ); by the Boltzmann factor 
argument, the number of excited pairons must be extremely small. 

We now increase the bias and examine the behavior of the net current. 
Earlier we enumerated a set of conditions for quantum tunneling. Below the 
threshold bias I 4 defined by £1 — £2 = 2eKj the main contribution is due 
to the +pairons tunneling from Si to S 2 . Above the threshold K; -pairons 
may preferentially tunnel from S 2 to 5*1 with the aid of the bias voltage 
V (> Va). Their contribution should be much greater than that coming from 
those +pairons because the number of excited pairons in S 2 is much greater 
than that of excited pairons in Si since £1 > £ 2 . This is the main cause of 
the distinct current maximum in feature b'). The total number of excited 
pairons in S 2 is fixed, and therefore there should be a second plateau. 

Why does a negative resistance region occur, where dl/dV < 0? We 
may explain this most unusual feature as follows. First we note that formula 
(12.13) applies at a specific energy e corresponding to the initial momentum 
P- Integration with respect to de yields the observed current. As the bias 
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voltage V reaches and passes Va, the extra current starts to appear and in- 
crease because more pairons can participate in the new process. The current 
density of the participating pairons is proportional to 



J d£M{e)f 2 {e)[l + fi{e + 2eV)] 

0 

oo 

= Ajdee^f 2 {e)[l + Me + 2eV)]. {i = 2,f^l) (12.22) 

0 

For great values of V (not exceeding Vb), the Planck distribution fi{e -f- 
2eV) vanishes, and the above integral in Eq. (12.22) equals the total number 
density of the excited pairons U 2 in S 2 : 

OO 

A j / 2 (e) = ri 2 . (12.23) 

0 

For an intermediate range between I 4 and Vb but near I 4 , the Planck distri- 
bution function ff{£ + 2eV) does not vanish, and therefore it should generate 
a maximum, as observed in the experiment. We emphasize that this maxi- 
mum arises because of the boson-nature of pairons. If we assume the electron 
(fermion) transport model, expression (12.13) for the quantum-tunneling cur- 
rent must be modified with the quantum statistical factors: 

/p’(£)ll-/y’(E + c'^)l- (12.24) 

where fp represents the Fermi distribution function. The modified formula 
cannot generate a maximum because of the negative sign. 

If the bias voltage is raised further and passes the threshold voltage I 4 
defined by 

£1 — £2 + 2£2 = £1 -f- £2 = 2eVb, (12.25) 

the new process 7 becomes active. Since this process originates in the su- 
percondensate, the resulting current is much greater, which explains the ob- 
served feature d')- 

The major current increases in S-l-S and S 1 -I-S 2 systems both originate 
from the supercondensate. The threshold voltages given in terms of the 
energy gaps Sj are different. Current increases occur at 2e for S-l-S and at 
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£\ + £2 for Si-I-S2- Using several superconductors for Sj, one can make a 
great number of S1-I-S2 systems. Giaever and his group [1, 3] and others [6] 
have studied these systems. They found that the I-V curves have the similar 
features. Extensive studies confirm the main finding that the energy gap 
£g{T) can be obtained directly from the quantum tunneling experiments. 
Taylor, Burstein and others [6] reported that in such systems as Sn-I-Tl, 
there are excess currents starting at cti and £sn in addition to the principal 
exponential growth at £ti + ^Sn- These excess currents can be accounted 
for by applying the rule 6 to the non-predominant pairons, which have been 
neglected in our discussion. 

As noted earlier the right-left symmetry is broken for the S1-I-S2 system. 
Hence the I-V curve is asymmetric. This can be shown as follows. Consider 
two cases 

(A) : rightward bias Vi > V 2 , (B) : leftward bias Vi < V2- (12.26) 

In (A) +(-) pairons move through the oxide preferentially right (left), while 
+(-) pairons move preferentially left (right) in (B). We assume the same 
voltage difference |Vi — V2I for both cases and compute the total currents. 
For (A) the total current I a is the sum of the current arising preferentially 
from the + pairons originating in Si and the current I~ arising from the 
- pairons originating in 82- Both currents effectively transfer the positive 
charge right (in the positive direction): > 0. For (B) there are 

two similar contributions, which are both negative. In summary 



(A) : I A = > 0, > 0, (12.27) 

(B) : Ib = < 0, < 0. (12.28) 

If the same superconductors are used for the two sides (Si = 82), then from 
the generalized Ohm’s law we have 

/+(!) - j-(2) ^ _/-(!) ^ (12.29) 

Ia = -Ib if Si = 82 , (12.30) 

indicating that the TV curve is antisymmetric. If different superconductors 
are used, Eqs. (12.29) do not hold. Then in general 

\Ia\¥^\Ib\ if Si ^ 82 . (q.e.d.) (12.31) 
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The preceding proof may be extended to any type of charge carrier including 
the electrons. 

Let us now go back and discuss the I-V curves for the S 1 -I-S 2 systems. 
For elemental superconductors, both ± pairons have the same energy gaps. 
Therefore, the magnitudes of threshold voltages are independent of the bias 
direction. But by inequality (12.31) the magnitudes of tunneling currents (at 
the same voltage) are unequal. For a high-Tc cuprate superconductor, there 
are two energy gaps (si, £ 2 ) for ± pairons. The I-V curves for S 1 -I-S 2 systems 
are asymmetric and more complicated (see Section 17.5). 

12.4 Discussion 

The quantum tunneling experiment allows a direct determination of the pa- 
iron energy gap Eg{T) as a function of temperature T. This T-dependence 
originates in the presence of the supercondensate. (We shall see later in Chap- 
ter 14 that £(,(T) is proportional to the density of condensed pairons.) The 
I-V curve for S 1 -I-S 2 system has a cusp at the gap difference: 2el4 = £1 — £ 2 - 
Using this distinctive property, we may determine the energy gap Eg more 
precisely. The observed negative resistance region just above the cusp can 
be explained based only on the bosonic pairon transport model but not on 
the fermionic electron transport model. 




Chapter 13 

Flux Quantization 



The moving supercondensate, which is made up of ± pairons all condensed 
at a finite momentum p, generates a supercurrent. Flux quantization is the 
first quantization effect manifested on a macroscopic scale. The phase of a 
macro-wavefunction can change due to the pairon motion and the magnetic 
field, leading to London’s equation. The penetration depth A based on the 
pairon flow model is given by A = (c/e)(p/47rA:ono |)^/^. The 

quasi- wavefunction '3/o-(r) representing the supercurrent can be expressed in 
terms of the pairon density operator n as = (r |n| cr), where a denotes 
the condensed pairon state. It changes in time, following a Schrodinger-like 
equation of motion. 



13.1 Ring Supercurrent 



The most striking superconducting phenomenon is a never-decaying ring su- 
percurrent [1]. Why is the supercurrent not hindered by impurities which 
must exist in any superconductor? We discuss this basic question and flux 
quantization in this section. Let us take a ring-shaped superconductor at 0 
K. The ground state for a pairon (or any quantum particle) in the absence of 
electromagnetic fields can be represented by a real wavefunction '0o(^) having 
no nodes and vanishing at the ring boundary: 



^o(r) 



nearly constant inside the body 
0 at the boundary. 



(13.1) 



Such a wavefunction corresponds to the zero-momentum state, and can gen- 
erate no current. Pairons move as bosons. They neither overlap in space 
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nor interact with each other. At 0 K a collection of free pairons therefore 
occupy the same zero-momentum state ipQ. The many-pairon ground-state 
wavefunction T'o(r), which is proportional to ip q{t), represents the supercon- 
densate discussed earlier in Chapter 7. The supercondensate is composed of 
equal numbers of ± pairons with the total number being 



No = huJoAfiO). (13.2) 

We now consider current-carrying single-particle and many-particle states. 
There are many nonzero momentum states whose energies are very close to 
the ground-state energy 0. These states can be represented by the wavefunc- 
tions {ipn} having a finite number of nodes, n, along the ring. The state ip.^ 
is represented by 

ip^{r) = uexp{iqnx/h), (13.3) 

qn = 27vJin/L, n = ±l,±2, ... (13-4) 

where x is the coordinate along the ring circumference of length L; the factor 
u is real and nearly constant inside, but vanishes at the boundary. When a 
macroscopic ring is considered, the wavefunction ip.^ represents a state having 
linear momentum q^ along the ring. For small n, the value of = 2hn/L is 
very small, since L is a macroscopic length. The associated energy eigenvalue 
is also very small. 

Suppose the system of free pairons of both charge types occupy the same 
state '0n The many-pairon system-state T'ri so specified can carry a macro- 
scopic current along the ring. In fact a pairon has charge ±2e depending 
on charge type. There are equal numbers of ± pairons, and their speeds 
Cj = Vp /2 are different. Hence the total electric current density j, calcu- 
lated by the rule: (charge)x(number density)x(velocity), 

3 = (-2e) y(ci - C 2 ) = ^eno{v^p^ - 4^^) (13-5) 

does not vanish. A schematic drawing of a supercurrent in 2D is shown in 
Fig. 13.1 (a). For comparison the normal current due to a random electron 
motion is shown in Fig. 13.1 (b). Notice the great difference between the two. 

In their classic paper [2] BCS assumed that there were “electrons” and 
“holes” in a model superconductor, but they also assumed a spherical Fermi 
surface. (The contradictory nature of these two assumptions was mentioned 
earlier in Section 7.2). In this model “electrons” and “holes” have the same 
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Figure 13.1: (a) Supercurrent; (b) normal current. 



effective mass (magnitude) m* and the same Fermi velocity = ifp = 
Then the supercurrent vanishes according to Eq. (13.5). Thus a 
finite supercurrent cannot be treated based on the original BCS Hamiltonian. 

The supercurrent arises from a many-boson state of motion. The many- 
particle state is not destroyed by impurities, phonons, etc. This is somewhat 
similar to the situation in which a flowing river (large object) cannot be 
stopped by a small stick (small object). In more rigorous terms, the change 
in the many-pairon- state can occur only if a transition from one system-state 
to another, involving a great number of pairons. The supercurrent is very 
similar to a laser. This analogy will be further expounded later in Chapter 15, 
where we discuss Josephson effects. Earlier we saw that because of charge and 
momentum conservation, the phonon exchange simultaneously pair-creates 
± pairons of the same momentum q from the physical vacuum. This means 
that the condensation of pairons can occur at any momentum state {fn\. In 
the absence of electromagnetic fields, the zero-momentum state having the 
minimum energy is the equilibrium state. In the presence of a magnetic field, 
the minimum-energy state is not necessarily the zero-momentum state but 
it can be a finite momentum state, see below. 

The supercurrent, generated by a neutral supercondensate in motion, is 
very stable against an applied voltage since no Lorentz electric force can act 
on it. 

Let us now consider the effect of a magnetic field. In flux quantization ex- 
periments [3] a minute flux is trapped in the ring, and this flux is maintained 
by the ring supercurrent (see Fig. 1.5). According to Onsager’s hypothesis 
[4] the flux generated by a circulating electron carrying charge — e is quan- 
tized in units of = h/e = 27:%/ e. Experiments in superconductors [3], 
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(data are summarized in Fig. 1.6) show that the trapped flux $ is quantized 
as 

$ = n$o, (n = 0,l,...) ^Q = %cdron = ^ = —■ (13.6) 

From this Onsager concluded [5] that the particle circulating on the ring 
has a charge (magnitude) 2e, in accord with the BCS picture of the super- 
condensate composed of pairons of charge (magnitude) 2e. Flux quantiza- 
tion experiments were reported in 1961 by two teams, Deaver-Fairbank and 
Doll-Nabauer [3]. Their experiments are regarded as the most important 
confirmation of the BCS theory. They also show Onsager’ s great intuition 
about flux quantization. The integers n appearing in (13.4) and (13.6) are 
the same, which can be seen by applying the Bohr-Sommerfeld quantization 
rule: 

^ pdx — 27rh{n + j) (13-7) 

to the circulating pairons. (Problem 13.1.1) The phase (number) 7 is zero 
for the present ring (periodic) boundary condition. A further discussion of 
flux quantization is given in Section 13.3. The supercurrent is generated by 
± pairons condensed at a single momentum and moving with different 
speeds Cj = Vp) /2. This picture explains why the supercurrent is unstable 
against a magnetic field B. Because of the Lorentz-magnetic force: 

±2eCj X B = ±evp^ x B, (13.8) 

the 5-field tends to separate ± pairons from each other. From this we see that 
the (thermodynamic) critical field Be should be higher for low-Ui? materials 
than for high-Wir materials, in agreement with experimental evidence. For 
example high-Tc superconductors have high reflecting the fact that they 
have low pairon speeds (cj = Vp^ / 2 ~ 10^ ms'“^). Since the supercurrent itself 
induces a magnetic field, there is a limit on the magnitude of the supercurrent, 
called a critical current. 

Problem 13.1.1. Apply Eq. (13.7) to the ring supercurrent and show that 
7 = 0. Note: The phase 7 does not depend on the quantum number n, 
suggesting a general applicability to the Bohr-Sommerfeld quantization 
rule with a high quantum number. 
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13.2 Phase of the Quasi- Wavefunction 



The supercurrent at a small section along the ring is represented by 

^p{x) = Aexp{ipx/h), (13.9) 



where A is a constant amplitude. We put g„ = p; the pairon momentum 
is denoted by the more conventional symbol p. The quasi-wavefunction 'I'p 
in Eq. (13.9) represents a system-state of pairons all condensed at p and 
the wavefunction 'ip in Eq. (13.3) the single-pairon state. and ipp are the 
same function except for the normalization constant (A). In this chapter we 
are mainly interested in the supercondensate quasi-wavefunction. We simply 
call T' the wavefunction hereafter (omitting quasi). In a SQUID shown in 
Eig. 1.8. two supercurrents macroscopically separated (~ 1 mm) can interfere 
just as two laser beams coming from the same source. In wave optics two 
waves are said to be coherent if they can interfere. Using this terminology, 
two supercurrents are coherent within the coherence range of 1 mm. The 
coherence of the wave traveling through a region means that if we know the 
phase and amplitude at any space-time point, we can calculate the same at 
any other point from a knowledge of the k- vector (k) and angular frequency 
(lu). In the present section we discuss the phase of a general wavefunction 
and obtain an expression for the phase difference at two space-time points in 
the superconductor. 

Eirst consider a monochromatic plane wave running in the x-direction 

^ ^ e*27r(a:/A-t/T) _ _ ^^i{px-Et)/h ^ (13.10) 



where the conventional notations: 2tt/X = k, 2nfT = u, p = hk, E = huo 
are used. We now take two points (ri,fi,r2,f2)- The phase difference (A 0 ) 12 
between them. 



(A^)i 2 = k{xi - X2) - oj(ti - t2), (13.11) 



depends on the time difference t\ — t 2 only. In the steady-state condition, 
— is a constant, which will be omitted hereafter. The positional phase 
difference is 



(^</>)ri.r2 = 0(ri) - 0(r2) = k{xi - X2). (13.12) 



The phase-difference A0 for a plane wave proceeding in a k direction is 
given by 

(A0)n,r2 = / k-dr, 



r2~ ^•ri 



(13.13) 
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Figure 13.2; Directed paths from T 2 to ri. 



where the integration is along a directed straight line path from T 2 to ri. 
When the plane wave extends over the whole space, the line integral 
dr, along any curved path joining the points (ri,r 2 ), see Fig. 13.2, has the 
same value (Problem 13.2.1): 



(^0)ri,r2 




k • dr = 



/ 



k-dr. 



T2 



( 13 . 14 ) 



The line integral now depends on the end points only, and it will be de- 
noted by writing out the limits explicitly as indicated in the last member of 
Eqs. (13.14). The same property can equivalently be expressed by (Problem 
13.2.2) 

^ k • dr = 0, (13.15) 



where the integration is carried out along any closed directed path C. 

We consider a ring supercurrent as shown in Fig. 13.3 (a). For a small 
section, the enlarged section containing point A, see (b), the supercurrent 
can be represented by a plane wave having the momentum p = Kk. The 
phase difference (A 0 )n,r 2 ! where (ri,r 2 ) are any two points in the section, 
can be represented by Eqs. (13.14). If we choose a closed path ABA, the 
line integral vanishes: 



(A« 



ABC — 



ABC 



k • dr = 0. 



(13.16) 
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Figure 13.3: (a) A ring supercurrent; (b) an enlarged section. 



Let us now calculate the line integral along the ring circumference ARA 
indicated by the dotted line in (a). Note: The vector k changes its direction 
along the ring; for each small section, we may use Eq. (13.14). Summing 
over all sections, we obtain 



{^<P)ara 



k • dr = kL, 



ARA 



(13.17) 



where L is the ring length. Thus the line integral along the closed path ARA 
does not vanish. In fact if we choose a closed path C that circles the cavity 
counterclockwise Ni times and clockwise N 2 times, the integral along the 
closed path is 

(A0)c = • dr = (Ai - N 2 )kL. (13.18) 

c 

Cases ABA (ARA), represented by Eq. (13.16) [(13.17)] can be obtained from 
this general formula by setting N\ = N 2 = 0 (Ni = 1,^2 = 0). Since the 
momentum p =/ik is quantized such thatp^ = 2nh/L, Eq. (13.18) can be 
reexpressed as 

{A(/))c = ^ dr — 27t(Ai — N 2 )n. (13.19) 

c 



Problem 13.2.1. (a) Calculate the line integral in Eq. (13.14) by assuming 
a straight path from r 2 to ri, and verify the equivalence of Eqs. (13.14) 
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and (13.15). (b) Assume that the path is composed of two straight 
paths. Verify the equivalence, (c) Treat a general curved path. 

Problem 13.2.1. (a) Assume Eq. (13.14) and verify Eq. (13.15). (b) Prove 
the inverse: assume Eq. (13.15) and verify Eq. (13.14). 

13.3 London’s Equation. Penetration Depth 

In 1935 the brothers E. and H. London published classic papers [6] on the 
electrodynamics of a superconductor. By using London’s equation (13.30) 
together with Maxwell’s equation (13.37), they demonstrated that an applied 
magnetic field B does not drop to zero abruptly inside the superconductor 
but penetrates to a certain depth. In this section we derive London’s equation 
and its generalization. We also discuss flux quantization once more. 

In Hamiltonian mechanics the effect of electromagnetic fields (E, B) is 
included by replacing the Hamiltonian without the fields, /7(r, p), with 

H — H{r,p — qA) + q^, {q = charge) (13.20) 

where (A, $) are the vector and scalar potentials generating the electromag- 
netic fields: 

BA 

B = VxA, E = -V^-—, (13.21) 

and then use Hamilton’s equations of motion. In quantum mechanics we may 
use the same Hamiltonian H' (the prime dropped hereafter) as a linear op- 
erator and generate Schrodinger’ s equation of motion. Detailed calculations 
show (Problem 13.3.1.) that the phase difference (A0)r^_r2,B changes in the 
presence of the magnetic field such that 

ri n 

(A0)..„,b K-dv + (A0)g)„. (13.22) 

T2 F2 

We call the first term on the rhs the phase difference due to particle motion 
and the second term, the phase difference due to the magnetic field. [The 
motion of charged particles generates an electric current, so may 

also be referred to as the phase difference due to the current.] 

We now make a historical digression. Eollowing London-London [6], let 
us assume that the supercurrent is generated by hypothetical superelectrons. 
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A superelectron has mass m and charge — e. Its momentum p is related to 
its velocity v hy 

v = p/m. (13.23) 

The supercurrent density js is then 

= -erisV. (13.24) 



Using the last two equations we calculate the motional phase difference: 



ri ri 



m 

ehn. 



is • dr. 



(13.25) 



T2 



T2 



Let us consider an infinite homogeneous medium, for which the line-integral 
of the phase along any closed path vanishes [see (13.15)] 



js + 



e n. 



m 



dr = 0. 



Employing Stake’s theorem (Problem 13.3.2.) 



(13.26) 



dr-C 



dS • V X C, 



(13.27) 



where the rhs is a surface integral with differential element dS pointing in a 
direction according to the right-hand screw rule, we obtain from Eq. (13.26) 

js + e^m~^nsA + V% = 0, (13.28) 

where %(r) is an arbitrary scalar field. Now the connection between the 
magnetic field B and the vector potential A, as represented by B = V x A, 
has a certain arbitrariness; we may add the gradient of the scalar field x to 
the original vector field A since 



V X (A + Vx) = V X A. (13.29) 

Using this gauge-choice property we may re-write Eq. (13.28) as 

= -e‘^m~^risA = - Aei A, Aei = e'^m~^ns. (13.30) 

This is known as London’s equation. The negative sign indicates that the 
supercurrent is diamagnetic. The physical significance of Eq. (13.30) will be 
discussed later. 
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Let us go back to the condensed pairon picture of the supercurrent. First 
consider a +pairon having charge +2e. Since the pairon has the linear energy- 
momentum relation 



£2 = u;o + = rco + C 2 P, (13.31) 

the velocity V2 has magnitude C2 = and direction p along the momen- 

tum p: 

V2 = C2p. (13.32) 

Thus if p 7^ 0, there is a supercurrent density equal to 

jp) = (2e)(no/2)c2p = enoV2. (13.33) 

Similarly, -pairons contribute 

jd) = -enovi vi = cip. (13.34) 

Using the last three relations we repeat the calculations and obtain 

js ~ +pairon -^1 +pairon — 2e 77, g (C2 -f Cj)p = A, (13.35) 

which we call a generalized London ’s equation or simply London ’s equation. 
This differs from the original London equation (13.30) merely by a constant 
factor. 

Let us now discuss a few physical consequences derivable from London’s 
equation (13.35). Taking the curl of this equation we obtain 

V X j, = -AV X A = -AB. (13.36) 

Using this and one of Maxwell’s equations 

(9D 

VxH=j„ [-^=0> U = 0] (13-37) 

[where we neglected the time-derivative of the dielectric displacement D and 
the normal current j„], we obtain (Problem 13.3.3.) 

A^V^B = B, A = (co/e){p/[87rA;ono(|c2 + ci|)]}^/A (eoPo = Cg^) 

(13.38) 

Here A is called a generalized London penetration depth. 
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We consider the boundary of a semi-infinite slab (superconductor). When 
an external magnetic field B is applied parallel to the boundary, the B-field 
computed from Eq. (13.38) can be shown to fall off exponentially (Problem 
13.3.4): 

B(x) = S(0) exp(— a;/A). (13.39) 

(This solution is shown in Fig. 1.13.) Thus the interior of the superconductor, 
far from the surface, will show the Meissner state: B - 0. Experimentally, 

o 

the penetration depth at lowest temperatures is on the order of 500 A. 

We emphasize that London’s equation (13.35) holds for the supercurrent 
js only. Since this is a strange equation, we rederive it by a standard cal- 
culation. The effective Hamiltonian i7 for a + pairon moving with speed 
C 2 = /2 is 

H = C2 |p|. (13.40) 

In the presence of a magnetic field B = V x A, this Hamiltonian is modified 
to 

H' = C 2 Ip - gA|. (13.41) 

Assume now that the momentum p points in the x-direction. The velocity 
Vx is 

Vx = dH'/dpx = C2P~^{px - qAx). (13.42) 

We calculate the quantum mechanical average of multiply the result by 
the charge 2e and the +pairon density, no/2, and obtain 

(2e)(no/2) {v^) = enoC 2 {px! |p|) - 2e^noC2p“^x- (13.43) 

Adding the contribution of -pairons, we obtain the total current density jg-. 

is = eno(c2 - Cl) {px! IpI) - 2e^no(c2 -f c-i)p~^Ax. (13.44) 

Comparing this with London’s equation (13.35) we see that the supercurrent 
arises from the magnetic field term for the pairon velocity v. 

As another important application of Eq. (13.22) let us consider a super- 
current ring. By choosing a closed path around the central line of the ring 
and integrating (A^)b along the path ARA, we obtain from Eqs. (13.18) 
and (13.22) 

i A ■ dv = kL ^ 2TTn. 



ARA 



(13.45) 
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The closed path integral can be evaluated by using Stake’s theorem as 



/ 

ARA 



A-dr = 



dS ■ V X A = 




dS • B = 55 = 



(13.46) 



where S is the area enclosed by the path ARA, and 4> = BS the magnetic 
flux enclosed. The phase difference due to the pairon motion ( is zero 
since there is no supercurrent along the central part of the ring. We obtain 
from Eqs. (13.45) and (13.46) 



$ = n — = n4>o, (13.47) 

e 

reconfirming the flux quantization discussed [see Eq. (13.6)] 

Let us now choose a second closed path around the ring cavity but one 
where the supercurrent does not vanish. Eor example choose a path within 
a penetration depth around the inner side of the ring. Eor a small section 
where the current runs in the x-direction (see Eig. 13.6), the current due to 
a +pairon is 

(2e)c2 (Px/p) - 4e^C2P“^Aa;, (13.48) 

where is the component of the unit vector p pointing along the mo- 
mentum p. If we sum p over the entire circular path, the net result is Eq. 
(13.19) 

^ p • dr = 2'kIiL. (13.49) 

ARA 

This example shows that the motional contribution to the supercurrent, part 
of Eq. (13.43): enoC 2 {Px/p) , does not vanish. Thus in this case the magnetic 
flux by itself is not quantized, but thelhs of Eq. (13.45), called ihc fluxoid, 
is quantized. 

Problem 13.3.1. Derive Eq. (13.22). 

Problem 13.3.2. Prove Stake’s theorem Eq. (13.27) for a small rectangle 
and then for a general case. 



Problem 13.3.3. Derive Eq. (13.38). 

Problem 13.3.4. Solve Eq. (13.38) and obtain Eq. (13.39). 
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13.4 Quasi- Wavefunction and Its Evolution 

The quasi-wavefunction for a quasiparticle in the state v is defined by 

T'^(r) = TR{i/;j;0(r)p}, (13.50) 

or 

^y(r) = (r ln| zy). (13.51) 

Here n is the pairon density operator; the corresponding density matrix ele- 
ments are represented by 



(/i \n\ v) = (13.52) 



The density operator n, like the system-density operator p, can be expanded 
in the form: 

(13.53) 

where {Pfj.} denote the relative probabilities that particle-states {p} are oc- 
cupied. It is customary in quantum many-body theory to adopt the following 
normalization condition: 

y]P„ = (iV>, (13.54) 

/4 

where iVis the total number operator. Using this, we obtain 



tr{n} = {u \n\ v) = J cfr {u\ r) (r |n| u) 



where 



(13.55) 



CW = (z^l r) , = (r| i^)] (13.56) 

is the wavefunction for a single pairon. If an observable X for the system is 
the sum of single-particle observables 



X = (13.57) 

^ 

then the grand-ensemble average {X) can be calculated from 



(X) = TR{Xp} = tr{^n}, 



(13.58) 
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where the Ihs means the many-partiele average and the rhs the single-particle 
average. Using Eq. (13.51) we can reexpress tr{^r?,} as: 



tr{^n} = y d3rY^{u\r) (r|Cn|z/) = ^ J dV'0*(r) ^(r, 



(13.59) 

where we assumed that is a function of position r and momentum p: ^ = 
i^(r, p). Thus the average (X) for the many-partiele system can he calculated 
in terms of the quasi- wavefunction 

The system-density operator p{t) changes, following the quantum Liou- 
ville equation: 

p\- (13.60) 



Using this, we study the time evolution of the quasi-wavefunction Wy(r, f). 

First we consider the supercondensate at 0 K. The supercondensate at 
rest can be constructed using the reduced Hamiltonian Hq-. 



Ho 



k k' 

(13.61) 



Note: the electron kinetic energies are expressed in terms of the ground 
pairon operators b's. Let us recall that the supercondensate is generated 
from the physical vacuum by a succession of pair-creation, pair-annihilation 
and pair-transition via phonon exchanges. In this condition, “electrons” (and 
“holes”) involved are confined to a shell of energy- width hcuD about the Fermi 
surface, and up- and down-spin electrons are always paired (k — k J.) to 
form ground pairons. This stationary supercondensate cannot generate a 
supercurrent. 

The moving supercondensate can be generated from the physical vacuum 
via phonon exchanges. The relevant reduced Hamiltonian Hq is 






EEl-^^llk + q/2|) + £«>(|-k + q/2|)]B«*< 
k j 






?(l)t d(1) 



?(l)t o(2)t 



(2) d(1) 



?(2) D(2)tl 



(13.62) 
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which reduces to Eq. (13.61) when q = 0. Supercondensation can occur 
at any momentum q. The quasi-wavefunction representing the moving 
supercondensate is 

'Tq == Aexp[i(q • r - cujt)], (13.63) 

where the angular frequency LOj is given by 

Uj = qvp (13.64) 

a relation arising from the fact that pairons have energies 

^6) = + qv^p /2 (13.65) 

The Hamiltonian in Eq. (13.62) is a sum of single-pairon energies. Hence 
we can describe the system in terms of one-pairon density operator n. This 
operator n{t) changes in time, following the one-body quantum Liouville 
equation: 

Qfi 

2/1— = [h, n]. (13.66) 

Let us now take a mixed representation of this equation. Introducing the 
quasi-wavefunction for the moving supercondensate, 

(r|n|cr) = 'T^(r), (13.67) 

we obtain 

'Ta(r, t) = h{r, -ihNI t), (13.68) 

which is formally identical with the Schrodinger equation for a quantum 
particle. 

Since London’ s macrowavefunction were introduced by the intuition of the 
great men for a stationary state problem, it is not immediately clear how to 
describe its time-evolution. Our quantum statistical calculations show that 
the quasi-wavefunction satisfy the familiar Schrodinger equation of motion. 
This is a significant result. Important applications of Eq. (13.68) will be 
discussed in Chapter 15. 

13.5 Discussion 

Supercurrents exhibit many unusual behaviors. We enumerate their impor- 
tant features in the following subsections. 
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13.5.1 Supercurrents 

The supercurrent is generated by a moving supercondensate composed of 
equal numbers of ± pairons condensed at a finite momentum p. Since ± 
pairons, having charges ±2e and momentum p, move with different speeds 
a = v^p /2, the net electric current density: 

j = eriQ{vf - v^p'^)/2 

does not vanish. Supercurrents totally dominate normal currents condensed 
pairons have lower energies by at least the gap Sg than noncondensed pairons, 
and hence they are more numerous. 

13.5.2 Supercurrent is Not Hindered by Impurities 

The macroscopic supercurrent generated by a moving supercondensate is 
not hindered by impurities that are microscopic by comparison. The fact 
that no microscopic perturbation causes a resistance (energy loss), is due 
to the quantum statistical nature of the supercondensate; the change in the 
many-pairon- state can occurs only if a transition from one (supercondensate) 
state to another is induced. Large lattice imperfections and constrictions can 
however affect the supercurrent significantly. 

13.5.3 The Supercurrent Cannot Gain Energy from a 
DC Voltage 

The supercondensate is electrically neutral, and hence it is stable against 
Lorentz-electric force. The supercurrent cannot gain energy from the applied 
voltage. 

13.5.4 Critical Fields and Critical Currents 

In the superconducting state, ± pairons move in the same direction (because 
they have the same momentum) with different speeds. If a magnetic field 
B is applied, the Lorentz-magnetic force tends to separate ± pairons. Hence 
there must be a critical (magnetic) field Be- The magnetic force is propor- 
tional to pairon speeds v^p /2. Thus the superconductors having lower Fermi 
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velocities, like high-Tc cuprates, are much more stable than elemental su- 
perconductors, and they have higher critical fields. Since the supercurrents 
themselves generate magnetic fields, there are critical currents Jc. 



13.5.5 Supercurrent Ring and Flux Quantization 

A persistent supercurrent ring exhibits striking superconducting properties: 
resistanceless surface supercurrent, Meissner state, and flux quantization. 

The superconducting state is represented by a momentum- state wave- 
function: = Aexp{—ih~^pnx)., Pn = 27T?in/L. Sincc the ring circum- 

ference L is macroscopic, the quantized momentum is vanishingly small 
under normal experimental condition (n ~ 1 — 100). The actual value of 
n in the flux quantization experiments is determined by the Onsager’s rule: 
$ = n$o = mrh/e. Each condensed pairon has an extremely small momen- 
tum and therefore an extremely small energy e = Vp’pn/2. 

13.5.6 Meissner Effect and Surface Supercurrent 

A macroscopic superconductor expels an applied magnetic field B from its 
interior; this is the Meissner effect. Closer examination reveals that the B- 
field within the superconductor vanishes excluding the surface layer. In fact 

a finite magnetic field penetrates the body within a thin layer of the order 

0 

of 500 A, and in this layer diamagnetic surface supercurrents flow such that 
the 5-field in the main body vanishes, as shown in Fig. 1.17. Why does 
such condition exist? The stored magnetic field energy for the system in 
the Meissner state is equal to VB'^/2iiq. This may be pictured as magnetic 
pressure acting near the surface and pointing inward. This is balanced by a 
Meissner pressure pointing outwards that tries to keep the state supercon- 
ductive. This pressure is caused by the Gibbs free energy difference between 
super and normal states, Gj^ — Gs. Thus if 

Gn-Gs> (13.69) 

the Meissner state is maintained in the interior with a steep but continuously 
changing 5-field near the surface. If the 5-field is raised beyond the critical 
field the inequality (13.69) no longer holds, and the normal state will 
return. (The kinetic energy of the surface supercurrent is neglected here. 
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13.5.7 London’s Equation 

The steady-state supercurrent in a small section can be represented by a plane 
wavefunction: Wp(r) = ^exp(*^~V • i") — AeyiYi{ih~^px). The momentum 
p appears in the phase. The Londons assumed, based on the Hamiltonian 
mechanical consideration of a system of superelectrons, that the phase dif- 
ference at two points (ri, r 2 ) in the presence of a magnetic field B has a field 
component, and obtained London’s equation: = —e^m~^nsA. 

We assumed that the supercurrent is generated by the ± pairons con- 
densed at a momentum p, and used the standard Hamiltonian mechanics to 
obtain 



js = -2e^no(c2 -f ci)p ^A. (13.70) 

The revised London equation has a proportionality factor different from that 
of the original London equation. 



13.5.8 Penetration Depth 

The existence of a penetration depth A was predicted by the London brothers 
[6] and it was later confirmed by experiments. This is regarded as an impor- 
tant historical step in superconductivity theory. The qualitative agreement 
between theory and experiment established a tradition that electromagnetism 
as represented by Maxwell’s equations can, and must, be applied to describe 
the superconducting state. 

The Londons used their equation and Maxwell’s equations to obtain an 
expression for the penetration depth: 



^London — 



m 



nl/2 



ATTkoUs 



If we adopt the pairon flow model, we obtain instead 



Stt/co |C2 + CilJ 

Note: there is no mass in this expression, since pairons move as massless 
particles. The rig ^^^-dependence is noteworthy. The supercondensate density 
no approaches zero as temperature is raised to Tc- The penetration depth A 
therefore increases indefinitely as T -^Tc. 





Chapter 14 

Ginzburg-Landau Theory 



The pairon field operator '0^(r,f) changes, following Heisenberg’s equation 
of motion. If the Hamiltonian H contains a pairon kinetic energy /iq, a 
condensation energy a(< 0) and a repulsive point-like interpairon interaction 
/55(ri — r 2 ), /?(> 0), the evolution equation for ?/) is non-linear, from which 
we derive the Ginzburg-Landau (GL) equation: 

+ Q(|>:,(r) + P |<P',(r)f 4Ur) = 0 

for the GL wavefunction W^(r) = (r a'), where a denotes the state of 
the condensed pairons, and n the pairon density operator. The GL equation 
with a — —£g{T) holds for all temperatures (T) below Tc, where £g(J') is 
the T-dependent pairon energy gap. Its equilibrium solution yields that the 
condensed pairon density no(T) = is proportional to Sg{T). The 

T-dependence of the expansion parameters near Tc conjectured by GL: a = 
—b{Tc — T), (3 — constant are confirmed. A new formula for the penetration 
depth: A == {c/e)[p£o/no{vp'^ + is obtained, where c = light speed, 

= {2£p/miY^‘^ are the Fermi velocities for “electrons” (1) and “holes” 
(2), and p is the condensed pairon momentum. 



14.1 Introduction 

In 1950 Ginzburg and Landau (GL) [1] proposed a revolutionary idea that 
below Tc a superconductor has a complex order parameter (GL wavefunc- 
tion) ^f'Just as aferromagnet possesses areal order parameter (spontaneous 
magnetization). Based on Landau’s theory of second-order phase transition 
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[2], GL expanded the free energy density /(r) of a superconductor in powers 
of small |^^(r)| and |V^'(r)|: 

/(r) = /o + a|S'(r)|" + lp\ 9 '(r)\'+A. [V>P'(r)|", (14.1) 

where /o, a and j3 are constants, and tuq is the superelectron mass. To 
include the effect of a magnetic field B, they used a quantum replacement: 



V — >■ V — {iq/h)A, q = charge, (14.2) 

where A is a vector potential generating B — V x A, and added a magnetic 
energy term B‘^/2i1q. The integral of the so modified /(r) over the sam- 
ple volume V gives the Helmholtz free energy E. After minimizing E with 
variations in ^'* and Aj, GL obtained 

^ \-ihV - qA\^ t'(r) + aT'Tr) + p l^'(r)|^ ^''(r) = 0, (14.3) 

2m 

j = (14.4) 

■’ 2m^ ’2m ^ ’ 

With the density condition: 

’T'*(r)T^'(r) = ng(r) = superelectron density, (14-5) 

Eq. (14.4) for the current density j in the homogeneous limit (VTT = 0) 
reproduces London’s equation [3]. Eq. (14.3) is the celebrated Ginzburg- 
Landau equation, which is quantum mechanical and nonlinear. Since the 
smallness of is assumed, the GL equation were thought to hold only 
near Tc,Tc—T <C Tc. Below Tc there is a supercondensate whose motion gen- 
erates a supercurrent and whose presence generates gaps in the elementary 
excitation energy spectra. The GL wavefunction represents the quantum 
state of this supercondensate. The usefulness of the GL theory has been well 
known [4]. The most remarkable results are GL’s introduction of the concept 
of a coherence length [1] and Abrikosov’ s prediction of a vortex structure in a 
type 11 superconductor [5], which was later confirmed by experiments [6]. In 
their original work GL adopted a superelectron model. The later quantum 
flux experiments [7, 8] however show that the charge carriers in the super- 
current are pairons [9] having charge (magnitude) 2e, confirming the basic 
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physical picture of the BCS theory [10]. Here we take the view that rep- 
resents the state of the condensed pairons (rather than the superelectrons). 
In this chapter we microscopically derive [11] the GL equation (14.3) with a 
revised density condition: 

|4^'(r)|^ = condensed pairon density = r?,o(r). (14.6) 

We obtain physical interpretation of the expansion parameters (a,/3), and 
discuss their temperature dependence. We further show that the revised GL 
equations are valid for all temperatures below Tc. The equilibrium solution 
of this equation with no fields yields a remarkable result that the condensed 
pairon density no(T) is proportional to the pairon energy gap £g{T), observed 
in the quantum tunneling experiments [12]. We propose a new expression 
(14.39) for the pairon kinetic energy. Using this we obtain a revised expres- 
sion (14.41) for the penetration depth. 

14.2 Derivation of the G-L Equation 

In later twenties Dirac [13] and others [14] showed that quantum field oper- 
ators, ■0(r, t) and '0^(r, t), for bosons (fermions) satisfying the Bose (Fermi) 
commutation (anticommutation) mles: 

['0(r,t), '0^(r',f)]^ = '0(r,f)7/»^(r',f)^i/’^(r',i)V)(r,t) = ^^^)(r-r'), 
[V’(r,t), = 0, (14.7) 

evolve in time, following Heisenberg’s equation of motion: 

= [H, '0(r,t)]_, (14.8) 

where H represents the Hamiltonian of a system under consideration. In 
this section the commutators (anticommutators) are represented by [A, B]_ 
([A, B]+) rather than by [A, B] ({A, B }). If an interparticle interaction Hamil- 
tonian 

Hi = 

(14.9) 
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is assumed, the commutator [Hj, ■0(r,t)]_ generates (Problem 14.2.1) 

- I v{\r - Ti\)ij\rut)i;{ri,t)^{r,t), (14.10) 

indicating that the evolution equation for the quantum field -ip is intrinsically 
nonlinear in the presence of the interparticle interaction [14]. Two pairons, 
having like charge, repel each other. We represent this by a repulsive point- 
like potential 

u(r) = /3^^^^(r), /5 > 0. (14.11) 

We then obtain 

[Hi, '0(r,f)]_ = -0n{r,t)ip{r,t) = -0ip^{v,t)ip{r,t)Tp{r,t), (14.12) 

which vanishes for fermions. Hereafter we shall consider bosons only. 

If we assume a kinetic energy ho(r, p) and a constant condensation energy 
a(< 0), the following equation is obtained from Eq. (14.8): 

= ho{r, + af{r,t) + pn[r,t) (14.13) 

Let us consider a persistent ring supercurrent. The wavefunction at the 

point r in a small section along the ring is characterized by a discrete mo- 
mentum (pj,, 0,0) with 

27T?i , , ^ , 

Pu = —y, (i/ = 0,±1,±2,...) (14.14) 

where L is the ring circumference. We note that the absolute value 
characterizes the number of flux quanta 4>o = irhle enclosed by the ring [8]. 
Further note that the momentum eigenstate (Pi/,0,0) = p defines the state 
o" of the supercondensate. 

Let us define a quasiwavefunction 4/(^(r) by 

(r) = TR{V’(r) p fl) = (r |n| a), (14.15) 

where is the condensed-pairon-state (cr) creation operator, p the system 
density operator, and the symbol TR denotes a grand ensemble trace; the 
pairon density operator n is defined through the position density matrix 
elements: 



= (r|n|r'), 



(14.16) 
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normalized such that 






d^r (r |n| r) = ^tr{n} = average pairon density, 



(14.17) 



where the symbol tr means a one-body trace. The GL wavefunction 
can be related with the pairon density operator n by 

= (r = n. (14.18) 

The twowavefunctions, ^^(,-(r) and Tfa(r), have different amplitudes; |4/'^(r)|^ = 
(r \ a) {a \ r) = ^^(r) is the condensed pairon density while ^'^(r) 
itself is proportional to na{r). 

We now multiply Eq. (14.13) by p(f)]^ from the right and take a grand en- 
semble trace. Writing the results in terms of ’k(r(r) and using a factorization 
approximation, we obtain 

= ho{r, -ihS7)^a{r) + a^^{r) + (3 |4'^(r)f T'a(r). (14.19) 

For the steady state the time derivative vanishes, yielding 

ho^a(r) + o;^'a(r) -f (3 |4^<r(r)P 'l'a(r) = 0, (14.20) 



which is precisely the GL equation (14.3). 

In our derivation we assumed that pairons move as bosons, which is es- 
sential, see the sentence following Eq. (14.12). Bosonic pairons can multiply 
occupy the net momentum state p while fermionic superelectron cannot. The 
correct density condition (14.6) instead of (14.5) must therefore be used. 



14.3 Condensation Energy 

Our microscopic derivation allows us to interpret the expansion parameters 
(a, (3) in the original GL theory as follows: a represents the pairon conden- 
sation energy, and (3 the repulsive interaction strength. The latter, from its 
mechanical origin, is temperature-independent: 

(3 = constant >0, Tc> T. (14.21) 

BCS showed [10] that the ground state energy W for the BCS system is 

W = huDAf{0)wo, wq = — 2?ia>D{exp[2/(i;oA^(0))] — 1}“^, (14.22) 
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where A/’(0) is the density of states per spin at the Fermi energy and wq the 
pairon ground-state energy. Hence we can choose 

a = tuo < 0, T = 0. (14.23) 

In the original work [1] GL considered a superconductor immediately 
below Tc, where is small. Gorkov [15] used Green’s functions to in- 

terrelate the GL and the BCS theory near Tc. Werthamer and Tewardt [16] 
extended the Ginzburg-Landau-Gorkov theory to all temperatures below Tc, 
and arrived at more complicated equations. Here, we derived the original 
GL equation by examining the superconductor at OK from the condensed 
pairons point of view. The transport property of a superconductor below 
Tc is dominated by the condensed pairons. Since there is no distribution, 
the qualitative property of the condensed pairons cannot change with tem- 
perature. The pairon size (the minimum of the coherence length derivable 
directly from the GL equation) naturally exists. In summary there is only one 
supercondensate whose behavior is similar at all temperatures below Tc, only 
the density of condensed pairons can change. Thus there will be a quantum 
nonlinear equation (14.20) for valid every where below Tc- 

The pairon energy spectrum below Tc has a discrete ground-state energy, 
which is separated from the energy continuum of moving pairons [17]. This 
separation Eg{T), called the pairon energy gap, is T-dependent. This energy 
gap, as in the well-known case of the atomic energy spectra, can be detected 
in photo-absorption [18] and quantum tunneling experiments [12]. Inspection 
of the pairon energy spectrum with a gap suggests that 

a = -£g{T) <0, Tc> T. (14.24) 

Solving Eq. (14.20) with = 0 (no currents, no fields), we obtain 

uq{T)==\^,\^ = p-hg{T), (14.25) 

indicating that the condensate density rio{T) is proportional to the energy 
gap £g{T). 

We now consider an ellipsoidal macroscopic sample of a type 1 supercon- 
ductor below Tc subject to a weak magnetic field Hq applied along its major 
axis. Because of the Meissner effect, the magnetic fluxes are expelled from 
the main body, and the magnetic energy is higher by {1/2) p^H^V in the 
super state than in the normal state. If the field is sufficiently raised, the 
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sample reverts to the normal state at a eritieal field i?c, which can be com- 
puted in terms of the free-energy expression (14.1) with the magnetic field 
included. We obtain after using (14.6) and (14.22) 

He (po/3)''^^^£g(T) oc no(T), (14.26) 

indicating that the measurements of He give the r-dependence of no(T) ap- 
proximately. The field-induced transition corresponds to the evaporation of 
condensed pairons, and not to their break-up into electrons. Moving pairons 
by construction have negative energies while quasi-electrons have positive en- 
ergies. Thus, the moving pairons are more numerous at the lowest tempera- 
tures, and they are dominant elementary excitations. Since the contribution 
of the moving pairons was neglected in the above calculation, Eq. (14.24) is 
approximate, see below. 

We stress that the pairon energy gap Eg is distinct from the quasi-electron 
energy gap A, which is the solution of [Eq. (3.27), Ref. 9] 



huj£) 

l = voAf{0) I d£-^^^^^^tanh 
0 



-(^2 ^^ 2 ) 1 / 2 - 
2kBT 



(14.27) 



In the presence of a supercondensate the energy-momentum relation for an 
unpaired (quasi) electron changes: 

— |fc^/(2m) — Ep\ — > Ek = [el (14.28) 

Since the density of condensed pairons changes with T, the gap A is T- 
dependent and is determined from Eq. (14.27) (originated in the BCS energy 
gap equation). Two unpaired electrons can be bound by the phonon-exchange 
attraction to form a moving pairon whose energy Wq is given by 

Wq= Wq + ^Vpq < 0, (14.29) 

Tiujj^ 

l = ^oA((0) j ds[\wo\ + 2{e^ + Ay/^]-\ (14.30) 

0 

Note that IDo is T-dependent since A is. At Tc, A = 0 and the lower band 
edge Wq is equal to the pairon ground-state energy wq. If T < Tc, A > 0. 
We may then write 

Wq = Wo + Eg{T) + 



Eg{T) = Wo - Wo> 0, 



(14.31) 
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and call £g{T) the pairon energy gap. The two gaps (A,£:g) have similar T- 
behavior; they are zero at Tc and they both grow monotonically as tempera- 
ture is lowered. The rhs ofEq. (14.27) is a function of (T, A^); Tc is a regular 
point such that a small variation 6T = Tc~T generates a small variation in 
A^. Hence we obtain 

A(T) = a(Tc — Tc — T<^Tc, a = constant, (14.32) 

showing that A falls off steeply near Tc- Using similar arguments we get from 
Eqs. (14.30)-(14.32) 

£g{T) = b{Tc — T), Tc — T <C Tc, b = constant, (14.33) 

As noted earlier, moving pairons have finite (zero) energy gaps in the super 
(normal) state, which makes Eq. (14.26) approximate. But the gaps dis- 
appear at Tc, and hence the linear-in- (Tc — T) behavior should hold for the 
critical field He'. 

Hc = c{Tc~T), Tc~T<^Tc c = constant, (14.34) 

which is supported by experimental data. Tunneling and photo absorption 
data appear to support the linear law in Eq. (14.33) less strongly. But, in 
transport and optical experiments the signal become weaker (since no gets 
smaller) and the relative errors get greater (since £g is very small) as tem- 
perature approaches Tc- Eurther careful experimental studies and analyses 
are called for here. 

In the original GL theory [1], the following signs and T-dependence of 
the expansion parameters {q,P) near Tc were assumed and tested: 

a = —b{Tc — T) < 0, /? = constant > 0, (14.35) 

all of which are reestablished by our microscopic calculations. 

In summary we reached a significant conclusion that the GL equation is 
valid for all temperatures below Tc. Our interpretation of (a, 0) involves 
assumptions. The usefulness of such an equation can only be judged by 
working out its solutions and comparing with experiments. As noted earlier, 
the most important results in the GL theory include GL’s introduction of a 
coherence length [1] and Abrikosov’s prediction of a vortex structure [5], both 
concepts holding not only near Tc but for all temperatures below Tg. Also 
the upper critical field Hc 2 {T) for all temperatures is known to be described 
in terms of the GL equation [4]. 
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14.4 Penetration Depth 

As an application of our theory we consider a cylindrical superconductor 
trapping |z/'| flux quanta and maintaining a persistent supercurrent near its 
inner side, see Fig. 14.1. The wavefunction near the inner surface may be 
represented by 

4/o-(r) = constant x exp(ip • r/?i), u- = p =(pv, 0, 0), = 27rhp/L. 

(14.36) 

This clearly satisfies Eq. (14.20) with the kinetic energy eo(p) and a + 
/3|'To-|^ = —£g + /3no. This is the lowest-energy state of the system with a 
magnetic flux trapped at any temperature below Tc. By losing the magnetic 
flux the system may go down to the true equilibrium state with no current. 
Since L is a macroscopic length, p^, = 2'nhvlL and its associated energy £q{p) 
are both very small. This example also supports our conclusion that the GL 
equation is valid everywhere below Tc- Since representing a stationary 
state is characterized by momentum (p;,,0,0) = p, the GL equation is valid 
independently of materials, meaning that the law of corresponding states 
works well for all superconductors. 

GL adopted that superelectron model in which the kinetic energy in the 
presence of a magnetic field B is given by 

hQ = — [-iTT^ + eA(r)]^. (14.37) 

2tti 

We now seek an appropriate expression for h^. At OK all pairons are zero- 
momentum pairons, which do not generate a supercurrent. Cooper studied 
the energy Wp of a moving pairon [9], and obtained [unpublished but recorded 
in Schrieffer’ s book, Eq. (2-15) of Ref. [19]], 

Wp = WQ + ^vfP, vf = {2£F/m*y^^’, (14.38) 

where wq (< 0) is the pairon ground state energy, see Eqs. (14.22). Note that 
the energy-momentum relation is linear; the pairons move with the common 
speed vf/2. 

We now propose a new kinetic energy term: 

ho = 1 + 2eA(r) | | - 2eA(r) [ . (14.39) 

2 2 
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If we use this ho , and assume that the pairons are eondensed at p, we obtain 

j = + |^'a(r)|^ A, (14.40) 

where p is the unit veetor pointing in the direetion of p. Note that the mo- 
tional eomponent (first term) reproduees Eq. (13.5). Omitting this eompo- 
nent, we obtain the eorreeted London equation (13.35). By using Maxwell’s 
equations V^A == —hoi, we obtain a new expression for the penetration 
depth: 

A = ^{eoPu/[no \ (new) (14.41) 

in eontrast with London’s result [3]: 

X=^ ' . (London) (14.42) 

The ?t,q ^'^^-dependence in Eq. (14.41) is noteworthy; the penetrations depth 
A inereases to ooas T T^ in agreement with experiment. We also note 
that our expression (14.40) contains no undetermined parameter like the 
superelectron mass. Thus it can be used to determine {pu,no,Vp'^ + v^^). 

Linally, Eq.(14.19) represents an evolution equation for the G-L wave- 
function, which is significant. Since the GL wavefunction was intuitively 
introduced for a stationary state problem, it is not immediately clear how to 
describe its time evolution. In the absence of interparticle interactions, Eq. 
(14.19) is reduced to a standard Schrodinger equation of motion. 



14.5 Discussion 

We derived the GL equation from first principles. In the derivation we found 
that the particles which are described by the GL wavefunction 4>'(r) must be 
bosons. We took the view that 4^'(r) represents the bosonically condensed 
pairons. This explains the quantum nature of the wavefunction. In fact 
T^^(r) = (r cr) is a mixed representation of the pairon square -root den- 
sity operator in terms of the position r and the momentum state a. The 
new density condition is given by \!/^*(r)4f),.(r) = ^^(r) = condensed pairon 
density. The nonlinearity of the GL equation arises from the point-like repul- 
sive interpairon interaction. In 1950 when Ginzburg and Landau published 
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their work, the Cooper pair (pairon) was not known. They simply assumed 
the superelectron model. 

The expansion parameters (a,/3) in the GL theory are identified as the 
negative of the pairon binding energy and the repulsive interpairon interac- 
tion strength. This eventually leads to a remarkable result that the temperature- 
dependent condensed pairon density no(T) is proportional to the pairon en- 
ergy gap Eg{T). 




Chapter 15 

Josephson Effects 



Josephson effects are quantum statistical effects manifested on a macroscopic 
scale. A close analogy emerges between a supercurrent and a laser. Supercur- 
rents, not lasers, respond to electromagnetic fields, however. Basic equations 
for the current passing a Josephson junction are derived. They are used 
to discuss SQUID and AC Josephson effects. Analyses of Shapiro steps in 
the V-I diagram show that the quasi- wavefunction rather than the G-L 
wavefunction represents correct pairon dynamics. 



15.1 Josephson Tunneling and Interference 

In 1962 Josephson predicted a supercurrent tunneling through a small barrier 
with no energy loss [1]. Shortly thereafter Anderson and Rowell [2] demon- 
strated this experimentally. Consider the circuit shown in Fig. 12.1. The 
circuit contains two superconductors Si and S 2 with a Josephson junction 

o 

consisting of a very thin oxide film of thickness ~ 10 A, see Fig. 15.1. The 
two superconductors are made of the same material. The I-V curves observed 
are shown in Fig. 15.2. Finite current Iq appears (a) even at U = 0, and its 
magnitude is of the order of mA; it is very sensitive to the presence of a mag- 
netic field. When a weak field B = iiqH (~ 0.4 Gauss) is applied, the current 
Iq drops significantly as shown in (b). When voltage (~ mV) is raised high 
enough, the normal tunneling current appears, whose behavior is similar to 
that of Giaever tunneling in the S-I-S system, (see Fig. 12.2). To see the 
physical significance of Josephson tunneling, let us consider the same system 
above Tc- The two superconductors above Tc show potential drops, and the 
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oxide layer generates a large potential drop. Below Tc the two supereonduc- 
tors having no resistanee show no potential drops. Moreover, the oxide layer 
exhibits no potential drop! This is an example of quantum tunneling, which 
we learn in elementary quantum theory. The quasi- wavefunctions ’Tj(r) in 
the superconductors Sj do not vanish abruptly at the Sj-l interfaces. If the 
oxide layer is small (10 A), the two wavefunctions and 4^2 may be re- 
garded as a single wavefunction extending over both regions. Then pairons 
can tunnel through the oxide layer with no energy loss. 



insulator 




superconductor 



Figure 15.1; Insulator sandwiched by two superconductors. 




Figure 15.2: The I-V curves indicating a Josephson tunneling current, (a) S = 0, 
(b) B = 0.4 Gauss. 
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Figure 15.4: (a) the supercurrent at 5 = 0, (b) the diamagnetic supercurrent is 
generated and shows an interference pattern as the B field is increased. 

Detailed calculations, (see Section 15.2) show that the period of oscillation 
is 4>/24>05 as indicated in Eq. (15.1). To appreciate the physical significance, 
consider the same circuit above Tc. Application of a 5-field generates a dia- 
magnetic normal current around the ring, which dies out due to resistance, 
and cannot contribute to the steady current. 

We close this section by pointing out a close analogy between supercurrent 
and laser. Both can be described by the wavefunction (7 exp(ik • r), U = 
constant, representing a system of massless bosons all occupying the same 
momentum state Kk.. Such a monochromatic massless boson flux has a self- 
focusing power (capability). A flux of photons in a laser is slowed down 
by atomic electrons in a glass plate, but it can refocus by itself into the 
original state due to the photon’s boson nature. Similarly the pairon flux 
(supercurrent) becomes monochromatic after passing a Josephson junction. 
Thus both laser and supercurrent can interfere at a macroscopic distance. 
The self-focusing power comes from the quantum statistical factor: 

Np + 1, (15.3) 

with Np denoting the number of pairons associated with the condensation 
process in which a pairon joins the group numbering Np in the state p. 
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The importance of the quantum statistical factor has been well established. 
Ueling and Uhlenbeck [4] derived the Ueling-Uhlenbeck collision terms by 
quantum-correcting the Boltzmann collision terms. Tomonaga [5] solved the 
corrected Boltzmann equation and obtained a T^-law behavior of the viscos- 
ity coefficient for a highly degenerate fermion gas. Earlier in Section 12.3 
we discussed the negative resistance region in the I-V curve for the S 1 -I-S 2 
system, arising from the quantum statistical factor. The number A^p -f 1 is 
an enormous enhancement factor. But part of the enhancement is compen- 
sated by the factor Np associated with the decondensation process in which 
a pairon leaves the group. Feynman argued for such a boson enhancement 
effect in his provocative discussion of the supercurrent [6]. He discussed this 
effect in terms of the probability amplitude, and therefore the factor N]!'^ 
appears in his argument. The macroscopic interference may be observed for 
massless bosons (photons, pairons) only. It is interesting to note that such a 
self-focusing power is not known for a fermion (electron, nucleon, neutrino) 
flux. Quantum diffraction is observed for both fermions and bosons. 

Supercurrents and lasers are however different. Pairons carry charge, but 
photons do not. Hence only pairons can contribute to the charge transport; 
moreover supercurrents generate magnetic fields and react against electro- 
magnetic fields. We also note that pairons can stop, while phonons cannot 
and they always move. 



15.2 Equations Governing a Josephson Cur- 
rent 

In this section we derive basic equations governing the supercurrent passing 
through a Josephson junction. Our derivation essentially follows Feynman’s 
in his lecture notes on the supercurrent [6, 7]. Our theory however is based 
on the independent pairon model, while Feynman assumed the superelectron 
model. 

Consider an insulator of width Ax sandwiched between two identical 
superconductors as shown in Fig. 15.1. If the width Ax is large, the two 
superconductors do not affect each other, and the quantum equations of 
motion in each superconductor are uncoupled: 



( 15 . 4 ) 
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where Ej are the energies of the supercondensate with Ei differing from E^ 
if there is a voltage across the insulator: 

E 2 — E\ = qV {= 2eV). (15.5) 

Now if the width Ax is very small (~ 10 A), then Josephson tunneling 
can occur, and the two wavefunctions are correlated. We represent this hy 

= ihj^^2{t) = E2^2 + K-^i, (15.6) 

where is a real coupling constant (energy). If there is no bias voltage, we 
have a single energy Ei + K for the comhined system. Thus in this case, the 
reality of the energy constant K is justified. The wavelength A = 2tt fk of 
the pairon is very much greater than the junction width Ax: 

A » Ax. (15.7) 

Then the phase of the quasi-wavefunction: 

(p{x) = kx = 27tx/A (15.8) 

changes little when x is measured in units (lengths) Ax. We may simply 
assume that each superconductor has a position-independent phase 6j. 

Let us assume a wavefunction of the form: 

^i(^) = exp[t0j(f)], (15.9) 

where rij are the position-independent pairon densities. Substituting Eq. 
(15.9) in Eqs. (15.6), we obtain (Problem 15.2.1.) 

ihhi 4 - hriiOi = EiUi + Kn2exp[i{92 — ^ 1 )], 

ihri 2 + hn202 = E 2 n ,2 + Krii exp[-z( 6*2 - ^i)], (15.10) 

Equating real and imaginary parts of Eqs. (15.10), we find that (Problem 
15.2.2.) 

hn-[ = Ku 2 sin(02 ~ ^ 1 ) = Ku 2 sin 6, M 2 = —Kn\ sin 5, 
hOi — E\ + K— cos 5, M 2 = £^2 + K— cos 8, 

Til n2 



(15.11) 

(15.12) 
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where 

8 = 92-Bi (15.13) 

is the phase difference across the junction. 

Equations (15.11)-(15.13) can be solved by a Taylor expansion method. 
Assume that 

rij{t) = nf\t) + nf\f) + ..., (15.14) 

where the upper indices denote the orders in K. After simple calculations, 
we obtain (Problem 13.6.3) 




( 0 ) ( 0 ) _ 

n\^ = ny = no, 

= no sin S, — —no sin 6, 



hd6/dt = 2eV, 



(15.15) 

(15.16) 

(15.17) 



where we assumed that the initial pairon densities are the same and they are 
equal to no. The electric current I is proportional the charge (2e) and the 
rate fi 2 . Thus we obtain 



I — losind , 



Iq - 2eKh ^riQ. 



(15.18) 



The last two equations are the basic equations, called the Josephson-Feynman 
equations, governing the tunneling supercurrent. Their physical meaning will 
become clear after solving them explicitly, which we do in the next section. 

As an application of Eq. (15.18), we complete the discussion of the 
SQUID with quantitative calculations. The basic set-up of the SQUID is 
shown in Eigs. 1.11 and 15.4. Consider first the current path ACB. The 
phase difference along this path is 



(A0)acb ^8cA2e% ^ / A • dr. 

ACB 



Similarly for the second path ADB, we have 



{A4>)adb = SD + 2eh^ A dr. 

JADB 



(15.19) 



(15.20) 



Now the phase difference between A and B must be independent of path: 

(A$)acb = (A4>)abb, (15.21) 
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from which we obtain 



6c~^D = ‘^Ch ^ j) A-dr = 2eh (15.22) 

ADBCA 

where $ is the magnetic flux through the loop. The total current I is the 
sum of Ic and lo- For convenience, we write 

5jD^5o — efi (15.23) 

where ^ois a constant. Note: This set satisfies Eq. (15.22). Then, using Eq. 
(15.18) we obtain 

I = Ic + Id = /o{sin(^o + eh~^^) + sin(5o — eh~^^)} = Josin^o cos(e^-^$). 

(15.24) 

The constant 5q introduced in Eq. (15.23) is an unknown parameter and it 
may depend on the applied voltage and other condition. However, |sin5o| 
is bounded by unity. Thus the maximum current has amplitude /max = 
Iq |sin^o|, and the total current I is expressed as 

I = /maxCOs(e;i“^$) = /max COs(7T$/4>o), 4>o = 7T^/e, (15.25) 

proving Eq. (15.1). 

Problem 15.2.1. Derive Eqs. (15.10). 

Problem 15.2.2. Verify Eqs. (15.11) and (15.12). 

Problem 15.2.3. Verify Eqs. (15.16)-(15.18). 

15.3 ac Joshepson Effect and Shapiro Steps. 

Josephson predicted [1] that upon the application of a constant voltage Vo the 
supercurrent passing through a junction should have a component oscillating 
with the Josephson (angular) frequency 



ujj = 2e7i ^Vq. 



(15.26) 



We discuss this ac Josephson effect in the present section. 
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Assume that a small voltage Vo is applied across junction. Solving Eq. 
(15.17), we obtain 

6(t) = ^0 “t" 2eh ^Vot = ^0 "I" (15.27) 

where is the initial phase. The phase difference 5 changes linearly with the 
time t. Using Eq. (15.27) we calculate the supercurrent C from Eq. (15.18) 
and obtain 

Is{t) = Iq sin(^o + (15.28) 

Eor the laboratory voltage and time, the sine oscillates very rapidly, and the 
time-averaged current vanishes: 



T 

i^s)time = J dtls{t) = 0. (15.29) 

0 

This is quite remarkable. The supercurrent does not obey Ohm’s law familiar 
in the normal conduction: 7^ (normal current) oc Vo (voltage). According to 
Eq. (15.28) the supercurrent flows back and forth across the junction with 
the (high) frequency ujj under the action of the dc bias. Most importantly 
the supercurrent passing through the junction does not gain energy from 
the bias voltage. Everything is consistent with our physical picture that 
the supercondensate is composed of independently moving ± pairons and is 
electrically neutral. In practice, since temperature is not zero, there is a 
small current In due to the moving charged quasi-particles (quasi-electrons, 
excited pairons). 

Let us now apply a small ac voltage in addition to the dc voltage Vq. The 
AC voltage may be supplied by a microwave. We assume that 

V^ = Vo -f u cos tai, (u <?C Vq) (15.30) 

where io is the microwave frequency of the order 10^° cycles/sec =10 GHz. 
Solving Eq. (15.17) with respect to t, we obtain 

t 

/ 2ev 

dt2eh~^[Vo + v cos Lot] = 6 q + 2eh~^Vot -|- — — sintot. (15.31) 

nu) 

0 

Because v <C Vo, the last term is small compared with the rest. We use Eqs. 
(15.28) and (15.31) to calculate the supercurrent I (the subscript s dropped) 
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Figure 15.5: Shapiro steps in the V-I diagram, after Hartland [9]. 

and obtain to the first order in 2eV/hu (Problem 15.3.1): 

I = Iq sin^(t) = /o[sin(^o + <^jt) + -r — smujt cos(^o + (15.32) 

Ttuj 

The first term is zero on the average as before, but the second term is non- 
zero if 

u — 2eh~^Von = ivjn, n = l,2, ... (15.33) 

(Problem 15.3.2.). Thus there should be a dc current if the microwave fre- 
quency uj matches the Josephson frequency Uj or its multiples nwj. In 1963 
Shapiro [8] first demonstrated such a resonance effect experimentally. If data 
are plotted in the V-I diagram, horizontal current strips form steps of equal 
height (voltage) ?ia;/2e called Shapiro steps. Typical data for a Pb-PbO^- 
Pb tunnel junction at a; = 10 GHz obtained by Hartland [9] are shown in 
Fig. 15.5. (Shapiro’s original paper [8] contains steps but the later experi- 
mental data such as those shown here allow the more delicate interpretation 
of the ac Josephson effect.) The clearly visible steps are most remarkable. 
Fig. 15.5 indicates that horizontal current strips decrease in magnitude with 
increasing n, which will be explained below. 

We first note that the dc bias voltage Vo applied to the junction generates 
no change in the energy of the moving supercondensate. Thus we may include 
the effect of this voltage in the unperturbed Hamiltonian Hq and write the 
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total Hamiltonian H as 



H = Hq + 2ev cos Lot, (15.34) 

where the second term represents the perturbation energy due to the mi- 
crowave. We may write the wavefunction corresponding to the unperturbed 
system in the form: 



t) = ^(r) e^p{—iEt/h), (15.35) 

where E is the energy. In the presence of the microwave we may assume a 
steady-state wavefunction of the form; 



= A{r) exp{—iEt/h)['^^ J5„exp(— mwf)]. (15.36) 

n~—oo 

Substituting Eq. (15.36) into the quantum equation of motion ihd'^/dt = 
we obtain (Problem 15.3.3). 



n^Bri — — (H„_i -|- Bn+i)- (15.37) 

The solution of this difference equation can be expressed in terms of the n-th 
order Bessel function of the first kind [10]; 

Bn = a = 2ev/fujj. (15.38) 

We thus obtain 

CXD 

= Aexp{—iEt/h)['^2 </n(o:) exp(— inwf)]. (15.39) 

7Z= — OO 

This steady-state solution in the presence of a microwave indicates that the 
condensed pairons (supercondensate) can have energies, E, E±%lv, E±2huj, 
... . Now from Eq. (15.18) we know that the supercurrent I is proportional to 
the condensed pairon density uq. The amplitude of the quasi- wavefunction 
is also linear in this density riQ. Hence we deduce from Eq. (15.39) that 
the (horizontal) lengths of the Shapiro steps at n are proportional to Jn{(x) 
and decrease with increasing n in agreement with experiments. 

In the preceding calculation we used the quasi- wavefunction If we 

adopted the G-L wavefunction instead, we would have obtained the same 
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solution (15.39), but the physical interpretation is different. We would 
have concluded that the horizontal lengths of the Shapiro steps would de- 
crease with n in proportion to J^ia). Experiments support the linear Jn- 
dependence. In other words the quasi- wavefunction which is proportional 

to the supercondensate density uq , gives a physically correct description of 
pairon dynamics. 



Problem 15.3.1. Verify Eq. (15.32). Use Taylor’s expansion. 

Problem 15.3.2. Show that the averaged current I in Eq. (15.32) is finite 
ifEq. (15.33) is satisfied. 

Problem 15.3.3. Verify Eq. (15.37). 



15.4 Discussion 

15.4.1 Josephson Tunneling 

If two superconductors are connected by a Josephson junction, a supercurrent 
can pass through the junction with no energy loss. This is the Josephson 
tunneling. The Josephson current is typically very small (mA), and it is very 
sensitive to an applied magnetic field (mG). 



15.4.2 Interference and Analogy with Laser 

In a SQUID two supercurrents separated up to 1 mm can exhibit an interfer- 
ence pattern. There is a close analogy between supercurrent and laser. Both 
are described by the wavefunction Aexpi(k • r—oot) representing a state of 
condensed bosons moving with a linear dispersion relation. Such a boson flux 
has a self-focussing power. A laser beam becomes self-focused after passing a 
glass plate (disperser); likewise the condensed pairon flux becomes monochro- 
matic after passing a Josephson junction. Thus both laser and supercurrent 
can interfere at a macroscopic distance. Supercurrents can however carry 
electric currents. No self-focussing power is known for fermion flux. 
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15.4.3 G-L Wavefunction, Quasi- Wavefunction, and Pa- 
iron Density Operator 

The G-L-wavefunction pairon density operator n are related 

by = (r (j) , where cr represents the eondensed pairon state. 

In the example of a ring supereurrent, we may simply ehoose cr = Pm — 
2'K%L~^m, (m = 0, ±1, ±2,...). For m ^ 0, '^rn{x) = Aexp{—ih~^pmx), 
Prn = 2’KUm/L represents a eurrent-earrying state p — pm- This state is 
material-independent. The state is qualitatively the same for all tempera- 
tures below Tc sinee there is only one quantum state. Only the density of 
eondensed pairons ehanges with temperature. The quasi- wavefunetion T^(r(r) 
for eondensed pairons ean be related to the pairon density operator n through 
^^(r) = (r |nj a) . This 'F(r(r) and the G-L wavefunetion are different 
in the normalization. Bothfunetions '!') ean represent the state of the 
supereondensate. The density operator n{t) ehanges in time, following a 
quantum Liouville equation, from whieh it follows that both ('T', ^') obey 
the Sehrodinger equation of motion (if the repulsive interpairon interaetion 
is negleeted). 



15.4.4 Josephson-Feynman Equations 

The wavelength A == /i/p„ = L/n eharaeterizing a supereurrent is mueh 

o 

greater than the Josephson junetion size (10 A). Thus the phase of the quasi- 
wavefunetion (j)[x) = kx = 2 -xX~^x measured in units of the junetion size is 
a very slowly varying funetion of x. We may assume that supereonduetors 
right and left of the junetion have position-independent phase 6j. Josephson 
proposed two basie equations governing the supereurrent running through 
the junetion [1]: 

I = Iq sin 8 , 5 = 62 — 9i 



= 2eV. 
dt 



The response of the supereurrent to the bias voltage V differs from that of 
the normal eurrent (Ohm’s law). Supereurrent does not gain energy from a 
de bias. This behavior is eompatible with our pieture of a neutral moving 
supereondensate. 
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15.4.5 ac Josephson Effect and Shapiro Steps 

On applying a dc voltage Vo, the supereurrent passing through a junction 
has a component oscillating with the Josephson frequency: loj = 2eh~^Vo. 
This ac Josephson effect was dramatically demonstrated by Shapiro [8]. By 
applying a microwave of a matching frequency io = nuj, for n = ±1, ±2, 
... step-like currents were observed in the V-I diagrams as in Fig. 15.5. The 
voltage step is 

Vo = ihl2e)L0j. (15.40) 

Since the microwave frequency lo can accurately be measured, and (^, e) 
are constants, Eq. (15.40) can be used to define a voltage standard. The 
horizontal (current) strips in the V-I diagram decrease in magnitude with 
increasing n. We found that the quasi-wavefunction whose amplitude is 
proportional to the pairon density gives the correct pairon dynamics. 

15.4.6 Independent Pairon Picture 

In the present treatment of the supereurrent we assumed that ± bosonic 
pairons having linear dispersion relations move independently of each other. 
Thus the analogy between supereurrent and laser is nearly complete except 
that pairons have charges ±2e and hence interact with electromagnetic fields. 
(Furthermore the pairons can stop with zero momentum while photons run 
with the speed of light and cannot stop.) The supereurrent interference at 
macroscopic distances is the most remarkable; it supports a B-E condensa- 
tion picture of free pairons having linear dispersion relations. The excellent 
agreement between theory and experiment also supports our starting point, 
the generalized BCS Hamiltonian. 




Chapter 16 

Compound Superconductors 



Compound superconductors exhibit type II magnetic behaviors, and they 
tend to have higher critical fields than type I superconductors. Otherwise 
they show the same superconducting behavior. The Abrikosov vortex lines, 
each consisting of a quantum flux and circulating supercurrents, are explained 
in terms of a supercondensate made up of condensed pairons. Exchange of 
optical and acoustic phonons are responsible for type II behavior. 



16.1 Introduction 

A great number of compounds superconductors have been discovered by 
Matthias and his group [1]. A common feature of these superconductors 
[2] is that they exhibit type-II magnetic behavior, which we explain fully 
in Section 16.2. Briefly these superconductors show the five main proper- 
ties: zero resistance below the upper critical field ifc 2 , Meissner state below 
the lower critical field Hd, flux quantization, Josephson effects, and gaps 
in the elementary excitation energy spectra. The critical temperatures 
tend to be higher for compounds than for type I elemental superconductors, 
the highest Tc (~ 23 K) being found for NbaGe. The upper critical fields 
Hc 2 for some compounds including NbsSn can be very high, some reaching 
2 X 10® G ^ 20 T, compared with typical 500 G for type I superconductors. 
This feature makes compound superconductors very useful in devices and 
applications. In fact large-scale application and technology are carried out 
by using type II compound superconductors. Physics of compound supercon- 
ductors are more complicated because of their compound lattice structures 
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two transitions 




(b) 



Figure 16.1: Magnetization curves of type II superconductors. Below the lower 
critical field iFd, type II exhibit the same Meissner state (.6 = 0) as type I. 



and associated electron and phonon band structures. But the superconduct- 
ing state characterized by the five main properties, is the same for both 
elemental and compound superconductors. By this reason the mieroscopie 
theory ean be developed in a unified manner. 



16.2 Type II Superconductors 

The magnetic properties of type I and type II superconduetors are quite 
different. A type I superconduetor repels a weak magnetic field from its 
interior at T < Tc, while a type II superconduetor allows a partial penetration 
of the field below Tc. This behavior was shown in Figs. 1.12. Because of 
the penetration of the magnetic field B, the superconducting state is more 
stable, making the upper eritical fields in type II higher. The magnetization 
M and the B-field versus the //-field for type II are shown in Fig. 16.1. The 
(dia)magnetization M (< 0) is continuous at the lower eritieal field Hd and 
also at the upper eritical field i/c 2 - When the applied field Ha is between 
Hci and Hc 2 , there is a penetration of magnetic flux B, and a complicated 
structure having both normal and super region are developed within the 
sample. In this so-ealled mixed state, a set of quantized flux lines penetrate, 
each flux line being surrounded by diamagnetie supercurrents. See Fig. 16.2. 
A quantum flux line and the surrounding supercurrents is ealled a vortex line. 
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The 5-field is nonzero within eaeh vortex line, and it is nearly zero exeluding 
where the vortiees are. Sueh a peeuliar strueture was predieted by Abrikosov 
in 1957 [3] on the basis of an extension of the G-L theory [4]. This Abrikosov 
vortex strueture was later eonfirmed by experiments [5] as shown in Fig. 16.3. 
Eaeh vortex line eontains a flux quantum 4>o = nU/e. Penetration of these 
flux lines does not destroy the supereondueting state if the flux density is 
not too high. If the applied magnetie field Ha is raised further, it eventually 
destroys the supereondueting state at Hc 2 , where flux densities inside and 
outside beeome the same, and the magnetization M vanishes. 
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Figure 16.2: Quantized flux lines are surrounded by diamagnetic supercurrents. 

Why does sueh a strueture oeeurs only for a type II supereonduetor? 
To deseribe the aetual vortex strueture, we need the eoneept of a eoherenee 
length whieh was first introdueed by Ginzburg and Landau [4]. In faet 
the distinetion between the two types are made by the relative magnitudes 




Figure 16.3: Abrikosov structure in Nb. 
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of the coherence length £ and the penetration depth A: 

i > 2^/^A (type I), C < 2^^^^ (fype H). (16.1) 

Both ^ and A depend on materials, temperature and concentration of im- 

o 

purities. The penetration depth A at 0 K is about 500 A in nearly all su- 
perconductors. The BCS coherence length ^ = UvpI'nlS has a wider range; 
25 - 10^ A. 

We now explain the phenomenon piece by piece. 

1 We note the importance of flux quantization. Otherwise there is no 
vortex line. 

2 Any two magnetic fluxes repel each other, as is well-known in electro- 
magnetism; hence each vortex line contains one flux quantum $o = 
'Kh/e. 

3 Each magnetic flux in a superconductor is surrounded by a supercurrent 
with no energy loss, forming a vortex line. As a result the B-field 
practically vanishes outside the vortex line. 

4 Because of the supercurrent at the surface within the penetration depth 
A, the B-field vanishes everywhere in the background. 

5 The supercondensate is composed of condensed pairons, and hence the 
minimum distance over which the supercondensate density can be de- 
fined is the pairon size. Because of the Meissner pressure, each vortex 
may be compressed to this size. To see this, let us consider a set of 
four circular disks representing two + (white) and two - (light dot- 
ted) pairons, as shown in Fig. 16.4. The four disks rotate around the 
fixed flux line, keeping the surrounding background stationary. From 
Fig. 16.4 we see that the vortex line represented by the flux line and 
the moving disks (pairons) has a radius of the order of the pairon size. 

6 Vortices are round, and they weakly repel each other. This generates 
a hexagonal closed-pack structure as observed, see Fig. 16.3 

7 If the applied field Ha is raised to Hc 2 , the number density of vortex 
lines increases (the dark part in Fig. 16.3 increases), so the magnetic 
flux density eventually becomes equal inside and outside of the super- 
conductor, when the super part is reduced to zero. 
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Figure 16.4: Closely-packed circular disks (pairons) rotate around the flux. 

8 If the field H is lowered to Hd , the number of vortex lines deereases 
to zero (the dark part in Fig. 16.3 deereases), and the magnetie fluxes 
pass through the surfaee layer only. These fluxes and the eireulating 
supereurrents maintain the Meissner state in the interior of the super- 
eonduetor. This perfeet Meissner state is kept below Hd. 

9 The surfaee region where the supereurrents run, is the same for H < 
Hd- This region remains the same for all fields 0 < H < Hc 2 , and it is 
eharaeterized by the penetration depth A. 

10 Creation of vortex lines (normal part) within a supereonduetor lowers 
the magnetie energy, but raises the Meissner energy due to the deerease 
in the super part. This thermodynamie eompetition generates a phase 
transition of the first order at Hd, see Fig. 16.5. 

11 Penetration of the vortiees lightens the magnetie pressure. Henee the 
supereondueting state is mueh more stable against the applied field, 
making Hc 2 mueh greater than the ideal thermodynamic critical field 
He defined by 

1 lj2 _ da o\ 

■^hoHe = • (16.2) 

12 Sinee the magnetization approaehes zero near H = Hc 2 , [see Fig. 16.1 
(b)], the phase transition is of the seeond order. This is in eontrast 
with type I, where the phase transition at H = He is of the first order. 
Data on heat capaeity C in Nb by MeConville and Serin [6], shown in 
Fig. 16.5, indieate the seeond-order phase transition. The heat eapaeity 
at the upper eritieal temperature Tc 2 has a jump just like the heat 
eapaeity at Tc for a type I supereonduetor at 5 = 0, see Fig. 16.5. 
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Figure 16.5: (a) Specific heat of type II superconductor (Nb) in a constant applied 
magnetic field H. (b) The phease diagram, after McConville and Serin [6] . 



13 Why can a type I superconductor develop no Abrikosov structure? 
The type 1 supercondensate is made up of large-size pairons on the 
order of 10^ A . Vortex lines having such a large size would cost too 
much Meissner energy to compensate the possible gain in the magnetic 
energy. 

In summary a type 11 superconductor can, and does, develop a set of 
vortex lines of a radius of the order in its interior. These vortices lower the 
magnetic energy at the expense of the Meissner energy. They repel each other 
weakly and form a two-dimensional hexagonal lattice. At Abrikosov’s time 
of work in 1957, flux quantization and Cooper pairs, which are central to the 
preceding arguments, were not known. The coherence length in the G-L 
theory is defined as the minimum distance below which the G-L wavefunction 
cannot change appreciably. This is interpreted here as the Cooper pair 
size. The distinction between type 1 and type 11 as represented by Eq. (16.1) is 
equivalent to different signs of the interface energy between normal and super 
parts. Based on such nonmicro scopic physical ideas, Abrikosov predicted the 
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Figure 16.6: In rock salt, Na+ and Cl occupy the simple cubic lattice sites 
alternately. 





Vs + i 



Ml 



Figure 16.7: A diatomic one-dimensional lattice with masses Mi, M 2 bound by 
force constant C. 



now-famous Abrikosov structure. 



16.3 Optical Phonons 

A compound crystal has two or more atoms in a unit cell; hence it has optical 
modes of lattice vibration. We discuss this topic in the present section. 

Consider a rock salt, (NaCl) crystal whose lattice structure is shown in 
Fig. 16.6. In the (111) directions, planes containing Na ions and planes con- 
taining Cl ions alternate with a separation equal to V3/2 times the lattice 
constant. Thus we may imagine a density wave proceeding in this direction. 
This condition is similar to what we saw earlier in Section 4.2 for the lattice- 
vibrational modes in a sc crystal. We assume that each plane interact with 
its nearest neighbor planes, and that the force constants C are the same be- 
tween any pairs of nearest neighbor planes. We may use a one-dimensional 
representation as shown in Fig. 16.7. The displacements of atoms with mass 
Ml are denoted by Us_i, Ug, Us+i, ..., and those of atoms with mass M 2 by 
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Vs-i, Vs, .... From the figure, we obtain 

(Pu (P V 

= C{vs + Vs-I - 2us), -^2-^ = C{us+i + Us- 2vs). (16.3) 

We look for a solution in the form of a traveling wave with amplitudes {u, v): 
Us = uexpi(sKa — ut), Vg = v expi(sKa — ivt), (16.4) 



where a is the lattice distance. Introducing Eqs. (16.4) into Eqs. (16.3), we 
obtain 



= C v[l + exp{—iKa)] — 2Cu, 

—oj'^M 2 V = C -u[l + exp{+iKa)] — 2Cv. 
From the secular equation: 



(16.5) 



2C - 

—C[l + exp [-piKa)] 



--C\i + exp(— ii^Ta)] 
2C - M2u;2 



= 0 , 



(16.6) 



we obtain 



M 1 M 2 - 2C[Mi + M 2 ) up + 267^(1 - cos Ka) = 0, (16.7) 



which can be solved exactly. The dependence of a; on A' is shown in Fig. 16.8 
for Ml > M 2 . Let us consider two limiting cases: K - 0 and K = Tfmax = 
7r/a. For small K, we have cos Ka ~ 1 — K‘^aP/2, and the two roots from 
Eq. (16.7) are (Problem 16.3.1) 



Ui 



Y M 1 M 2 V 8(Mi + M2)2 J ’ ^ ^ > 

(16.8) 



U)2 



C 



2(Mi + M 2 ) 

Ai K = 7r/a, the roots are (Problem 16.3.2) 
1/2 



Ka (acoustic branch). 



(16.9) 



- 



M 2 



,7r 



+ C'i(--i^)^ 



(optical branch) 



(16.10) 
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Figure 16.8: Optical and acoustic branches of the dispersion relation. The limiting 
frequencies at = 0 and K = tv /a are shown. 





Figure 16.9; TO and TA waves in a linear diatomic lattice; A = 4a. 

7T 

+ C'2( A')^, (acoustic branch). ( 16 . 11 ) 

a 

where Ci and C 2 are eonstants. These limiting eases are indicated in Fig. 
16.8. Note: the dispersion relation is linear only for the low-.Sf limit of 
the acoustic mode. Otherwise the dispersion relations have constants plus 
quadratic terms. 

For a real 3D crystal there are transverse and longitudinal wave modes. 
The particle displacements in the transverse acoustic (TA) and optical (TO) 
modes are shown in Fig. 16.9. The cu-k or dispersion relations can be probed 
by neutron- scattering experiments, [7] whose results are in good agreement 
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with those of the simple theory discussed here. 

Problem 16.3.1. Verify Eq. (16.9). 

Problem 16.3.2. Verify Eq. (16.11). Eind (Ci, C 2 ) explicitly. 

16.4 Discussion 

Compound superconductors show all of the major superconducting prop- 
erties found in elemental superconductors. The superconducting state is 
characterized by the presence of a supercondensate, and the superconduct- 
ing transition is a B-E condensation of pairons. We may assume the same 
generalized BCS Hamiltonian and derive all the properties based on this 
Hamiltonian. Erom its lattice structure, a compound conductor provides a 
medium in which optical phonons as well as acoustic phonons are created 
and annihilated. Moreover it is most likely to have two or more sheets of the 
Eermi surface; one of the sheets is “electron” -like (of a negative curvature) 
and the other “hole”-like. If other conditions are right, a supercondensate 
may be formed from “electrons” and “holes” on the dijferent Eermi-surface 
sheets mediated by optical phonons. Pair-creation and pair-annihilation of 
± pairons can be done only by an optical phonon having a momentum (mag- 
nitude) greater than U times the minimum fc-distance between “electron” 
and “hole” Eermi-surface sheets. Acoustic phonons of small A:-vectors will 
not do the the intermediary. (See Section 17.1 where a 2D analogue is dis- 
cussed and demonstrated). Attraction by exchange of optical phonons hav- 
ing a quadratic energy-momentum relation [see Eqs. (16.9) and (16.11)] is 
short-ranged just as the attraction by the exchange of a massive yr-meson is 
short-ranged as shown by Yukawa [8]. Hence the pairon size should be on 

o 

the order of the lattice constant (2 A) or greater. In fact compound super- 
conductors have correlation lengths of the order 50 A, much shorter than the 

o 

penetration depths -500 A. They are therefore type 11 superconductors. 




Chapter 17 

Lattice Structures of Cuprates 



Cuprate superconductors have layered structures containing the copper planes 
(CUO 2 ). The electric conduction occurs in the copper plane. There are sev- 
eral types of cuprate superconductors. 

17.1 Introduction 

In 1986 Bednorz and Muller [1] reported the first discovery of the high-Tc 
cuprate superconductor (La-Ba-Cu-0, Tg > 30 K). Since then many investi- 
gations [2-5] have been carried out on the high-Tc superconductors including 
Y-Ba-Cu-0 with Tc fc 94 K [6]. These compounds possess all of the main su- 
perconducting properties: zero resistance, Meissner effect, flux quantization, 
Josephson effects, and gaps in the excitation energy spectra. This means that 
there is the same superconducting state in high-Tc as in elemental supercon- 
ductors. In addition these cuprate superconductors are characterized by [7] 
2D conduction, short zero-temperature coherence length ,^q (~ 10 A), high 
critical temperature Tc (~100K), type II magnetic behavior d-wave Cooper 
pair, two energy gaps, unusual transport and magnetization behaviors above 
Tc, and the dome- shaped doping dependence of Tc. In this chapter we discuss 
the lattice structures and the 2D conduction. 



17.2 Layered Structures and 2-D Conduction 

Cuprate superconductors have layered structures such that the copper planes 
(CUO 2 ), shown in Fig. 17.1, are periodically separated by a great distance 
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Figure 17.1: Copper plane (Cu02). The shade area represents a unit cell. 

(e.g. a = 3.88 A, b = 3.82 A, c = 11.68 A for YBa 2 Cu 307 _ 6 ). The lattice 
structure of YBCO is shown in Fig. 17.2. The succession of layers along the 
c-axis can be represented by Cu0-Ba0-Cu02-Y-Cu02-Ba0-[Cu0-... . 




Figure 17 . 2 ; Arrangement of atoms in a crystal of YBa2Cu307; superconducting 
YBa2Cu307_5 has some missing oxygens { 6 ). 
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The buckled Cu02 plane, where Cu-subplane and 0-subplane are sep- 
arated by a short distance is shown. The two copper planes separated by 
yttrium (Y) are about 3 A apart, and they are responsible for the conduction. 

The conductivity measured is a few orders of magnitude smaller along the 
c-axis than perpendicular to it [8]. This appears to contradict the prediction 
based on the naive application of the Bloch theorem. This puzzle may be 
solved as follows [9]. Suppose an electron jumps from one conducting layer 
to its neighbor. This generates a change in the charge states of the layers 
involved. If each layer is macroscopic in dimension, the charge state Qn 
of the n-th layer can change without limits: — 2, — 1, 0, 1, 2, ... in 

units of the electron charge e. Because of unavoidable short circuits between 
layers due to the lattice imperfections, Qn may not be large. At any rate if 
Qn are distributed at random over all layers, the periodicity of the potential 
for the electron along the c-axis is lost. Then the Bloch theorem based on 
the electron potential periodicity does not apply even though the lattice is 
crystallographically periodic. As a result there are no fc-vectors along the 
c-axis. This means that the effective mass in the c-axis direction is infinity, 
so that the Fermi surface for the layered conductor is a right cylinder with 
its axis along the c-axis. 

The torque-magnetometry experiment by Farrell et al. [8] in Tl2Ba2- 
CaCu20i indicates an effective-mass anisotropy of at least 10. Other exper- 
iments [10] in thin films and single crystals also indicate a high anisotropy. 
The most direct way of verifying the 2D structure however is to observe the 
orientation dependence of the cyclotron resonance (CR) peaks. The peak 
position (cu) in general follows Shockleys’ s formula 

uj / m 2 ms cos^(/x, cci) + msmi cos^(p, 0:3) -t- mim 2 cos^(/r, xQ 

eB \ rri\m 2 m^ 

(17.1) 

where (mi, m2, m3) are effective masses in the Cartesian axes {xi,X 2 ,x^) 
taken along the {a,b,c) crystal axes, and cos(/r, Xj) is the direction cosine 
relative to the field B and the axis Xj. If the electron motion is plane- 
restricted, so that m3 — ^ 00 , Eq. (17.1) is reduced to the cosine law formula: 

to = eB{mim 2 )~^^'^ cos6, (17-2) 

where 6 is the angle between the field and the c-axis. A second and much 
easier way of verifying a 2D conduction is to measure the de Haas-van Alphen 
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(a) Tunneling junction 




Figure 15.3: Three types of weak links. 

The oxide layer that allows supercurrent tunneling, shown in Fig. 15.3 (a), 
is called a tunneling junction. Similar effects can be produced by constriction 
(b) and point contact (c). Any of the three is called a weak link or a Josephson 
junction. 

We now take a ring-shaped superconductor with two Josephson junctions 
as shown in Fig. 1.8. Below the current may split in two branches and 
rejoin. If a very weak magnetic field is applied normal to the ring and is 
varied, the current I has an oscillatory component, as shown in Fig. 1.9 [3]. 
The oscillatory part can roughly be represented by 

I = -fmax COS(7T$/$o), % = TT/l/e, (15.1) 

where $ is the magnetic flux enclosed by the ring: 

$ = BA, A = 7rr^ (r ~ 1 mm); (15.2) 

and /niax is a constant. This is a supercurrent interference. The two super- 
currents separated by 1 mm can interfere just as two laser beams from the 
same source. 

This interference may be explained as follows. We divide the steady su- 
percurrents in two, as shown in Fig. 15.4, where (a) represents the current 
in the absence of B, and (b) the diamagnetic current going through two 
junctions. The diamagnetic current is similar to that appearing in the flux 
quantization experiment discussed in Section 13.1. Junctions allow the mag- 
netic flux $ to change continuously, which generates a continuous current. 
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Figure 17.3; Angular dependence of the reduced effective mass in (a) k - 
(ET) 2 Cu(NCS )2 and (b) a-(ET 2 )(NH 4 )Hg(SCN) 4 . An angle of 0° means H is 
perpendicular to the conducting plane. The solid fits are obtained using Eqs. 
(17.2) and (17.3). After Wosnitza et al. [12]. 



(dHvA) oscillations and analyze the orientation dependence of the dHvA 
frequency with the help of Onsager’s formula: [11], 



A 




27re 1 

XI’ 



(17.3) 



where A is the extremum inter sectional area of the Fermi surface and the 
planes normal to the applied magnetic field B. Recently Wosnitza et al. [12] 
reported the first direct observation of the orientation dependence (cos 9 law) 
of the dHvA oscillations in /^-(ET) 2 Cu(NCS )2 and a-(ET) 2 (NH 4 )Hg(SCN) 4 , 
both layered organic superconductors, confirming a right cylindrical Fermi 
surface. Their data and theoretical curves are shown in Fig. 17.3. Notice 
the excellent agreement between theory and experiment. Measurements of 
orientation-dependent magnetic or magneto-optical effects in high-Tc super- 
conductors are highly desirable, since no transport measurements alone can 
give a conclusive test for a 2D conduction because of unavoidable short cir- 
cuits between layers. 
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(a) (b) 



Figure 17 . 4 : (a) La2_iSriCu04. (b) Nd.2_xCea;Cu04_5. Small black • (large 
white o) balls represent Cu ( 0 ). 

17.3 Selected Cuprate Superconductors 

A number of cuprate superconductors have been discovered. Some important 
ones are discussed here. 

(a) La2Cu04 and La2-3;Sra;Cu04. 

La2Cu04 (parent) and La2_a;Sra;Cu04 (daughters) are a simplest cuprate 
(superconductor) system, whose lattice structure is shown in Fig. 17.4 (a). 
EachCu (•) is surrounded by six O’s (o) as shown. This structure is called the 
perovskite (K 2 N 1 F 4 ) structure. The parent La2Cu04 is an antiferromagnetic 
insulator with Neel temperature = 270 K. The erystal as a whole must be 
electrically neutral. We assume that Cu (O) in the copper plane are ionized in 
+2e (— 2e). Hence this plane, having twice as many O’s as Cu’s, has ionicity 
per unit cell — 2e. The plane is sandwiched by the positively ionized blocks 
La 202 with the ionicity of +2e, assuming that the divalent La is ionized 
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in +3e. The doped divalent strontium (Sr) replaces trivalent lanthanum 
(La). The doping takes away electrons from the copper plane through the 
perovskite structure and generates “holes”, making a p-type conductor. The 
daughters La2_iSra;Cu04 are superconductors in the concentration (x) range 
(0.06 < X < 0.26). The highest T^ is 43 K at a: = 0.15. Although Tc 
is not very high, this system is the simplest cuprate and has been studied 
extensively. 

(b) Nd2Cu04_5 and Nd2_a;Cea;Cu04_5. 

The lattice structure of Nd2Cu04 is shown in Fig. 17.4 (b). Each Cu 
is surrounded by four O’s. The doped quadrivalent cerium (Ce) replaces 
trivalent neodymium (Nd). The parent Nd2Cu04 is an antiferromagnetic 
insulator with Neel temperature Ta — 220 K. The doping introduce elec- 
trons in the copper plane, making an n-type conductor. The daughters 
Nd2_xCea;Cu04_5 with small oxygen defect (5) are superconductors in the 
range (0.13 < x < 0.18). The highest Tc is 42 K. The dominant carrier in 
the supercurrent is - pairon while that in most other cuprates is + pairon. 

(c) YBa2Cu307_5 (YBCO or Y system). 

The Y in YBa2Cu307_5 can be replaced by La, Nd, Sm, Eu, Gd, Dy, 
Ho, Er, Tm, Yb, Lu. This system with optimum 0-concentration 6 can 
attain a Tc (~ 90 K) higher than the liquid nitrogen temperature (77 K). 
The materials in the Y system show good superconducting properties and 
have been studied extensively. 

The lattice structure of YBa2Cu307 {6 = 0) is shown in Eig. 17.5, where 
O’s are represented by networks and others (L, Ba, Cu) by balls. There 
are two copper planes per unit cell separated by a Y-plane, which has no 
O’s. Each Cu in the copper plane therefore is surrounded by five O’s at the 
pyramidal sites. Along the c-axis Y and Ba form a series: Ba, Y, Ba, Ba, Y, 
Ba, ... . The lattice contains Cu’s besides those in the copper planes. Those 
Cu’s are in the CuO plane sandwiched between the Ba-planes. They form a 
linear chain Cu, O, Cu, ... along the 6-axis, see Eig. 17.2. The O’s in the 
CuO plane are liable to dissociation by means of the oxygen partial pressure 
and also by changing temperatures. The excess oxygen content 6 can be 
varied from 0 to 1. This content 6 affects effectively the “hole” concentration 
in the copper plane. 
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Figure 17.5: Lattice structure of YBa 2 Cu 307 . The lines represent 0-networks. 



(d) Bi2Sr2Ca.^_xCu.ji044.2n-f-fi) Tl2Ba.2C'a.f^_rCuJ^04_|.2T^^-(5 



The n in these systems ean be ehanged: n = 1, 2, 3,... . The lattice 
structures of Bi2Sr2Can_iCu„04+2n = 1, 2, 3), which are often denoted 
by Bi-2201, Bi-2212, Bi-2223, are shown in Fig. 17.6. 

Special features are that there are Bi202 blocks. Note: the number of the 
copper planes changes with n. The three phases (a), (b) and (c) have Tc = 
20, 80, and 110 K, respectively. This feature of the variable n is important 
in basic theoretical studies and applications. Without excess oxygens {6 — 
0) parent materials are antiferromagnetic insulators. Excess oxygens are 
thought to enter the Bi202 blocks and supply “holes” in the copper plane. 

Tl2Ba2Can_iCu„04+2n+(5 have similar lattice structures and properties as 
Bi2 Sr 2 Ca,j_i Cun04+2n-t-« ■ 

(e) HgBa2Can-iCun02+2n+« (Hg system) 




224 CHAPTER 17. LATTICE STRUCTURES OF CUPRATES 




(c) Bi 2223 



Figure 17.6: Lattice structures of Bi2Sr2Cari-iCu„04+2n = 1, 2, 3). 

The Mercury (Hg) system is similar to the Bi system discussed in (d) 
except that Bi202 blocks are replaced by HgO. The lattice structure of 
HgBa2Cu04 (n = 1, 5 = 0) is shown in Fig. 17.7. HgBa2Ca2Cu308+5 (n = 3) 
under high pressure has = 164 K, the highest recorded [13], and has been 
studied widely. Unfortunately the Hg system is chemically active, and single 
crystals are very difficult to make. Each Cu in the copper plane is surrounded 
by four O’s at the planar sites, which is thought to be the most favorable for 
high Tc. 

TlBa2Cari_iCu„03_i_2n+5 has similar lattice structures and properties. 



(f) Other cuprates and Sr2Ru04. 
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Figure 17.7; The lattice structure of HgBa2Cu04. 

Other types of cuprate superconductors have been found. Common to 
all cuprates are the existence of the copper planes as the name indicates. In 
all of them the electrical conduction occurs in the copper planes, and hence 
they are 2D superconductors. 

Are copper ions important in 2D superconductivity? The answer to this 
question was found negative. Maeno et al. [13] discovered that Sr2Ru04, 
which has the same lattice structure as La2Cu04, see Fig. 17.4 (a), but with- 
out Cu, is superconducting at Tc = 0.93 K. Although Tc is low, this case 
indicates that the conducting character of the Cu02 plane plays the essential 
role for superconductivity rather than the actual composition. 
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for a type I superconductor. This attraction is in action also for a high- 
Tc superconductor, but it alone is unlikely to account for the much smaller 
pairon size. 

Second, we consider the optical phonon exchange. Each copper plane has 
Cu and O, and 2D lattice vibrations of optical modes are important. Optical 
phonons of lowest energies have short wavelengths, and they have a quadratic 
dispersion relation: 

£ = £q-\-Ai{K\ )‘^ -\- A2{K2 )^, (18.2) 

a\ 02 

where £q, Ai, and A 2 are constants. The attraction generated by the ex- 
change of a massive boson is short-ranged just as the short-ranged nuclear 
force between two nucleons generated by the exchange of massive pions. Lat- 
tice constants for YBCO (oi, 02 ) are (3.88, 3.82) A, and the limit wavelengths 
(Amin) at the Brillouin boundary are twice these values. The observed coher- 
ence length has the same order of magnitude as Amin^ 

Co ~ Amin = 8 A. (18.3) 

Thus the electron-optical-phonon interaction is a viable candidate for the 
cause of the electron pairing. [4] 

To see this in more detail, let us consider the copper plane. With the 
neglect of small difference in the lattice constants along the a- and fe-axes, 
Cu atoms form a square lattice of a lattice constant no = 3.85 A, as shown in 
Fig. 18.1 (a). Oxygen atoms (O) occupy mid-points of the nearest neighbors 
(Cu, Cu) in the plane. The unit cell (dotted area) is located at the center. 
Observe that Cu’s line up in the [110] and [lIO] directions with a period 
\/2ao while O’s line up in [100] and [010] with the lattice constant Uq. The 
first Brillouin zone is shown in Fig. 18.1 (b). The compound copper plane is 
likely to contain “electrons” and “holes”. In equilibrium the “electrons”, each 
having charge — e, are uniformly distributed over the sublattice of positive 
ions Cu"*"^ due to Bloch’s theorem. If the number density of “electrons” is 
small, the Fermi surface should then be a small circle as shown in the central 
part in (b). The “holes”, having charge -i-are 

the sublattice of the negative ions 0~^. If the number of “holes” is small, 
the Fermi surface should consists of the four small pockets shown in (b). 
The Fermi surface constructed here will play a very important role in our 
microscopic theory. We shall examine it from a different angle. 




18.1. 



THE HAMILTONIAN 
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Figure 18.1; (a) Copper plane, (b) The Fermi surface of a cuprate model has a 
small circle ( “electrons” ) at the center and a set of four small pockets ( “holes” ) at 
the Brillouin boundary. Exchange of a phonon can create the — pairon at (B, B') 
and the + pairon at {A,JV). The phonon must have a momentum equal to h 
times the A;-distance AS, which is greater than the minimum fc-distance between 
the “electron” circle and the “hole” pockets. 



First let us look at the motion of an “eleetron” wave paeket that extends 
over a unit eell. This wave paeket (“eleetron”) may move easily in [110] 
or [110] because the 0-sublattice charged uniformly and weakly favors the 
motion over the possible motion in [100] and [010]. In other words the easy 
axes of motion for the “electron” are the second-nearest (Cu-Cu) neighbor 
directions [110] and [lIO] rather than the first neighbor directions [100] and 
[110]. The Bloch wave packets are superposable; hence the “electron” can 
move in any direction characterized by the 2D A;- vectors with bases taken 
along [110] and [110]. Second we consider a “hole” wave packet which extends 
over a unit cell. It may move easily in [100] or [010] because the Cu-sublattice 
of a uniform charge distribution favors such a motion. 

Under the assumption of the Fer mi surfaceshown, pair-creation of ± pairons 
by the exchange of an optical phonon may occur as indicated in (b). Here 
a single-phonon exchange generates an electron transition from A in the O- 
Fermi sheet to B in the Cu-Fermi sheet and another electron transition from 
A' to B', creating the - pairon at (B, S') and the +pairon at (A, A'). From 
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momentum conservation the momentum (magnitude) of a phonon must be 
equal to h times the fc-distance AB, which is approximately equal to the mo- 
mentum of an optical phonon of the smallest energy. Thus the Fermi surface 
comprising a small “electron” circle and small “hole” pockets are quite favor- 
able for forming a supercondensate by exchanging an optical phonon. Note: 
the pairon formation via optical phonon exchange is anisotropic, yielding the 
d-wave Cooper pairs, which will be discussed in Chapter 25. 

Generally speaking any and every possible cause for the electron pairing, 
including spin-dependent one must be enumerated, and its importance be 
evaluated. However if the net interaction between two electrons due to all 
causes is attractive, pairons will be formed. Then a BCS-like Hamiltonian 
can be postulated generically irrespective of specific causes. Because of this 
nature of theory, we may set up a generalized BCS Hamiltonian as follows. [5] 
We assume that: 

1 The conduction electrons move in 2D. 

2 There exists a well-defined Fermi energy Sp for the normal state. 

3 There are “electrons” and “holes” with different effective masses: 

mi 7 ^ m 2 - ( 18 - 4 ) 



4 The electron-phonon attraction generates pairons near the Fermi sur- 
face within a distance (energy) £c — %ujd. 

5 The interaction strengths Vij satisfy 

^11 = '^22 < "^12 = ?^ 21 , ( 18 . 5 ) 

o 

since the Coulomb repulsion between two electrons separated by 10 A 
is not negligible due to the incomplete screening. 



Under these conditions we write down a generalized BCS Hamiltonian: 






-( 2 )^( 2 ) 
'fc '''k,s 



-EEE'[“n<>'< + 

k q k' 



(18.6) 




18.2. THE GROUND STATE 



231 



Assumption 3 will be explained next seetion. All other assumptions are 
essentially the same as those for elemental superconductors, and detailed 
explanations were given in Section 7.2. In summary we assume the same 
generalized BCS Hamiltonian for cuprates. Only 2D electron motion, optical- 
phonon exchange attraction and inequalities (18.5) are newly introduced. 

18.2 The Ground State 

In section 7.2 we studied the ground state of the generalized BCS system. We 
can extend our theory to the cuprate model straightforwardly. We simply 
summarize methods and results. At OK there are only stationary pairons 
described in terms of (6, b^). The ground state T' for the system can be 
described by the reduced Hamiltonian per unit volume given by 

k s k s 

k k' 

(18.7) 

Following BCS [7], we assume the normalized ground-state ket 

I*) - io), ( 18.8) 

k k' 

where u’s and r»’s are probability amplitudes satisfying 

= (18.9) 

We now determine «’s and u’s such that ground state energy 

W ^ (»ih„i«>) = e'24V^ + E'24H'’' 

-E'E' E E (is-io) 

k k' i j 

have a minimum value. After variational calculations, we obtain 

24"^'^k^4' ^ = o- (is-n) 

k' 
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To simply treat these equations subject to Eqs. (18.9), we introduce a set of 
energy-parameters : 



A 



0) 

k ) 






eP + Ai 



1/2 



(i)2 

k 



such that 



u, 



0')2 _ „ 0')2 _ ffc 



(j) 



Uk' = 



E; 



or 

tc 



0).J.0) _ ^k 

«k Ilk 






Then, Eq. (18.11) can be re-expressed as 






k' 



2E^^)'' 



(18.12) 

(18.13) 



(18.14) 



which are the generalized energy gap equations. These equations can alter- 
natively be obtained by the equation- of-motion method. 

Using Eqs. (18.13) and (18.14), we calculate the ground-state energy W 
and obtain [Eq. (7.28)] 



W 



- E'E^rr^-E'E'EE 



(0 (9 0) 0) 



k' 




- 0 ) 



A? 



e; 



0) 



2E, 



0 ) 



(18.15) 



The ground-state ket |4^) in Eq. (18.8) is a superposition of many-pairon 
states. Each component state can be reached from the physical vacuum 
state jo) by pair creation and/or pair annihilation of ± pairons and by pair 
stabilization via a succession of phonon exchanges. Since phonon exchange 
processes are charge-conserving, the supercondensate is composed of equal 
numbers of ± pairons. In the bulk limit we obtain 




= ^No(wi + W2), 



(£2 + A2)V2 






2(e2 + A2 )i/2 



(18.16) 



i = ^W£){1 — [l -(- [AijhuJD)^ ^ } (< 0), 



W, 



(18.17) 
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Nq = hujDU{U). (18.18) 

The binding energies IrOjl for ±pairons are different. To proceed further 
we must find from the gap equations (18.14). In the bulk limit, these 
equations are simplified to 

huiD hujD 

1 r A 1 f A 

0 0 

= -r’jiAf(0)Aisinh“^(^u;£,/Ai) + -Uy2A/’(0)A2 sinh“^(^a;£)/A2), 

Zi Li 

(18.19) 



whose solutions will be discussed in Section 18.5. 

18.3 High Critical Temperature 

In a cuprate superconductor, pairons move in the copper plane with the linear 
dispersion relation: 

£ = {2I'k)vfP — cp. (18.20) 

Earlier in Section 9.1, we saw that free bosons moving in 2D with the dis- 
persion relation e = cp undergoes a B-E condensation at [Eq. (9.11)] [6] 

Tc = 1.954 (18.21) 

After setting c = (2/7r)uir, we obtain 

ksTc = 1.2AhvFnl^^ = 1.24^UFro‘\ (18.22) 

where no represents the number density of pairons in the superconductor and 
vq = is the average interpairon distance. 

Let us compare our results with the case of elemental (type I) supercon- 
ductors. The critical temperature Tc for 3D superconductors is 

ksTc = 1.01 hvFn^^^ = 1.01 hvpVQ^, (18.23) 

[Eq. (9.38)]. The similarity between Eqs. (18.22) and (18.23) is remarkable; 

in particular Tc depends on (uf, t^o) nearly in the same way. Now the inter- 

pairon distance tq is different by the factor 10^ ~ 10^ between type I and 
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cuprate. The Fermi velocity vp is different by the factor 10 ~ 10^. Hence the 
high critical temperature is explained by the very short interpairon distance, 
partially compensated by a smaller Fermi velocity. 

The critical temperature Tc is much lower than the Fermi temperature 
Tp- The ratio TjTp computed from Eq. (18.22) is 



kpTp - -m*vl - 



2m* 




( 18 . 24 ) 



yielding 

^ = 0 . 99 —, ( 18 . 25 ) 

If 'T'o 

which represents the law of corresponding states for Tc in 2D superconduc- 
tors. Note: Eq. (18.25) is remarkably close to the 3D formula (9.48). 

If we assume a 2D Cooper system with a circular Fermi surface, we can 
calculate the ratio Ro/ro and obtain 



ro \2 TfJ 



( 18 . 26 ) 



Introducing the pairon formation factor a, (see Section 9.4), we rewrite Eq. 
(18.25) as 

Tc = 0.70 aiSoTpY^^, ( 18 . 27 ) 

which indicates that Tc is high if Ti? and 0 d are both high. But the power 
laws are different compared with the corresponding 3D formula (9.54). The 
observed pairon formation factor a for cuprates is in the range ~ 10“^, much 
greater than that for elemental superconductors. This is reasonable since the 
2D Fermi surface has an intrinsically more favorable symmetry for the pairon 
formation. 

We saw earlier that the interpairon distance ro in 3D is several times 
greater than the coherence length (q = [7] For 2D, we obtain from 

Eq. (18.22) 

ro = 6.89^0- (18.28) 

Thus the 2D pairons do not overlap in space. Hence the superconducting 
temperature Tc can be calculated based on the free-moving pairons. Experi- 
ments indicate that = 14 A and Tc = 94 K for YBCO. Using these values, 
we estimate the value of the Eermi velocity vp fromEq. (18.22): 

vp — 10^ ms“^ 



5 



( 18 . 29 ) 
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Figiire 18.2: The electronic heat capacity near the critical temperature in poly- 
crystal YBCO, after Fisher et al. [8]. 

which is reasonable. 

The smallness of vp partly explains the high thermodynamic critical field 
He of these materials, since HcOevp- 



18.4 The Heat Capacity 

We first examine the heat capacity C near the superconducting transition. 
Since Tg is high, the electron contribution is very small compared with the 
phonon contribution. The systematic studies by Fisher et al. [8] of the heat 
capacities of high-Tc materials (polycrystals) with and without applied mag- 
netics fields indicate that there is a distinct maximum near Tc. A summary 
of the data is shown in Fig. 18.2. Since materials are polycrystals with a size 
distribution, the maximum observed is broader compared to those observed 
for pure metals. But the data are in agreement with what is expected of a 
B-E condensation of free massless bosons in 2D, a peak with no jump at Tc 
with the T^-law decline on the low temperature side. Compare Fig. 18.2 
with Fig. 8.2. 

Loram et al. [9] extensively studied the electronic heat capacity of YBa 2 CuOe 
with varying oxigen concentration. A summary of their data are shown in 
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Figure 18.3: Electronic heat capacity plotted as Cei/T after Loram et al. [9] for 
YBa 2 Cu 306 + 2 ; with the x values shown. 

Fig. 18.3. The maximum heat capacity at Tc with a shoulder on the high 
temperature side can only be explained naturally from the view that the su- 
perconducting transition is a macroscopic change of state generated by the 
participation of a great number of pairons with no dissociation. The standard 
BCS model predicts no features above Tc. 

18.5 Two Energy Gaps; Quantum Tunneling 

o 

The pairon size represented by the coherence length for YBCO is 14 A. 
The density of conduction electrons that controls the screening effect is not 
high. Then the Coulomb repulsion between the constituting electrons is not 
negligible, so the interaction strengths satisfy the inequalities: 

Wll = '^22 < '^12 = (18.30) 

As a result there are two quasi-electron energy gaps (Ai, A 2 ) satisfying 

Aj == \ VjiM{C) sinh~^ {hup/ A^) . 



(18.31) 





Chapter 18 

High-Tc Superconductors 
Below Tc 



High-Tc superconductors exhibit five main superconducting properties below 
Tc- zero resistance, Meissner effect, flux quantization, Josephson effects, and 
gaps in the excitation energy spectra. In addition they are characterized by 
a 2D conduction, a short coherence length (~ 10 A), a high Tc (~ 100 K), 
type II magnetic behavior two energy gaps, and d-wave Cooper pair wave 
function. These properties are discussed based on the generalized BCS model 
with 2D band structures, optical phonon exchange attraction, and different 
interaction strengths Vij. 



18.1 The Hamiltonian 

Since the electric current flows smoothly in the copper planes, there are con- 
tinuous fc- vectors and the Fermi energy ep- Many experiments [1-3] indicate 
that singlet pairs with antiparallel spins (pairons) form a supercondensate 
whose motion generates supercurrent. 

Let us exa mi ne the cause of the electron pairing. We first consider the 
attraction via the longitudinal acoustic phonon exchange. Acoustic phonons 
of lowest energies have the linear dispersion relation: 

e = CghK, K ^ 27t/A, (18-1) 

where Cg is the sound speed. The attraction generated by the exchange 
of longitudinal acoustic phonons is long-ranged. This mechanism is good 
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RATIO OF INTERACTION STRENGTHS Vij/ V,, 



Figure 18 . 4 : Variation of the ratio A1/A2 as a function of the ratio Uii/ui2- 



The ratio A1/A2 and its inverse A2/A1 satisfy the same equations sinee 
^11 = ^^22 and V12 = V21. This means that we eannot determine from 
Eqs. ( 18 . 31 ) alone whieh types of pairons have the higher energy gaps Sj = 
Egj. To answer this question, we must examine the behavior of exeited 
pairons. At any rate the ratio A1/A2 (or A2/A1) varies with the ratio 
of the interaetion strengths, vi2/vn. This behavior is shown in Fig. 18 . 4 . 
The values of the ratio A1/A2 ehange signifieantly near ^12/^11 = 1 . Ex- 
amining Eqs. ( 18 . 17 ) reveals that the greater the gaps Aj, the greater is the 
binding-energy |raj|. Henee, pairons with greater Aj are major eontributors 
to ground-state energy. Pairons with smaller gaps Cj are easier to exeite, and 
these eome from smaller gaps with smaller Aj. The situation is thus rather 
eomplieated. In any event there are two energy gaps (ei, £2)- Using this faet 
we now diseuss the behavior of pairon energy gaps in quantum tunneling ex- 
periments. The appearanee of the energy gaps is one of the most important 
signatures of a supereondueting state. A great number of quantum- tunneling 
studies have been made. [ 10 ] Sinee euprate supereonduetors are eeramies and 
eontain many imperfeetions, a wide range of seattered data were reported. 
The following general features however stand out: asymmetrie I-V eurve for 
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S-I-N systems, a wide scatter of energy gaps data, dand complicated conduc- 
tance (d//dl^)-voltage (V)curves. We comment on these features separately. 

18.5.1 Asymmetric 1-V Curves for S-l-N 

In Section 11.2 we showed that the I-V curve for a S1-I-S2 (N) must in general 
be asymmetric. Briefly if the bias voltage is reversed, different charge carriers 
are involved in the quantum tunneling. Since moving pairons have two energy 
gaps (ei, £ 2 ), threshold energies {Vn, ¥ 12 ) are different, generating easily 
recognizable asymmetries. (For a type I superconductor, there is a single 
energy gap (ei = £ 2 ) and a single threshold voltage Vt for both polarities.) 
In actual data for cuprate superconductors, the difference between Vn and 
Vt 2 is less than 3%, indicating 

(18.32) 

18.5.2 Scattered Data for Energy Gaps 

In Section 10.3, we showed that threshold voltage Vt for an S-I-N depends 
on the nature of the metal N. There are two cases: a normal state super- 
conductor and a true normal metal like Na. The threshold voltages are then 
different by the factor of 3: 

3K = K, (18.33) 

which is consistent with most of the data on high-Tc superconductors. For 

S=YBCO, 



|£i - g2| 
£1 



< 0.03. 



214 = 8 ~ 10 mV and 2V:(Pt) = 20 ~ 25 mV. (18.34) 

All experiments were done without knowledge of Eq. (18.33). Therefore 
no efforts were made to use different metals intentionally for N. Further 
systematic experiments are required to see how well Eq. (18.33) is observed. 

18.5.3 Complicated I-V Curves 

Energy gaps (ei, £ 2 ) have a small difference. Hence pairons of both charge 
types are excited, generating complicated I-V curves. In summary the data 
for quantum tunnelings in high-Tc superconductors show more complicated 
features compared to the case of type-I superconductors. All of the features 
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coming from two pairon energy gaps ( ei , 62 ) are in qualitative agreement 
with experiment. 




Chapter 19 

Doping Dependence of Tc 



The critical temperature Tc in La2-iSrj;Cu04 has a dome-shaped concen- 
tration (x) dependence. This is microscopically explained, starting with a 
generalized BCS Hamiltonian and using the band structures of electrons and 
phonons. The disappearance of Tc at the end of the overdoping region, which 
coincides with the sign change of the Hall coefficient Rjf is shown to arise 
from the curvature inversion of the O-(Cu-) Fermi surface. 



19.1 Introduction 

The doping dependence of the critical temperature Tc has been recognized 
ever since the first discovery of a high-Tc superconductor by Bednorz and 
Muller [1]. The systematic studies of Tc in La2_xSrj;Cu04 [2-3] indicate that 
Tc has a maximum about 40 K at concentration x = 0.15 and decreases on 
both sides in the range (0.06 < x < 0.25), see Fig. 19.1(a). Similar doping 
behaviors were observed for other systems (YBa2Cu307_^, Tl2Ba2Cu06+5). 
In these materials each Cu in the copper plane (CUO2) is surrounded by six 
(6) O’s, see Fig. 17.3 (a), and the conduction is p-type. In contrast each 
Cu in the copper plane of Nd2_xCea;Cu04_5 is surrounded by four (4) O’s, 
see Fig. 17.3 (b) and the conduction is n-type [3]. This material exhibits 
a similar doping dependence of Tc on x in the range (0.13 < x < 0.18) [3]. 
In this chapter we show that the doping dependence of Tc can be explained 
based on the generalized BCS model which incorporates the electron energy 
bands and optical-phonon exchange interaction. 
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Figure 19.1: (a) Phase diagrams for Nd 2 _xCe 3 ;Cu 04 _i and La 2 _a;SrxCu 04 . (b) 
The doping dependence of Hall coefficient Ru for the two systems, after Takagi 
[3], 

19.2 Critical Temperature Tc 

BCS introduced electron-pair operators [4]: 

h = c[c^-k^ bk = c.^kCk, (19.1) 

where (c, c^) are electron operators (spin indices omitted) satisfying the Fermi 
anticommutation rules. They investigated the commutators among b and b^, 
which do not satisfy the usual Bose commutation rules. Based on this and 
b\ = 0, BCS did not eonsider the bosonic nature ofpairons. In fact, BCS used 
6^ = 0 to construct the ground state to show that the ground-state energy is 
lower than that of the Bloch system without the pairing interaction. Based 
on the wavefunction symmetry argument Feynman [5] noted that the pairons, 
whose CM motion generate a supereurrent, move as bosons, and proeeeded 
to derive the Josephson-Feynman equations [6]: 

= 2eF, % = -iosin6, V — voltage difference, Iq — constant, 
at 

(19.2) 

governing the current i across a Josephson junction generating the phase 
difference 5. As we saw in seetion 8.2, the eigenvalues for ni 2 = ^ki^k^^ki^ki = 
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c|c 2 C 2 Ci in the pair-states (^ 1 ,^ 2 ) are limited to 0 or 1 (fermionic property) 
while the eigenvalues of the pair number operator 



^0 = 

k 


(19.3) 


are non-negative integers (bosonic property): 

^0 ~ 9, 1 , 2 , . . . 


(19.4) 



Both fermionic and bosonic natures of the pairons must be used in the total 
description of superconductivity. The most significant signature of bosonic 
pairons is the Bose-Einstein Condensation (BEC). 

The flux ($) quantization experiments [7] show that 



4> 

<l>o 



= n = 0,1,2,..., 

_ h 'Kh 

^ “ T’ 



(19.5) 

(19.6) 



indicating that the carriers in the supercurrent are pairons having charge 
magnitude 2e. The supercurrent runs persistently. Hence the momentum 
state along the ring, 

27rh . . 

Pn = -r (19-7) 



with L being the ring circumference, is also an energy-eigenstate so that 



£n — ! 



(19.8) 



meaning that the condensed pairons move independently. The Josephson 
interference in a SQUID [8] indicates that two supercurrents macroscopically 
separated up to 1 mm can interfere just as two laser beams coming from 
the same source. This means that the condensed pairons move with a non- 
dispersive linear dispersion relation: e = cp, (c = constant). Cooper solved 
the Cooper equation (19.1), and obtained a linear dispersion relation for 
moving pairons (unpublished). 

Wp = Wo^ {II‘2 )vfP, (3D), (19.9) 

where Wo is a negative pairon ground-state energy and vp the Eermi velocity. 
Eormula (19.9) is recorded in Schrieffer’s book [9], Eq. (2-15). If the pairon 
moves in 2D, the relation changes slightly: 



Wp = Wo + {2/7t)vfp, (2D). 



(19.10) 
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The BEC temperature Tc for free massless bosons moving in D dimension 
can be found from 



no 



1 



d^p 



{27rh) 



D 



exp(e/A;jjTc) - l’ 



{e = cp) 



(19.11) 



Using (19.10)-(19.11), we obtain 



rp jks {3D) 

" ^ l.2AhvFnl^^/kB {2D). 



(19.12) 



The 2D BEC is noteworthy since the BEC of massive bosons (s = p^ /2m) 
is known to occur in 3D only. This is not a violation of Hohenberg’s theorem 
[10] that there can be no long range order in 2D, the theorem derived with 
the assumption of an f-sum rule representing the mass conservation law. The 
theorem does not hold for massless bosons. There is no BEC in ID. Eormulas 
(19.12) for the BEC temperature are obtained with the assumption of free- 
moving pairons, which can be justified as follows. The interpairon distance 
To computed from (19.12), 



To = 



Uq = 1.01 hvp / {k^Tc) {3D) 
= 1.2AnvF/{kBTc) {2D), 



(19.13) 



are compared with the zero-temperature BCS pairon size [4] 



* kvp „ „ hvp 
Erom the last two equations we obtain 






5.6 (3D) 

6,9 {2D), 



(19.14) 



(19.15) 



indicating that the condensed pairons do not overlap in space, whence the 
free pairon model can be used to evaluate Tc. 

In the present work we regard the BEC temperature Tc as the super- 
conducting temperature. Such a view was proposed previously by Ogg and 
others [11]. Since superconductivity and superfluidity are remarkably sim- 
ilar, a unified BEC approach is natural and desirable [12]. In particular 
Schafroth, Blatt and Butler [13] (SBB) proposed that the superconducting 
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transition can be regarded as a BEC of massive{M) bound pair of eleetrons 
having a quadratie relation: 

' = if- ( 18 . 16 ) 



A signifieant difficulty of the SBB model is that the interpair distanee vq 
caleulated from the eritieal temperature 



Tc = 3.31 h\MkBy^nl^^ 



( 19 . 17 ) 



for a system of free pairs with the mass M 2me) moving in 3D, is smaller 
than the pairon size i^Q) and hence the pairs must overlap in space and eannot 
move independently. Attempts for overcoming this difficulty have been made 
by Leggett [14], Nozierers and Schmitt-Rink [15] and others with limited 
successes. We stress that our quantum statistical theory using the linear 
dispersion relation (19.9) has no such difficulty. Besides, our theory yields 
an exaet expression for Tc for a 2D system (euprate superconduetor). 

We stress that formulas (19.12) were independent of the famous BCS 
formula (in the weak eoupling limit): 



Tc = 1.13hu)D exp 



1 

voAf{0) 



( 19 . 18 ) 



The pairon density no and the Fermi velocity vp appearing in (19.12) ean be 
experimentally determined from the data of the resistivity, the Hall coeffi- 
cient, the Hall angle, the speeific heat, and the supereondueting temperature, 
while the BCS formula (19.18) contains the pairing strength vq, which ap- 
pears together with the density of sates at ffi?, ^"(0), and is hard to determine 
unambiguously. 



19.3 Doping Dependence of % 

Let us eonsider La 2 _iSra;Cu 04 . The parent material La 2 Cu 04 is an antifer- 
romagnetic insulator with transition temperature Ta = 270 K. Substitution 
of trivalent La by divalent Sr ehanges the ionicity in the La202 bloeks neigh- 
boring the copper plane, see Fig. 18.2 (a). Sinee O’s are eonneeted in the 
perovskite, this doping ehanges the eleetron density at O’s in the copper 
plane, and hence the 0-Fermi surface. This density ehange adversely affeets 
the antiferromagnetic state and hence the Neel temperature T^ deelines. The 
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Figure 19.2; The doping in La 2 _a:Sra;Cu 04 reduces the electron density at O’s 
and hence changes the 0-Fermi surface. The Fermi surface at optimum doping 
is shown in (b). Further doping generates a curvature- inversion of the 0-Fermi 
surface: (c)— >(d). The “holes”-like Fermi surface disappears in (a) as x is reduced 
to 0.06. 



doping destroys the antiferromagnetic phase at x = 0.02. A further doping 
changes the “hole” density and the 0-Fermi surface so that ±pairons are 
created by optical-phonon-exchange attraction, generating a superconduct- 
ing state (0.06 < x < 0.25). For comparison consider Nd2-xCej;Cu04. The 
parent material Nd2Cu04, see Fig. 17.4 (b), has no apical oxygen and each 
Cu in the copper plane is surrounded by four O ' s. Substitution of trivalent 
Nd by quadrivalent Ce changes the ionicity in Nd202 blocks. This doping 
changes the electron density at Cu’s in the copper plane and the Cu-Fermi 
surface. 

A summary of the data [2] for the dependence of Tc for La2_o;Sr3;Cu04 
on the concentration x is shown in Fig 19.1 (a). The dome-shaped curve can 
be explained as follows. We assume that the Fermi surface at the optimum 
doping (highest Tc) is the same as that in Fig. 17.2, which is reproduced 
in Fig. 19.2 (b). The doping decreases the electron density at O’s and the 
curvature of the 0-Fermi surface eventually changes its nature from “hole”- 
Irke in (c) to “electron”-like in (d), where no “holes” are present and hence no 
pairons can be generated. This corresponds to the fall of Tc at the end of the 
overdoping {x — 0.25). The curvature change can be checked by observing 
the Hall coefficient Rh- Experiments [16] show that 



Rff >0 for a; < 0.25 

Rh <0 for a: > 0.25. 



(19.19) 
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Figure 19.3: The doping in Nd 2 -o;Cea;Cu 04 increases the electron density at Cu's 
and hence changes the Cu-Fermi surface. The Fermi surface at optimum doping 
is shown in (b). Further doping induces a curvature-inversion of the Cu-Fermi 
surface (c)— >(d) as X changes from 0.13 to 0.18. 



The absolute values \Rh\ (~ 10~'^ cm^/C) near the inversion point x = 
0.25 are relatively small, and they are nearly equal to eaeh other on both 
sides of this point. These experimental data are in accord with the physical 
picture that the Fermi surface is large and nearly equal in size near the 
inversion point, see Fig. 19.2 (c) and (d). Reduction of the doping increases 
the electron density at O’s and makes the “hole” pocket size smaller and 
eventually the “hole”-like Fermi surface disappears at x = 0.06 as indicated 
in (a), where no “holes” are present and hence no pairons can be generated. 
The change in the curvature of the Fermi surface originates in the fact that 
the surface must approach the Brillouin boundary at right angles, which 
arises from the mirror symmetry possessed by the Cu 02 lattice. 

Consider now Nd 2 -iCea;Cu 04 . The doping increases the electron density 
at Cu’s in the copper plane. The Cu-Fermi surface in the center grows and 
it is “electron”-like as the electron density increases as indicated in Fig. 19.3 
(a)-(b). Further doping (increased electron density) eventually causes an 
curvature inversion of the Cu-Fermi surface from “electron”-like in (c) to 
“hole”-like in (d). In (d) (x = 0.18) the system contains “holes” only, and 
cannot pair-create ± pairons, and hence Tc must vanish. Fig. 19.1 shows a 
summary of data for both systems, indicating the connection between the 
fall of Tc and the inversion of the Fermi surface (the sign change of Rh)- 

Other cuprates including YBa 2 Cu 307 _^, BaPbi^^jBij^Os, show also dome- 
shaped doping dependence. In our theory the fall of Tc at the over doping 
end is interpreted in terms of the curvature inversion of the Fermi surface. 
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To test this feature experimental observation of the sign change of Rh at the 
overdoping end in all cuprates is highly desirable. 

In summary we regard the exchange of a longitudinal optical phonon 
between a pair of conduction electrons in a cuprate as the cause of the super- 
conductivity. By the acoustic phonon exchange, the pairons are stabilized. 
The pairon moves in the copper plane with a linear dispersion relation. Since 
the pairon is composed of two electrons, its CM motion is bosonic. We regard 
the BEC temperature of independently moving pairons as the superconduct- 
ing temperature which depends on the pairon density no- This density uq 
depends critically on the Fermi surface of electrons. The doping can change 
the electron density at O (Cu) and the Fermi surface. The highest Tc temper- 
ature corresponds to the greatest pairon density. The overdoping eventually 
causes the curvature inversion of the Fermi surface and leads to a vanishing 
superconductivity. We note that the same model can account for the d-wave 
pairon formation with strong binding along the a-and 6-axis of the copper 
plane, see Chapter 25. 




Chapter 20 

Transport Properties Above Tc 



Magnetotransport properties in Nd2_xCeaCu04, and La2_xSr:cCu04 above 
Tc show unusual behaviors with respect to the temperature (T)- and doping 
concentration (a::)-dependence. The resistivity p in optimum samples shows 
a T-linear behavior while that in highly overdoped samples exhibits a T- 
quadratic behavior. The cot0H, Oh — the Hall angle, shows a T-quadratic 
behavior. The Hall coefficient Rh changes the sign as the concentration x 
passes the super-to-normal phase. We shall explain these properties based on 
the independent pairon model in which ±pairons and conduction electrons 
are carriers in the superconductor. 

20.1 Introduction 

A summary of data for the resistivity p in various cuprates at optimum doping 
is shown as solid lines in Fig. 20. 1 [1]. The T-linear behavior: 

p a T (20.1) 

has been observed ever since the discovery of the first high-Tc superconductor 
by Bednorz and Muller [2]. Data for p in highly overdoped samples are shown 
in dotted lines; they show a T-quadratic behavior. The cot Oh, Oh = the Hall 
angle, follows a T-quadratic behavior 

cot Oh oiT'^. (20.2) 

Data for the Hall coefficient Rh in Nd2_xCea;Cu04, and La2_xSrj;Cu04 versus 
the “electron” (“hole” )-concentration are shown in Fig. 20.2 (b) [3, 4]. Note 
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Figure 20.1: Resistivity in the ah plane, versus temperature T. Solid lines 
represent data for cuprates at optimum doping and dashed lines data for highly 
overdoped samples, after lye [1] 

that the sign change in Ru at the end of the overdoping region (dash-dot 
lines). Also note that \Rh\ is smaller for higher T and for greater x in su- 
perconductor samples. These data clearly indicate that at least two (charge) 
carriers contribute to the electrical conduction. We shall show that the un- 
usual magnetotransport properties can quantitatively be explained based on 
a two-carrier model, in which fermionic electrons and bosonic parrons are 
scattered by acoustic phonons. 



20.2 Simple Kinetic Theory 

20.2.1 Resistivity 

We use simple kinetic theory to describe the transport properties. [5] Kinetic 
theory originally was developed for a dilute gas. Since a conductor is far from 
being the gas, we shall discuss the applicability of kinetic theory. The Bloch 
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Figure 20.2: (a) Phase diagrams for Nd 2 _iCea;Cu 04 , and La 2 _ 2 ;Sra;Cu 04 . (b) 
Doping dependence of Hall coefficient Ru, after Takagi [3]. 



wave packet in a crystal lattice extends over one unit cell or more, and the 
lattice-ion force averaged over unit cell vanishes, see Eq. (3.36). Hence the 
electron (“electron”, “hole”) runs straight and changes direction if it meets an 
impurity or phonon (wave packet). The electron-electron collision conserves 
the net momentum and hence its contribution to the current correlation 
function [6] is zero. Upon the application of a magnetic field, the system 
develops a Hall electric field so as to balance out the Lorentz magnetic force, 
see Fig. 20.3 (a). Thus the electron still moves straight, which makes the 
kinetic theory applicable. 

Consider a system of “holes”, each having effective mass mi and charge 
e, scattered by phonons. Assume a weak electric field E applied along the 
x-axis. Newton’s equation of motion for the “hole” with the neglect of the 
scattering is midvx/dt = eE. Solving it for and assuming that the accel- 
eration persists in the mean free time ti , we obtain 



Vd = 



eE 
— n 

mi 



(20.3) 
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for the drift velocity Vd- The current density (x-component) j is 

j = eniVd = — niTiE, 
mi 



(20.4) 



where rii is the “hole” density. Assuming Ohm’s law: j = aE, we obtain an 
expression for the electrical conductivity: 



0-1 



1 

— ni — , 
mi 7i 



(20.5) 



where 71 = Ti ^ is the scattering rate. This rate can be computed, using 



7i = 'riphVFSi, 



( 20 . 6 ) 



where .S'! is the scattering diameter. If acoustic phonons having average 
energies: (huiq) = aohcuf, -CksT, ckq ~ 0.20 are assumed, the phonon number 
density is [6] 



IcrT 

n-ph = na\exp{aQhjjDl^BT) - 1]“^ (20.7) 

where ria = (27t)~^ f (Pk is the small k-space area where the acoustic phonons 
are located. 

Using (20.5)-(20.7), we obtain 



ae^ui _ aohujz) 

T ’ namikBVpSi ' 



( 20 . 8 ) 



Thus resistivity p (conductivity a) is (inversely) proportional to T. 

Let us now consider a system of +pairons, each having charge +2e and 
moving with the linear dispersion relation: e — cp. Since Uj; = [de/ dp){dp/ dpx) 
= c{px/p), Newton’s equation of motion is [7] 



p dvx 
c dt 



e dvx 
(? dt 



--- 2eE, 



(20.9) 



yielding = 2e{(?Je)Et + initial velocity. Hence we obtain 



= 2ec?T2E {e ^), 



( 20 . 10 ) 





Figiire 20.3: (a) The magnetic and electric forces (Fb,Fe) balance out to zero in 
the Hall effect measurement, (b) The Hall angle 6h- 



where t 2 is the pairon mean free time and the angular braekets denote a 
thermal average. Using this and Ohm’s law, we obtain 

ct2 = ( 2 e)^c(e“^)n 27 ^\ 72 = (20.11) 



where U2 is the pairon density. If we assume a Boltzmann distribution for 
bosonie pairons above Tc, (T > Tc), we obtain 

c\ poo 1 c\ poo 



The rate 72 is ealeulated with the assumption of a phonon seattering. We 
then obtain 



4e^c^r?,2 2e^bn2 8 aohujDVF 

ksT 72 T2 ’ “ 7t2 UaklS2 



(20.13) 



The total eonduetivity cr is ai + a2- Taking the inverse, we obtain 

_ 1 _ 

^ a e^{aniT + 26712 ) 



(20.14) 



20.2.2 Hall Coefficient 

We take a reetangular sample having only “holes”, see Fig. 20.3 (a). The 
eurrent j runs in the .z-direction. Experiments show that if a magnetie field 
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H is applied in the ^-direction, the sample develops a cross (Hall) electric 
field Eh so that the magnetic force Fb = e(vd x B) be balanced out to zero: 

e(EH + Vd X B) = 0 or Eh ~ -VdB. (20.15) 

If the sample contains +pairons only, Eq. (20.15) also holds. Since 
the “hole” and the +pairon have like charges (e,2e) the two components 
(“holes”, +pairons) separately maintain drift velocities and Hall 

fields {E^h^^P) so that 

j = l,2. (20.16) 

The total Hall field Eh is 

Eh = E^i'> + E^i\ (20.17) 



Let us check the validity. Eqs. (20.16) and (20.17) are reduced to the familiar 
one-component equations if either component is absent and also if the two 
components are assumed identical. 

The negative signs in Eqs. (20.16) mean that the Hall electric force 
Fb = eEn opposes the Lorentz-magnetic force F^. In the present geometry 
the induced field Eh for the “holes” points in the positive ^-direction. We 
take the convention that Eh is measured relative to this direction. 

The Hall coefficient Rh is defined and calculated as 



_Eh ^ + vf ^ aT + b 

~ JB + 2eu2vf^ e{aniT + 2bu2) ’ 



(20.18) 



where Eqs. (20.3) and (20.10) were used . Eormula (20.18) is obtained with 
the assumption that the carriers have like charges. If carriers have unlike 
charges, e.g. ±e, Rh has a far more complicated expression. [8] 



20.2.3 Hall Angle 

The Hall angle 6 h is the angle between the current j and the combined 
field E + Eh, see Eig. 20.3 (b). This angle 9h is very small under normal 
experimental conditions. We now consider 

n B E p 
cot Q H — „ — ■ 

Eh VdB BRh 



(20.19) 




20.3. DATA ANALYSIS 



255 




Figure 20.4; cotOfj versus T^/IO'^ for YBa 2 Cu 3 _a;Znx 07 _ 5 , B = 8 tesla, 
after Chien et. al. [9]. 



Using (20.14) and (20.18), we obtain 



cot Off = 



eB{aT + b) 



Formulas (20.14), (20.18) and (20.20) for p, Rh and cot 6 h, respectively, 
will be used for data analysis in the following section. 



20.3 Data Analysis 

A summary of the data for cotOn in YBa 2 Cu 3 _a;Zn 2 ; 07_5 [9] is shown in 
Fig. 20.4. The doped divalent Zn substitute for divalent Cu and the doping 
therefore introduces additional scatterers in the copper plane. The data may 
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be represented by 

cot 9h — cxT^ + C{x), a — constant, (20.21) 

C{x) -> 0 as rr 0. (20.22) 

The term C{x) (> 0) in Eq. (20.21) ean be regarded as the impurity (Zn) 
seattering eontribution. Thus Matthiessen’s rule holds. 

From now on we eonsider the undoped sample (» = 0, C = 0): 

cot9H = aT^. (20.23) 



This T-quadratie behavior ean be obtained from formula (20.20) if 



b „<2) 16 Si Er 



(20.24) 



whieh is reasonable sinee T <C Tp- Physieally from Eq. (20.9) low-energy 
pairons are aeeelerated strongly in proportion to and henee domi- 
nates vf\ eausing the strong inequality (20.24). 

Consider now the T-linear law for as expressed in Eq. (20.1). This be- 
havior can be obtained from formula (20.14) if 



ariiT 2bu2, 



(20.25) 



which is reasonable since the “hole” density rii is much greater than the 
pairon density ri 2 . Assuming inequality (20.24), we obtain from (20.18) 



Rh 



b 

e{aniT -f 2bn2) 



(20.26) 



The “hole” density r?,i monotonically increases with increasing x {x < 0.25) 
while the pairon density, calculated from Eq. (18.22), 



k2 

^2 = 0.65^r' (20.27) 

has a dome-shaped maximum in the superconducor phase: (0.05 < x < 0.25), 
see Fig. 20.2. (a). The critical temperature Tc is a simple function of the 
pairon density ri 2 and the Fermi speed vp- We may use this relation to make a 
numerical estimate ofri 2 . Experiments indicate that Tc — AO K , (coherence 
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o 

length) = 30 A, re = 0.15. Using these data, we obtain n2,max = 2.3 x 
10^^ cm“^, vp = 8.8 X 10® cm sec“^, which are reasonable. Experiments show 
that Rh decrease significantly in the range (0.06 < x < 0.25), see Fig. 20.2 
(b). This behavior arises from the pairon term 2bu2 in the denominator in 
Eq. (20.26). To see the temperature behavior more explicitly, we assume the 
two inequalities (20.24) and (20.25). We then obtain from Eq. (20.26) 



Rh ~ 



b 

eriiaT 



WSiEp 1 
7r‘^S2kBT eni ’ 



(20.28) 



indicating that Rh is smaller if T is high and if rii is high, in good agreement 
with the experimental data, see Fig. 20.2 (b). 

Let us now consider the overdoped sample. As noted earlier, the Hall 
coefficient in La2-i;Sra;Cu04 changes sign at the end of the overdoping 
{x — 0.25), which coincides with vanishing Tc. We interpret this change in 
terms of the curvature inversion of the 0-Fermi surface: (c)— »^(d) in Fig. 
19.2. Near the inflexion point the Fer mi surface becomes large and hence the 
“hole” (or “electron”) density is high. Hence \Rh\ should have a minimum 
(10“^ cm^/C). If we use \Rh\ = (nie)“\ we obtain ni_max = 10^^ cm“®, a 
remarkably high electron density comparable to that in silver (Ag). Near the 
inflexion point, the Fermi surface is large and its shape changes significantly 
with the energy, meaning that the density of states is very large and the 
“hole” effective mass mi is extremely large. Then the “hole” contribution 
to a ((Ti oc <C 0-2) becomes negligible. Hence the pairon contribution 



yields 



J_ _ 

ct 2 2e%n2 



(20.29) 



Thus the T^-law behavior in highly overdoped sample, Lai.7oSro.3oCu04, see 
Fig. 20.1, is explained. 



20.4 Discussion 

The unusual magnetotransport in La2_2Sra,Cu04 are explained based on the 
model in which “holes” and + pairons are carriers scattered by phonons. We 
note that no adjustable parameters were introduced in the theory. 

Because of the non-perovskite structure, the substitution of trivalent Nd 
by quadrivalent Ce increases the electron density at Cu in the copper plane. 
Hence the doping in Nd2_iCea;Cu04_5 changes the electron density and the 




258 



CHAPTER 20. TRANSPORT PROPERTIES ABOVE Tc 

Cu-Fermi surface. The phase diagram in Fig. 20.2(a) shows that Tc falls to 
zero as x approaches 0.17 fromhelow, where Rh changes the sign. This be- 
havior can he interpreted in terms of the curvature inversion of the Cu-Fermi 
surface occurring in the reversed sense. See Fig. 19.3. This is corroborated 
by the T^-law resistivity in highly overdoped sample Ndi,84Ceo.i6Cu04, see 
Fig. 20.1, indicating that the “electrons” move as heavy-fermions and do 
not contribute much to the conduction, and hence the pairon contribution 
generates the T-quadratic behavior, see Eq. (20.29). 

Parent materials {x = 0) of La2_iSra;Cu04, and Nd2-a;Ce2;Cu04, are an- 
tiferromagnetic insulators at 0 K, see the phase diagram in Fig. 20.2 (a). 
First consider La2_xSra;Cu04. If the electrons at O- sites are taken away 
by doping, “holes” are created and the “hole” density initially increases. 
This density increase adversely affects the antiferromagnetic state and hence 
the Neel temperature is reduced. The doping destroys the antiferro- 
magnetic phase at X = 0.02. A further doping changes the “hole” density 
and the O-Fermi surface so that ± pairons are created by optical-phonon- 
exchange attraction, generating a superconducting state (0.06 < x < 0.25). 
A further doping increase eventually causes the curvature inversion of the 
O-Fermi surface, which terminates the superconducting phase {x = 0.25). 
Second, consider Nd2_xCexCu04. The doping increases the electron density 
at Cu, which adversely affects the antiferromagnetic state and Tpf therefore 
decreases. A further doping makes the Cu-Fermi surface to grow so that 
± pairons are generated by phonon-exchange, generating a superconducting 
state (0.13 < x < 0.17). From the diagram Tn > T^ meaning that the ex- 
change energy is greater than the pairon binding energy |u)o|. This explains 
the suppression of the underdoping part of the otherwise dome-shaped Tc 
curve as observed in La2_iSrxCu04. Near the phase change point [x = 0.13) 
the antiferromagnetic and superconducting tendencies compete with each 
other. We predict that there will be a finite change in the “electron” density, 
making the phase change to be of the first order. An experimental check 
is called for here. We discussed (T^v, Tc) separately, which means that the 
coupling between conduction electrons and spins is weak. 




Chapter 21 

Out-of-Plane Transport 



The out-of-plane resistivity in single-crystal YBa2Cu30j;, follows the ex- 
perimental law: Pc = C'lPab + C'2/T, (71,(72 = constants, p^^ = in-plane re- 
sistivity, in the concentration range (6.6 <y < 6.92) with the highest Tc (90 
K) occurring at p = 6.88 and in the temperature range {% <T < room tem- 
perature). This behavior is microscopically explained under the assumption 
that the charge carriers are a mixture of “electrons”, “holes” and ± pairons. 
The second term C 2 /T arises from the quantum tunneling between copper 
planes of - pairons, moving with a linear dispersion relation, and the first 
term (7ip„^ from the in-plane currents due to the “holes” and + pairons. 

21.1 Introduction 

Terasaki et systematically investigated the temperature (T)- and the 
oxygen concentration (p)-dependence of the out-of-plane resistivity p^ in 
YBa2Cu30j;. They found that the data, reproduced in Fig. 21.1, can be 
fitted by 

+ C 2 IT, Cl = 35, C2 = 4.3 X 10“* C? cm^. (21.1) 

Here single crystal YBa2Cu30y is a superconductor in the measured range 
6.60 < y < 6.92, with the highest Tc (90 K) occurring at y = 6.88; p„b is the 
in-plane resistivity. We notice quite different behaviors between p^ and p^^. 
First of all, p^ is greater than p^^ by a few orders of magnitude. The decreas- 
ing T-dependence of p^ in YBa2Cu306,6 is against conventional wisdom but 
such behavior is also observed in La2_a;SrxCu04 (x = 0.06,0.11, underdoped 
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Figure 21.1: Anisotropic resistivities of YBa 2 Cu 30 j, single crystals for various 
oxygen content y. (a) in-plane resistivity and (b) out-of-plane resistivity 
after Terasaki et al. [1], 



samples) [2]. In the present ehapter we give a microscopie foundation to for- 
mula (21.1) under the assumption that the charge carriers are a mixture of 
“electrons”, “holes” and±pairons. Analyses of the data for PcAhe in-plane 
resistivity p^t, the Hall coefficients (induced voltage along the c-axis) and 
(current and induced voltage in the ab plane) indicate that: (a) the sec- 
ond term C' 2 /T' in (21.1) arises from the quantum tunneling between planes 
of - pairons, and that (b) the first term Cip^b from the in-plane currents 
with “holes” and -i- pairons being the main carriers. [3] Using the same in- 
dependent pairon model, we have discussed earlier the transport properties 
in the ab plane (chapter 20) and the doping dependence of Tc (chapter 19). 



21.2 Theory 

Cuprate superconductors have layered structures, and the electrical conduc- 
tion occurs in the copper plane. There are no /c- vectors along the c-axis, and 
the effective mass along the c-axis is infinity so that the Fermi surface is a 
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Figure 21.2: Particle i in the standard plane (layer) arrives at an imperfection 
and quantum-jumps to the neighboring layer, (a) the ab-plane, (b) the side view. 

right cylinder with its axis along the c-axis. [4] 

We consider a cuprate subject to a voltage applied along the c-axis. 
Charged particles (“electrons”, “holes”, pairons) may run in the copper {ah) 
plane in lengths much greater than the mean free path and occasionally 
quantum-jump (or tunnel) from plane to plane. According to Ohm’s second 
law, the resistance R for a homogeneous metalhc bar of length L is propor- 
tional to the length L and the resistivity p: 

R = pL. (21.2) 

Generalizing this to the case of the inhomogeneous anisotropic medium, we 
may assume [5] 

R = Rab + Rjumpi (21.3) 

where Rajb is the conductive resistance when the charges travel in the ah 
plane, and Rjump is the jump resistance. 

The jump resistance Rjump may be calculated as follows. A charged par- 
ticle arrives at a certain lattice-imperfection (impurity, lattice defect, etc.) 
and quantum-jumps to a neighboring layer, see Fig. 21.2, with the jump rate 
given by Fermi’s golden rule: 

w = ^ Kpil t/ 1 p/)P 8{ei - ei). 



(21.4) 
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where p* (p/) and £i (£/) are respectively initial (final) momentum and en- 
ergy, and U is the imperfection-perturhation. The jump rate is finite only 
if the final-states are in the continuous energy hands, which is implied by 

6{£i -£f). 

The current density jc^ along the c-axis due to a set of particles i, having 
charge and momentum-energy (pj,£j), will be calculated by 



h) _ 



Jc-J 



c,jump 



- 

J c.down 






down) 



(21.5) 



where n6) is the number density and uq the interlayer distance. When a 
small voltage is applied, the jump rates upwards and downwards are different, 
causing a steady current. 

We first consider the “hole” with the effective mass m* moving in the 
plane. We assume that the voltage is applied upward. Using Eqs. (21.4) and 
(21.5), we obtain 



n f£0—eV 

i = e(-)iT,^{jf deM(e)h(e)[l-h(,)\ 

- r dzM(e - eV)h(e ~ eV){l - /i(e - eV)] }, (21.6) 

JeV 

wereAA represents the density of states, and A the normalization area; fi 
and /2 are the Fermi distribution functions at the standard (1) and upper 
(2) planes. Because of the voltage difference the chemical potential at the 
two planes are different: 

+ lJ-‘ = /(e), 

= [e«'-'‘+«’'> + l]-' = /{e + el/,,i). (21.7) 

In Eq. (21.6) we included the quantum statistical factors [1 — /(£/)] for the 
final states. We assumed a continuous energy bands in the range (0 ,£q); 
V is the positive voltage difference. The role of the lattice-imperfection 
perturbation U is to trigger a tunneling. Because of this incidental nature 
we assumed a constant absolute squared matrix element: 

M? = mu\pf}t (21.8) 

Not all “holes” arriving at an imperfection may be triggered into tunneling, 
whence we added a correction factor K \ , which also takes care of the physical 
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dimension of the eurrent density j. The first (seeond) term corresponds to 
the upward (downward) particle flow. If the voltage sign is reversed, the 
upward (downward) contribution is given by the second (first) term with the 
reversed sign. Thus the current density j is antisymmetric with respect to 
the voltage. 

For a very small V, we obtain from Eqs. (21.6) and (21.7) 

j = £ deM{e) (21.9) 

The effects of the quantum statistical factor 1 — / are canceled out in this 
expression. The Fermi distribution function / is normalized such that 

J deAf{e) f{e) = Ani, AC(£) = (21.10) 

where rii is the “hole” density in 2D. We assume a high degeneracy for the 
“holes”. After straightforward calculations, we obtain 

j = e^V{^)KiM^ao—. ( 21 . 11 ) 

fi ep 

Using Ohm’s first law: 

j = aE, E = V/ao, (21.12) 

we then obtain an expression for the conductivity ai as 

2 1 

(Ti = ctini, Qi = e ao(— ) . (21.13) 

n Ep 

This (Ti is temperature-independent, which is reasonable since this contribu- 
tion arises from the lattice-imperfection, and the jump rate is uninfluenced 
by the T-dependent lattice vibration. 

The contribution of the “electron” can be calculated similarly, and the 
conductivity is given by formula (21.13) with rii - “electron” density. 

Let us now consider + pairons, each having charge 2e. We assume that 
(a) the pairon moves in the plane with a linear dispersion relation 

f (2/7r)vpp = cp, p<Po = \wq\/c 

1 0 P>PQ, 



e = 



(21.14) 




264 



CHAPTER 21. OUT-OF-PLANE TRANSPORT 



where wq is the pairon ground-state energy and vp = the Fermi 

velocity; (b) the pairons move as bosons, and their population is given by 
the Bose distribution function F{e). Using Eqs. (21.4), (21.5) and (21.14), 
we obtain 



i = (2e)K,(^) 






cpo—2eV 



'•cpo 



l2eV 



h {27rhyc^A 

d£F2{e-2eV)[l-{-F^{£~2eV)]}, 



dc £ (£:)[! -|- F2{£)] 



(21.15) 



where we included the quantum statistical factors [1 4- F{ef)] for the final 
states and the correction factor K 2 . 

Assuming a very small voltage, we obtain 
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(21.16) 



The effect of the quantum statistical factor 1 - F is cancelled out in this 
expression. The function F is normalized such that 



2tt 

{2'KKfc^A 



repo 

/ dee F(e) = ri 2 = pairon density. 

Jo 



(21.17) 



The Bose distribution function F above Tc will be approximated by the 
Boltzmann distribution function: 



F ^ = (21.18) 

which is normalized by the same form (21.17). Using 

poo poo poo 

— J dee-j^ = J de Fc = l3~^ , J dee Fc = (21.19) 

and Ohm’s law, we then obtain from Eq. (21.16) 

Oyr 

n -2 = P 2 ^ 2 T, 02 = { 2 efal{-^)K 2 MlkB. (21.20) 

The case of - pairons, each having charge — 2e, can be treated similarly. 
Eormulas (21.13) and (21.20) will be used to analyze the data in the following 
section. 
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Figure 21.3: Temperature dependence of the Hall coefficients an . for 
single-crystal YBa2Cu306.92 after Terasaki et al. [1]. 

21.3 Data Analysis 

The data by Terasaki et al. [1] for the c-axis-induced-voltage Hall coeffi- 
cient and the ab plane-current Hall coefficient are reproduced in Fig. 
21.3. Note the different signs, indicating that the dominant carriers are dif- 
ferent for the c-8Lxis and a6- plane currents. The measured Hall coefficient R^ 
is negative. Hence we have either “electrons” or - pairons for the carrier. 
Slower particles are more likely to be trapped by the perturbation and going 
into tunneling. Since - pairons move with the smallest speed: [2/tx)vf,^& 
assume that the - pairon is the dominant carrier in the c-axis current. We 
then obtain from Eq. (21.20) 

,, = 1 =^ 4 , ( 21 . 21 ) 

which exhibits the experimentally observed T“’--law. If “electrons” were 
chosen as the carriers, their contribution would have been T-independent, see 
Eq. (21.13). Hence we conclude that the dominant carrier in the c-axis current 
is - pairons. Experiments show, see Eig. 21.3, that R^ is T-independent, 
which also supports this conclusion. In fact, the Hall coefficient for - pairons 
alone, 

Rh = - (2en_pairon)~\ (21.22) 
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is r-independent since the pairon density Upairon is roughly constant below 
the Debye temperature (450 K). From the measured values: \Rc\ =3.5 x 
10“"^ cm^/C we estimate Upairon = 10^^ cm“^ (3D), which is reasonable. 

We used formula: R = Rab + Rjump with the assumption that the current 
paths in the ab plane are macroscopic so that the carriers suffer a number of 
scatterings (mainly by phonons, see below) between the tunneling. To obtain 
the resistivity corresponding to these current paths, we imagine a unit size 
(1 cm®) sample and obtain 



p.,p.,k = C, = 35, (21.23) 

The in-plane resistivity obeys roughly the T-linear law, see Fig. 21.1: 

Pat a T, (21.24) 

the characteristic behavior which has repeatedly been observed in many 
cuprates at optimum doping (highest) Tc) [6]. The fact that the data for 
Pc can be fitted with two terms having different T-dependencies supports the 
applicability of generalized Ohm’s second law (21.3), the basic assumption 
in the present theory. 



21.4 Discussion 

We have shown that the out-of-plane resistivity has two components, 
one arising from the resistive conduction in the ab plane and the other 
from the quantum tunneling between the planes. The tunneling particles 
in YBCO are -pairons, the slowest moving among “electrons”, “holes”, 
and +pairons and -pairons. These tunneling pairons generate a T^^-law: 
C 2 IT. This effect is more important in the underdoped region, where there 
are relatively less “holes” than in the overdoped region. The experimental 
check is called for here in other cuprates including Bi 2 Sr 2 Ca„_iCu„ 04 + 2 n+ 6 ) 
Tl 2 Ba 2 Ca„_iCu„ 04 + 2 n +5 and HgBa2Can-iCu„02+2n+<5, ^ = 1,2,3, .... 

The T“^-law (or decreasing-in-T) behavior for p^ has been reported not 
only in cuprates but also in non-copper perovskite superconductors [7]. The 
phonon exchange generates ± pairons in equal numbers in the superconduc- 
tor: n^pairon = n ^pairon- the low temperature region, we then have 

I jjH I I off 



(21.25) 
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which is consistent with the experimental data, see Fig. 21.3. The experi- 
mental decreases with the temperature T. This is due to the “holes” (in 
addition to the + pairons), whose density inereases with T. 

In summary the transport properties (p^,R^) and /?^,cot0ji7) of 
YBa 2 Cu 30 y above Tc, are explained consistently based on independent pa- 
iron model in whieh there are free-moving ± pairons besides “eleetrons” and 
“holes” in the supereonduetor. 




Chapter 22 



Seebeck Coefficient 
(Thermopower) 



Based on the idea that different temperatures generate different carrier densi- 
ties and the resulting diffusion causes the thermal emf, a new formula for the 
Seebeck coefficient (thermopower) S' is obtained: S = (21n2/3)(gn)“^ej7’fcs 
(A/o/V), where q, n, £p, A/q and V are respectively charge, carrier density, 
Fermi energy, density of states di £p and volume. Ohmic and Seebeck cur- 
rents are fundamentally different in nature. This difference can cause signif- 
icantly different transport behaviors. For a multi-carrier metal the Einstein 
relation between the conductivity and the diffusion coefficient does not hold 
in general. Seebeck (S) and Hall [Rr) coefficients in noble metals have op- 
posite signs. This is shown to arise from the Fermi surface having “necks” 
at the Brillouin boundary. The measured in-plane Seebeck coefficient Sab 
in single-crystal YBa 2 Cu 307_5 is negative and T-independent. This behav- 
ior is shown to arise from the thermal diffusion of “electrons”, which are 
the minority carriers in the afe-plane conduction. The measured out-of-plane 
Seebeck coefficient Sc is positive and shows a T-linear dependence. This be- 
havior arises from the quantum tunneling between the copper planes of the 
- pairons. 



22.1 Introduction 

When a metallic bar is subjected to a voltage (V) or a temperature (T) 
difference, the electric current is generated. For small voltage and tempera- 
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Figure 22.1: High temperature Seebeck coefficients above 400°C for Ag, Al, Au, 
and Cu. 

ture gradients we may assume a linear relation between the electric current 
density j and the gradients: 

j = (t(-VV) + A(-VT) = aE - AVT, (22.1) 

where a is the conductivity. In the condition where the ends of the conducting 
bar are maintained at different temperatures, no electric current flows. Thus 
from Eq. (22.1), 

(tE, - AVT = 0, (22.2) 

where is the field generated by the thermal emf. The Seebeck coefficient, 
also called the thermopower, S' is defined through 

E, = SVT, S = A/rr, (22.3) 

The conductivity h positive but the Seebeck coefficient S can be positive or 
negative. As shown in Fig. 22.1, the measured S in Al at high temperatures 
(400-700 °C) is negative while the S in noble metals (Cu, Ag, Au) are positive 
[ 1 ]. 

Based on the idea that different temperatures generate different average 
electron velocities, (which is reasonable under the assumption of a classical 
statistics) and different drift velocities, we obtain (Problem 22.1.1) 




(22.4) 
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where c„ is the specific heat. Setting Cy equal to 3nkB/2, we obtain the 
classical formula: 



5'ciassicai = X 10"^ volt K"'. (22.5) 

Observed metallic Seebeck coefficients at room temperature are of the or- 
der of microvolts per degree, see Fig. 22.1., a factor of 10 smaller than 
S classical- If wc introducc the Fermi-statistically computed specific heat Cy — 
(7T^/3)fc|TA/o in Eq. (22.4), we obtain 



_ irks fkBT\ 

*^scmi-quantum — \ I’ 

6 e \ 6f J 



( 22 . 6 ) 



which is often quoted in materials-handbooks [1]. Formula (22.6) remedies 
the difficulty with respect to the magnitude. But the correct theory must 
explain the two possible signs of S. 

Terasaki et al. [2] measured in-plane {ab) and out-of-plane (c) Seebeck 
coefficients {Sab, Sc) and resistivities {Pab,Pc) Hall coefficients 
in single-crystal YBa 2 Cu 307 _£. The data are reproduced in Fig. 22.2. We 
note different signs: 



Sab < 0, 


5c >0, 


(22.7) 


and different r-dependence: 






Sab = constant, 


ScOcT. 


(22.8) 


Also the Hall and Seebeck coefficients have different signs: 




-RS > 0. 


Sab < 0, 


(22.9) 


Rf < 0, 


5c >0, 


(22.10) 



which is against the conventional wisdom. 

We shall develop a quantum theory of the Seebeck coefficient [4] and 
explain the sign and the r-dependence of the Seebeck coefficient under the 
assumption that there are “electrons”, “holes” and ± pairons in the cuprates 
above Tc. 

Problem 22.1.1. Derive formula (22.4), using kinetic theory. 
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Temperature (K) 



Figiore 22.2: Temperature-dependent normal-state transport of highly oxygenated 
YBa 2 Cu 30 j/ after Terasaki et al. [2]. In-plane (Pab) and out-of-plane (p^) resis- 
tivities are shown in the top panel; Hall coefficients with the Hall voltage in the 
ab plane (Rab) and that along the c-axis (R^) are shown in the middle panel; 
in-plane (Sab) and out-of-plane (Sc) Seebeck coefficients are shown in the bottom 
panel. 



22.2 Theory 



We assume that the carriers are conduction electrons, each having charge q 
[= — (+)e for “electron” (“hole”)] and mass m*. Assuming a one-component 
system, the conductivity a after standard kinetic theory is 



q^nr 

IT ’ 
m* 



( 22 . 11 ) 



where n is the carrier density and r the mean free time. Note that a is 
always positive irrespective of whether q — —eov +e. The Fermi distribution 
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Figure 22.3: More “electrons” are excited at the high temperature end: T 2 > Ti. 
“Electrons” diffuse from 2 to 1. 

function / is 

= ( 22 . 12 ) 

where ^ is the chemical potential whose value at 0 K is the Fermi energy sp. 
The voltage differenee AV = LE, with L being the sample length, gener- 
ates the chemical potential difference A//, the change in / and consequently 
the electric current. Similarly the temperature difference AT generates the 
change in / and the current. We assume the high Fermi degeneracy: Tp T. 



1 



2 




Figure 22.4: More “holes” are excited at the high temperature end; T 2 > Ti. 
“Holes” diffuse from 2 to 1. 
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At 0 K the Fermi surface is sharp and there are no conduction electrons. 
At a finite T “electrons” (“holes”) are thermally excited near the Fermi 
surface if the curvature of the surface is negative (positive), see Figs. 22.3 and 
22.4. Consider first the case of “electrons”. The number of thermally excited 
“electrons”, N^, having energies greater than ep is defined and calculated 
as [4] (Problem 22.2.1) 

noo ^ 

Nx = J = ln2 fceTA/o, A/o=A/^(£f). (22.13) 

where JC is the density of states. Then the excited particle density n = Nx/V 
is higher at the high-temperature end and the particle current runs from the 
high- to the low-temperature end. This means that the electric current runs 
towards (away from) the high-temperature end in an “electron” (“hole)-rich 
material. Hence using Eqs. (22.1) and (22.3), we obtain: 

3 < 0 for “electrons”, 

5 > 0 for “holes”. (22.14) 

At low temperatures the phonon drag effect due to the non-equilibrium 
phonon distribution is known to be important in the noble metals [1]. We 
neglected this contribution, which is normally important below 100 K, in the 
above calculation. 

The Seebeck current arises from the thermal diffusion. We assume Tick’s 
law: 

j ~ ^jparticle ” (22.15) 

where D is the diffusion coefficient, which is computed from the standard 
formula: 

D = ^vl — ^VpT, V = vp, (22.16) 

(Jj CL 

where d is the dimension. (In this chapter the dimension is denoted by d 
instead of D, which denotes the diffusion coefficient.) In the present case 
d = 2. The density gradient Vn is generated by the temperature gradient 
VT and is given by 

111 2 

Vn=— fc^AAoVT, (22.17) 

where Eq. (22.13) is used. Using the last three equations and Eq. (22.1), we 
obtain 



A = —qvp kpAfoT. 



(22.18) 
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Using Eqs. (22.3), (22.11) and (22.18), we get 

S = - = (22.19) 

a a qn V 

Note that r is compensated from numerator and denominator. 

Problem 22.2.1. Verify Eq. (22.13). 

22.3 Discussion 

Our formula (22.19) for the Seebeck coefficient S, was derived based on the 
idea that the Seebeck emf arises for the thermal diffusion. We used the 
high Eermi degeneracy condition Tp ^ T. The relative errors due to this 
approximation and the neglect of the T-dependence of are both of the order 
{ksT/ep)'^. Eormula (22.19) can be negative or positive while the handbook 
formula (22.6) has the negative sign, a deficiency. The average speed v for 
highly degenerate electrons is equal to the Eermi velocity Vp (independent 
of T). Hence semi-classical formulas (22.4)-(22.6) break down. Ashcroft and 
Mermin [4] (AM) discussed the origin of a positive S in terms of a mass 
tensor M = {rriij}. This tensor M is real and symmetric, and hence it can 
be characterized by the principal masses {rrij}. Eormula for S obtained by 
AM, [4], Eq. (13.62), can be positive or negative, but it has a complicated 
structure and is hard to apply in practice. In contrast our formula (22.19) can 
be interpreted straightforwardly. Besides our formula for a one-carrier system 
is T- independent while the AM formula is linear in T. This difference arises 
from the fact that the thermal diffusion is the cause of the Seebeck current. 

Eormula (22.19) is remarkably similar to the standard formula for the 
Hall coefficient: 

RH = {qn)-\ ( 22 . 20 ) 

Both Seebeck and Hall coefficients are inversely proportional to charge q, 
and hence they give important information about the carrier charge sign. In 
fact the measurement of the thermopower of a semiconductor can be used to 
see if the conductor is n-type or p-type (with no magnetic measurements). If 
only one kind of carrier exists in a conductor, the Seebeck and Hall coefficients 
must have the same sign. 

Let us consider the electric current caused by a voltage difference. The 
current is generated by the electric force which acts on all electrons. The 
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Figure 22.5; Due to the electric field E pointed in the negative a;-direction, the 
steady-state electron distribution in (b) is generated, which is a translation of the 
equilibrium distribution in (a) by the amount h~^eEr. 



electron’s response depends on its mass m*. The conductivity cr representing 
this response depends directly on m*. The n-dependence of a can be under- 
stood by examining the current-carrying steady-state (b) in Fig. 22.5. The 
electric field E displaces the electron distribution by a small amount hr^qEr 
from the equilibrium distribution in (a). Since all the conduction electrons 
are displaced, the conductivity a depends on the particle density n. The 
Seebeck current is caused by the density difference in the thermally excited 
electrons near de Fermi surface, and hence the thermal diffusion coefficient 
A depends on the density of states, A/q, see Eq. (22.18). We further note that 
the diffusion coefficient D does not depend on m* directly, see Eq. (22.16). 
Thus the Ohmic and Seebeck currents are fundamentally different in nature. 

Eor a single-carrier metal such as an alkali metal Na, where only “elec- 
trons” exist both Rh and S are negative. The Einstein relation between the 
conductivity a and the diffusion coefficient D holds: a cc D. In fact using 
Eqs. (22.11) and (22.16), we obtain 

— = {vIt/3) / {q^nr/m*) = (22.21) 

which is a material constant. Eor a multi-carrier system, the Einstein relation 
is valid for each (ideal) carrier. But the relation does not hold in general 
for the total coefficients. In fact, the ratio D/a for a two-carrier system 
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111 



containing “electrons” (1) and “holes” (2) is given by 




which is a complicate function of (Tni/m 2 ), (^ 1 / 722 ), {V 1 /V 2 ) and (ti/t 2 ). In 
particular the mass ratio vriijm^ may vary significantly for a heavy fermion 
condition which occurs whenever the Fermi surface just touches the Brillouin 
boundary, see below. Experimental check on the violation of the Einstein 
relation may be carried out by simply examining the T-dependence of the 
ratio D/a. This ratio from Eq. (22.21) is constant for a single-carrier system 
while from Eq. (22.22) it depends on T since the generally T-dependent mean 
free times (ri,r 2 ) arising from the electron-phonon scattering do not cancel 
out from numerator and denominator. Conversely, if the Einstein relation 
holds for a metal, the spherical Eermi surface approximation with a single 
effective mass m* is valid for this single-carrier metal. 

The difference between the Oh mi c and diffusion currents manifests more 
distinctly in the behavior of the Seebeck coefficient which will be discussed 
in the next section. 



22.4 Seebeck Coefficient in Metals 

Our quantum theory of the Seebeck coefficient is applicable in any dimension. 
In this section we apply it to the 3D normal metals. 

Eig. 22.1 shows the T-dependence of the Seebeck coefficient S for selected 
metals. Note that the S in the familiar noble metals (Cu, Ag, Au) is positive 
and each curve shows a weak T-dependence above 100 K. In particular the S 
in Au is positive and nearly T-independent up to the melting point (1060 °C), 
which cannot be explained in terms of the handbook formula (22.6). The Hall 
coefficient Rh for the noble metals is negative. The reason why S and Rjj 
have opposite signs must be explained. 

Eormula (22.19) with d = 3 reads: 

S=^^—SFkB^. (22.23) 

3 qn V 

The Eer mi surface in Ag is far from spherical and has a set of “necks” at the 
Brillouin boundary, see Eig. 22.6 [4]. The curvatures along the axes of each 
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neck 



Figure 22.6: The Fermi surface of silver (fee) has “necks”, with the axes in the 
(111) direction, located near the Brillouin boundary. 



“neck” are positive and hence the Fermi surface is “hole”-generating. Exper- 
iments indicate [4] that the minimum neck area ^liii(neck) in the k-space is 
1/51 of the maximum belly area Am (belly), meaning that the Fermi surface 
just touches the Brillouin boundary (the figure exaggerates the neck area). 
The density of “hole”-like states, A^hoie, associated with the (111) “necks”, 
having the heavy-fermion character due to the rapidly varying surface with 
energy, is much greater than that of “electron”-like states, A/’eicctron, asso- 
ciated with the (100) belly. Then the thermally excited “hole” density is 
higher than the “electron” density, yielding a positive S. The principal mass 
mi along the axis of a small “neck” (mj"^ = &^£ldp\) is positive (“hole”-like) 
and it is extremely large. Hence the “hole” contribution to the conduction is 
small, (cr oc So is the “hole” contribution to the Hall voltage. Then 

the “electrons” associated with the non-neck Fermi surface dominate and 
yield a negative Rh- 

Our formula (22.19) indicates that thermal diffusion contribution to S 
is T-independent. As noted earlier, the inhomogeneous phonon distribution 
can account for the phonon-drag contribution, which is important below 100 
K. Excluding this component, the observed S in many metals is mildly T- 
dependent. In particular, the coefficient S in Ag increases slightly before 
melting while the coefficient S in Au is nearly constant and decreases. These 
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behaviors may come from the incomplete compensation of the scattering 
effects. “Electrons” and “holes” which are generated from the complicated 
Fermi surfaces will have different effective masses and densities, and the 
resulting incomplete compensation of r's yields a r-dependence. 



22.5 In-Plane Seebeck Coefficient Sab 

The majority carrier in the a 6 -plane conduction in YBa 2 Cu 30 y is “hole”. 
The “hole”, having smaller m* and higher vp = do mi nates the 

Ohmic conduction and also the Hall current, yielding positive 7?^, see Fig. 
22.2. But the experiments indicate that Sab < 0, which must come from the 
“electron” diffusion. This puzzle may be solved as follows. [5] 

For conduction electrons in the ab plane, we assume the effective mass 
approximation: 

E=(p'+d)(2"»T‘- (22.24) 

The density of states (spin degeneracy included), J\f, is then, 

Af = m*A{irh^y\ (22.25) 

which is independent of energy. The “electron” (minority carrier), having 
heavier mass, contributes more to the coefficient A, and hence the Seebeck 
coefficient Sab can be negative. In fact, considering the currents due to “elec- 
trons’ll) and “holes” (2) we obtain from Eqs. (22.18) and (22.25) 






(22.26) 



If the acoustic phonon scattering is assumed, and the scattering rates 7 ^ = 
tA are given by 

7j = JT-phonon^F^S = (22.27) 



U) „ _ (j) 



where s is the scattering diameter and oo a small number (~ 0 . 20 ), we obtain 



Ti-T2 = ^ > 0, < v^. 

7i 72 



(22.28) 
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The total conductivity is 

(T = CTi + 0-2 = e^ni(m*)"Vi + e^n2{ml)~^T2- 
Using this and Eq. (22.7) we obtain 



S = 



A 



cr 



ks^F / 1 



1 , , , ni 1 77.2 1 , 

)/(n7”7TT ■*" ZT“72 t) 



,( 2 ) 



m 



* ( 1 ) 
ivV 



m 



* (2)' 
2 V 



(22.29) 



(22.30) 



This S which is r-independent explains the experimentally observed behav- 
ior. See Fig. 22.2. 



22.6 Out-of-Plane Seebeck Coefficient Sc 

Terasaki et al. [7] measured the out-of-plane resistivity the Hall coefficient 

and others in YBa 2 Cu 30 y. In the range 6.6 < y < 6.92, the data for 
can be fitted with 



Pc = C'lPaj 4- C 2 /T, Cl, C 2 - constant. (22.31) 

Fujita, Ho and Godoy [8] interpreted this behavior based on the model in 
which the charge carriers are a mixture of “electrons”, “holes” and ± pairons. 
The second term C 2 /T arises from the quantum tunneling between the copper 
planes of -pairons, each having charge — 2e, moving with a linear dispersion 
relation 

e = {2/7t)vfp = cp, (22.32) 

The first term Cip^j arises from the in-plane conduction due to the (pre- 
dominant) “holes” and -i-pairons. The Hall coefficient (induced field 
along the c-axis) is observed to be negative, see Fig. 22.2, indicating that 
the carriers have negative charges. Hence either “electrons” or - pairons are 
carriers. Only the pairon motion can account for the resistivity component 
C 2 /T. Hence the carriers in the c-axis current are - pairons. 

The tunneling current may be calculated as follows. A pairon arrives at 
a certain lattice-imperfection (impurity, lattice defect, etc.) and quantum- 
jumps to a neighboring layer with the jump rate given by Fermi’s golden 
rule: 

0 . 7 ^ O 7 P 

^ = y |(Pi| C/ |p/)P S{€i - Sf) = - £/), 



(22.33) 
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where (p/) and £j (e/) are respectively initial (final) momentum and en- 
ergy, and U is the imperfection-perturbation. The jump rate is finite only 
if the final-states are in the continuous energy band, which is implied by 
6{ei — Ef). The current density jc^ along the c-axis due to a group of parti- 
cles i having charge and momentum-energy (p, e) is calculated by 

3? = jS - iS = - Jf»), (22.34) 



where is the number density and ag the interlayer distance. The pairon 
having the linear dispersion relation (22.32) obeys the equation of motion 
(Problem 22.6.1) 



pdv 
c dt 



£ dv 
c2 dt 



= g(v X B). 



(22.35) 



Lower energy pairons are more likely to get trapped by the imperfection and 
go into tunneling. We represent this tendency by 



1 

K = B-, B = constant. (22.36) 

When a small temperature gradient exists, the thermal average of K is differ- 
ent, causing a current. The temperature difference AT = T 2 — Ti , generates 
the change in the Bose distribution function. 



F{e- T, p) = [exp^(e - iXp) - 1] \ (22.37) 



where /ip is the pairon chemical potential. 

We may then compute the c-axis current density jc as 

T + AT, - f (e; T, (22.38) 

Not all pairons arriving at an imperfection are triggered into tunneling. The 
factor B contains this correction and also takes care of the physical dimension 
of jc- The lower the temperature of the initial state, the tunneling occurs 
more frequently and hence the particle current jparude runs towards the high- 
temperature end, the opposite direction to the case of the diffusion in the ab 
plane. Thus, after considering the carrier charges, we obtain 



Sc> 0 for — pairons 
< 0 for -t- pairons. 



(22.39) 
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In the present case the carrier is -pairon, and hence Sc > 0, which is in 
accord with the experiments, see Fig. 22.2. 

We now calculate expression (22.38), assuming a small AT, and obtain 
(Problem 22.5.2), 



jc 



rr 



clq at 



ds 



dF{e) 

d/3 



The function F is normalized such that 



(22.40) 



1 f 2nA e 

— J deNp{£) F{£) = pairon density, Mpie) = 2 ^ 2 ' (22.41) 

At the BE condensation temperature Tc, the pairon chemical potential 
vanishes: ijl{Tc) = 0. The number /Sjjbp = fj,p/{kBT) is negative and small in 
magnitude for T > Tc- Hence 

d d 1 —1 

Tpl ( 22 . 42 ) 



Using this, we obtain from Eq. (22.38) 

Ac ^ -^BM^kBao. (22.43) 

Note that Ac is T-independent. Experiments [2] indicate that the first term 
CiPai, in Eq. (22.31) is dominant for y > 6.8 in YBa 2 Cu 30 j;: 

at s/ = 7. (22.44) 

Hence we obtain 

A 

Sc = — = AcPc a T > 0, (22.45) 

which is in agreement with the experiments, see Eig. 22.2. 



Problem 22.6.1. Verify Eq. (22.13). 



Problem 22.6.2. Verify Eq. (22.40). 
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22.7 Discussion 

Based on the idea that the Seebeek eurrent arises from the diffusion of the 
thermally exeited eonduetion eleetrons, formula (22.19) for the Seebeek eo- 
effieient S is derived. Aeeording to this formula S for a one earrier- system 
is negative (positive) if the earrier is the “eleetron” (“hole”), whieh is the 
same eriterion applied to the Hall eoeffieient Rh- The Seebeek eoeffieient S' 
however depends on the density of states, J\f{eF), while the Hall eoeffieient 
Rh does not. 

The measured in-plane Seebeek eoeffieient Sab in YBa 2 Cu 307_6 is negative 
and T-independent. This is explained using the new formula in terms of 
the thermal diffusion of “eleetrons”, the minority earriers in the ab-plane 
eonduetion. The measured out-of-plane Seebeek eoeffieient Sc is positive and 
shows a T-linear dependenee. This behavior is explained in terms of the 
quantum tunneling between the eopper planes of the - pairons, whieh are 
the minority eharge earriers. It is quite remarkable that all earriers (“hole”, 
“eleetron”, -I- pairon, — pairon) in YBa 2 Cu 307_5 eontribute explieitly and 
seleetively in various transport eoeffieients (p„^, p^, , Sab, Sc). 




Chapter 23 

Magnetic Susceptibility 



The curvature inversion of the O-Fermi surface at the end of the overdoping 
in La 2 _a;Sra;Cu 04 , x = 0.25, shows up distinctly in the magnetic susceptibility 
X- At the inflection point, x has a maximum value and shows a temperature 
behavior: % = Aq + Bq/T. The pairon has no net spin, and hence its spin 
contribution to x is zero. But its motion can contribute diamagnetically. 
This contribution generates a temperature behavior: x — Ci — Di/T'm the 
concentration range (0.06 < x < 0.25). These two contributions generate a 
X- maximum at Tm in the range (0.15 < x < 0.25). 



23.1 Introduction. 

Takagi et a/.[l], Torrance et a/. [2], Terasaki et a/. [3] and others studied 
transport and magnetic properties of La 2 _xSra;Cu 04 over a wide range of 
concentration x including a nonsuperconducting phase beyond the overdoped 
region. Remarkable change in the resistivity p, the Hall coefficient Rjj and 
the magnetic susceptibility x are observed near the super to normal con- 
ductor transition at x — 0.25. Previously in Chapter 19 we showed that the 
coincidence between the disappearance of Tc and the sign change of Rh at the 
end of overdoping {x = 0.25) can be accounted for by the curvature change 
of the O-Fermi surface. The susceptibility data after Torrance et al. [2] are 
reproduced in Fig. 23.1. The notable features of the data are: 

(a) X is nearly flat at a; = 0.04 in 0 < T < 400 K. At this concentration the 
material is not a superconductor. 
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Figure 23.1: Normal-state magnetic susceptibility of La 2 _a:Sr 3 ;Cu 04 which, for 
increasing x, (a) increases in the range 0.04 < x < 0.25. and (b) decreases for 
0.25 < X < 0.33. The filled triangles T mark the temperatures where X a 
maximum. 

(b) X at 400 K grows with increasing x in the range (0.04 < x < 0.25) and 

decreases in the range (0.25 < x < 0.33). The turning point x = 0.25 
roughly corresponds to the concentration at which the superconducting 
temperature Tc vanishes. See Fig. 19.4. 

(c) In the range (0.33 > x > 0.25), where no superconductivity is observed 

at any temperatures, x has a T-dependence: 

X = ^0 + Bq/T, Aq, Bq = constant. (23.1) 



(d) In the range (0.06 < x < 0.15), x has the following T-dependence: 

X = Ai — B\/T, Ai, Bi = constant. (23.2) 

The end point x = 0.15 coincides where the highest T^ is observed, see 
Figs. 23.1 and 19.4. 



(e) In the range (0.13 < x < 0.25), x has a maximum, indicated by T in 
Fig. 23.1, at Tm- This Tm disappears at x = 0.25, where Tc vanishes. 
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23.2 Theory. 

The feature (a) suggests a Pauli paramagnetism: [4, 5] 

2u? 

X = /^s = Bohr magneton (23.3) 

where A/o(£f) is the density of states per spin, and ,4 the normalization area. 
Note that this x is T-independent. We assume the high Fermi degeneraey 

Tf > T. (23.4) 

If we assume an effective mass (m*) approximation: 

^=^(Px+pJ), (23.5) 

the density of states per spin in 2D is 

Afo{e) = m* , (23.6) 



which is independent of energy e. 

At high temperatures (400 K), the electron spin contribution minus the 
Landau diamagnetism [5], which is ideally one third of the Pauli paramag- 
netism can account for the behavior (b) as follows. 

The doping in La 2 _a;Sra;Cu 04 reduces the number of electrons in the O- 
Fermi sheet with increasing x, and changes the nature of the Fermi surface 
from “hole”-like (a) to “electron”-like (b) as shown in Fig. 23.2. Observe 
the curvature sign change. The density of states J\f has a maximum at the 
inflection point {x ~ 0.25). In this neighborhood x is T-dependent, which 
will be shown below. [6] 

In the range (0.25 < x < 0.33) the Hall coefficient Rh is negative: Rh < 
0, see Fig. 19.4, indicating that the “electron” is the majority carrier in the 
conduction. We may explain the behavior (23.1) as follows. 

Assume that the density of states per spin at 5 = 0 is given by 

Af{e) =Afo + co 5{e — eq), cq, Eq = constants. (23.7) 



The density of states in an isotropic-mass 2D system is energy-independent, 
seeEq. (23.6), and this part is represented by the constant A/q. By examining 
the changes (a)t=t(b), we see that A7 (f) grows indefinitely at the inflection 
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Figure 23.2: The Fermi surface changes its character from “hole”-like in (a) to 
“electron” -like in (b) as the number of electrons is reduced. 

point £ — Eq and it is symmetric in the neighborhood of this point. We can 
represent this component by the delta-function term co^(e — £o), see Fig. 23.3. 

When a magnetic field is applied, the electron energy e is split, and the 
up-spin (-I-) and down-spin (-) electrons have different energies: 

T = £ =F a;, x = HqB. (23.8) 

The magnetization (magnetic moment per unit area) I is 

/ = ^(A^+-iY_) = ^AiV, (23.9) 

where A^ 4 . (2/_) is the number of up (down) spin electrons. The electron- 
number difference AN = can be read from Fig. 23.4, and is 

/ £i-x rei+x 

d£+J\f+{e+)f+{£+,H^)- / d£_A/L(£_)/_(£_,M_), 

■X J X 

(23.10) 

where £i is the upper band edge, see Fig. 23.3. The spin-dependent density 
of states, A/±(£), can be related to that of the no-field system, Af(£), by 

A/V(£+) = M{e + x) £+ > -X, 

= J\f(£ — x), £_ > X. (23.11) 

see Fig. 23.4. The two systems of the up- and down- spin electrons are 
in equilibrium, and hence they have the same chemical potential (the same 
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Figure 23.3; The density of states per spin, M{e), at zero B-field. 

dotted level in Fig. 23.4.) Using Eqs. (23.11), we obtain from (23.10) 

AN = f d£j\f{e)[f{£-,eF + x) — f{e-,eF-x)]. (23.12) 

Jo 

In general if J\f depends on e, /^q must be determined from the normal- 
ization eondition: 

A^ = A^+ + A^-=/ d£M{£)[f{£;nQ + x) + f{£-,fiQ- x)]. (23.13) 

Jo 

In the present model a eonstant density of states A/q is assumed so that /xq = 
£p. We now use A((£), given in Eq. (23.7), and evaluate Eq. (23.12). The 
eonstant term (TVq) reproduees Pauli’s formula (23.3). The delta-funetion 
term generates the eontribution linear in B\ 

(AN)s = cosh-2 . (23.14) 

ZfvQl 

The magnetization I is obtained by multiplying this expression by 
The suseeptibility x, defined through / = xB, is 

^ “ £f)/(2A:bT)] . 



(23.15) 
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Figure 23.4: The spin dependent density of states Af±{e) in the presence of a 
i?-field. 

This result indicates that: (a) if ep — Sq, Xs behaves like Bq/T, (5) if the 
Fermi energy £p is away from eq, this contribution becomes smaller because 
of cosh“^ [(so — £f) / {2kBT)]. Both behaviors are in good agreement with the 
experimental data, see Fig. 23.1. 

The pairon has zero net spin and its spin does not contribute to x- Us 
motion in the ab plane can contribute diamagnetically to %. The pairon 
density 77,2 and the critical temperature Tc are related by 



Tc = 1.24:hkg^vpn2^. 



Hence the pairon density ri 2 is proportional to T^: 



ri2 oc T^. 



(23.16) 



(23.17) 



From Fig. 19.4, we see that ri 2 has a maximum at a; = 0.15. Since 



— 



de 

dpx 




(23.18) 
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each pairon having charge q in the presence of a static 5-field moves, following 
the equation of motion: 



p dv 
c dt 



= q{v X B), 




The cyclotron frequency uq is 

Uo = - \q\B = — \q\B. 
p e 



(23.19) 



(23.20) 



The magnitude of the magnetic moment /i for a circulating pairon is 

p. = (current) x (area) = (|~^) (7rr^) = ^ |g| (23.21) 

27rr 2 

where ris the cyclotron radius. Thus the magnetic moment pis proportional 
to charge magnitude 2e and the cyclotron frequency wo- 

As Landau’s treatment indicates [5], the motional diamagnetism cannot 
be treated in terms of the classical orbits but must be treated quantum 
mechanically. We take Onsager’s quantum flux view of the magnetization. 
[7] If a magnetic field is applied perpendicular to the ab plane, a set of flux 
quanta penetrate the plane. A charged particle circulates about the flux, 
occasionally scattered by impurities, phonons, .... The particle motion acts 
such that it always reduces the magnetic field energy f B^/(2pq). That is, 
the motion diamagnetically (with - sign) contributes to the magnetization 7. 
We postulate that each pairon contribute an amount proportional to lg|a;o. 
We then obtain 



f pairon — Q! 



dsAfple) jqlcjois) E(e;j3,p), q = constant, (23.22) 



where F is the Bose distribution function: 



F(s) 



e/5(£-Mp) _ 1 



(23.23) 



with Pp being the pairon chemical potential, normalized such that 



deMp{e)F[e) = N 2 = pairon number. 



(23.24) 
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We note that 

c2 

\q\u)o = -q^B>Q. (23.25) 

£ 

The magnetization /pakon is negative irrespective of whether q = 2e ox — 2e. 
The density of states for pairon, J\fp{e), is 

^ 2^- 

Far above Tc, the Bose distribution function F can be approximated by a 
Boltzmann distribution function: 

F Fc = T>Tc, (23.27) 

normalized in the form (23.24). Carrying out the e- integration in Eq. (23.22) 
we obtain 

Xpairon = n 2 = N2/ A, A = ac^ q'^ kg'^ , (23.28) 

which generates the second term of the desired formula (23.2), Bi = A U2. 

In the range (0.15 < x < 0.25) there are pairons whose density na de- 
creases with increasing x. We may express x from Eqs. (23.1) and (23.2) 
as 

X = A{x) + Bo{x)/T-An2{x)/T. (23.29) 

At a; = 0.25, na = 0 and Eq. (23.29) is reduced to Eq. (23.1). At x == 
0.15 the pairon density is highest and Bq{x) is small since |£o~'^f(3^)| is 
not small. Then Eq. (23.29) generates T^; experimentally Tm = 390 K. 
Between the two extremes, there are Tm as shown in Fig. 23.1. Numerically 
Tm = 390, 260, 150, 70, 20 and 0 K at x = 0.15, 0.17, 0.19, 0.21, 0.23 and 
0.25 respectively. 

23.3 Discussion. 

The susceptibility x in La 2 _iSra:Cu 04 above Tc exhibits unusual concentra- 
tion and temperature dependence. The doping reduces the number of elec- 
trons in the copper plane, changes the 0-Fermi surface, and generates “holes” 
in the range (0.04 < x < 0.25) and “electrons” in the range (0.25 < x < 0.33). 
The dividing point x = 0.25 corresponds to the inflection point of the 0-Fermi 
surface, where the density of states, Af, is greatest. Hence the susceptibility 
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X has a maximum value here. At this inflection point the density of states, 
Af, has a delta-function singularity, yielding a T-dependent term Bo/T for 
X- This term declines in magnitude as the concentration x is distanced from 
X = 0.25. The pairons, each having charge q = 2e and moving with the 
linear dispersion relation: e = {2/n)p, can contribute diamagnetically in the 
(superconductor) range (0.06 < x < 0.25). Based on the assumption that the 
diamagnetic current is proportional to |g| and cuq (cyclotron frequency), we 
obtain the term —An 2 /T (for x), whose magnitude is greatest at x = 0.15. 
The two effects, arising from the Fermi surface curvature inversion and the 
pairon diamagnetic current, are significant in the range 0.13 < x < 0.25 
and generate the x-maximum at Tm- Thus all of the unusual behaviors are 
explained based on the independent pairon model in which pairons coexist 
with the conduction electrons. 

Terasaki et al. [3] measured the susceptibilities (xi.)X||)) with the field H 
perpendicular to, and parallel to, the c-axis, in La 2 _xSra;Cu 04 , examining x 
more closely near the optimum doping {x — 0.15) where Tc is the highest. 
Their data for X± are essentially similar to the data shown in Fig. 23.1. They 
found, see Fig. 23.5, that x_l at a; = 0.14, 0.15 is smaller than X± at a: = 0.12 
in the range (100 K < T < 200 K), an anomaly which cannot be explained if 
the magnetization comes from the conduction electrons only since the “hole” 
density smoothly increases with x. This anomaly can be explained simply in 
our model. The pairon density ri 2 has a peak at a: = 0.15. Hence the pairon 
diamagnetic contribution can make a bump in the smooth increase due to 
the “hole” spin. 

The susceptibility of a system of moving carriers is relatively easy to 
treat. Since the susceptibility x is an equilibrium property, no complicated 
scattering effects go into the calculation. We only need to know charge, spin 
(statistics) and mass (dispersion relation) of each carrier and the Fermi sur- 
face of the conduction electrons. Thus the measurement and analysis of X 
gives a clear-cut information about the types of the charge-spin carriers. The 
spin paramagnetism, as seen from (23.3), depends on the density of states, 
Af{e). Near the inflection point (x = 0.25), the Fermi surface is highly 
anisotropic, see Fig. 23.2. Hence we predict that the susceptibility x in 
La 2 -xSra;Cu 04 measured with the field H„ applied at the angle tt/ 4 relative 
to the a-axis should show an anisotropy. In our calculation we assumed an 
isotropic (angle-averaged) density of states in Eq. (23.7). The heat capac- 
ity C, which depends on the density of states should also show a distinct 
maximum at 2 ; = 0.25. 
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Temperature (K) 



Figure 23.5: Magnetic susceptibilities of single crystal La 2 _xSra;Cu 04 with various 
X under = 1 T, after Terasaki et al. [3]. For each Xj ^^4 X|| (T, x) are 

measured. The upper curves (or circles) correspond to Xi.{T,x), while the lower 
ones correspond to X\\(T, x). 

Consider Nd 2 Cu 04 which is a cuprate of non-perovskite structure. The 
substitution of bivalent Nd by quadrivalent Ce changes the ionicity of the 
group (NdO) neighboring the copper plane. This is turn increases the num- 
ber of electrons in the Cu- sublattice. Thus the doping in Nd 2 _ 2 ;Cea;Cu 04_5 
generates “electrons” in the Cu-Fermi sheet, which is seen by the negative 
Rh, see Fig. 19.1 (b). A further doping eventually changes the Cu-Fermi 
surface from “electron”-like to “hole”-like. This change occurs at a: = 0.18, 
see Fig. 19.1 (b), which roughly corresponds to the vanishing Tc- We predict 
that the susceptibility x has a maximum at a: = 0.18, and has a temperature 
behavior: x = Aq + i?o/T. The experimental check is required here. 





Chapter 24 

Infrared Hall Effect 



A kinetic theory is developed for the Infrared (IR) Hall effect. Expressions 
for the dynamic conductivity cr(o;), u> — laser frequency, and other transport 
coefficients for a system of conduction electrons (or pairons) are obtained by 
applying the conversion rule: 7g 7 — icu to those for the static coefficients, 
where 7 q ( 7) are the static (dynamic) scattering rates which depend on fre- 
quency u and temperature T. If the real (Re) and imaginary (Im) parts 
ofcr(o;,T) are measured simultaneously, the ratio Re[a{u),T)]/ Irn[(r{u,T)] 
is equal to 'y{uJ,T)/uj, which directly gives the dynamic rate y{oj,T). The 
ratio Re[cot9H]/Im[cot6H] = directly yields the dynamic Hall 

rate 7^(0;, T). The IR Hall effect experiments in Au and Cu give a remark- 
able result: — 7ho(^)i that is, the dynamic Hall scattering rate 

is equal to the static rate in the mid IR ~ 1,000 cm“^. The data for dy- 
namic conductivity cr(a;), Hall coefficient Rh{^) and cot 9 h{i^) above Tc in 
YBa2Cu307 are analyzed based on the model in which “holes” and pairons 
are scattered by acoustic phonons. The low-energy pairon moving with the 
linear dispersion relation: e = {2/7v)/vfp is accelerated strongly in propor- 
tion to and hence the pairon drift velocity dominates the “hole” drift 
velocity. This effect, combined with the T-linear phonon scattering rate, 
generates a T^- dependence of Refcot^;^]. 



24.1 Introduction 

Recently Ceme et al. [1] measured IR (~ 1,000 cm~^) Faraday rotation angle 
9p and circular dichroism (optical ellipticity) in Au (Cu) thin films, using 
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Figure 24.1: A linearly polarized laser beam is sent along the magnetic axis. After 
passing the material sample M, the beam at the analyzer at A shows an elliptic 
polarization accompanied by its major axis rotation. 



sensitive polarization modulation techniques at temperatures in the range 
(20 K< T < 300 K) and magnetic fields up to 8 T. Fig. 24.1 shows a 
schematic sketch of the experimental set-up. A linearly polarized laser is 
sent along the magnetic-pole axis. The laser analyzed at A after passing the 
material sample M shows an elliptic polarization accompanied by its major 
axis rotation. In the measurements the Faraday rotation Op and the optical 
ellipticity, both of which are proportional to the sample thickness and the 
magnetic field, are very small, see Fig. 24.2, and 6p h linearly related to the 
Hall angle Oh- 




Fignre 24.2: 
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Figure 24.3: The dynamical Hall angle 9'^{uj,T) at magnetic field of 8 T in An 
after Cerne et al. [1]. (a) The temperature dependence at 1079 cm“^ (b) The 
frequency dependence at 290 K. 



Combined with zero-field conductivity data, they obtained the real (Re) 
and imaginary (Im) parts of the dynamic coiOu. In the measurements the 
Hall angle 9h is very small (~ 10“^) so that tan^/z ~ 9^. The data for 
temperature T-dependent Re[0^^] and at 1079 cm“^ and 8 T in Au 

are reproduced in Fig. 24.3 (a). - IR Re[0^^] (•) is T-linear and agrees with 
the measured — dc 9~^ (T) while IR lm[0^^] (o) is positive, r-independent 
and w-linear, u) = laser frequency, see Fig. 24.3 (b). In summary 

-Re[9]j^] cc -T, lm[0^^]ocu;. (24.1) 

Ceme et al [2] extended the IR Hall effect study to YBa 2 Cus 07 . The 
data for temperature (T)-dependent Re[0^^] and Im[^);}^] at 8 T are repro- 
duced in Fig. 24.4. The solid line in Fig. 24.4 (a) above Tc = 88.2 K 
represents the dc 9^^ at 8 T, which is seen to agree with the IR Re[0)7^] at 
949 cm“^ (•) and 1079 cm“^ (2^)- The IR is negative, and m-linear. 

In summary 

Re[0^^] oc T^, Im[d)}^] oc —u. (24.2) 

Clearly different T-dependence of Re[0)^^] in Eqs. (24.1) and (24.2) indi- 
cate that differnt particles are involved for the two cases (Au, YBCO). We 
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Figure 24.4: The real (a) and imaginary (b) parts of T) in YBa 2 Cu 07 at 8 

T as a function of temperature at 949 cm~^ (•) and 1079 cm~^ (A). The thin solid 
line in (a) shows the values for dc obtained using the IR Hall measurements 
at 8 T, after Cerne at al. [6]. 



shall develop a kinetie theory of the IR Hall effeet for a system of conduction 
electrons in Section 24.2 [3]. The results are used to analize the data in Au. 
The theory for YBCO are developed based on the independent pairon model 
in Section 24.3. The data in YBCO are analyzed and discussed in Section 
24.4. 

24.2 Theory and Experiments for Au 

We first consider the static transport. 

24.2.1 Conductivity 

Assume a weak constant electric field E applied along the z-axis in a sam- 
ple containing conduction electrons. Newton’s equation of motion with the 
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neglect of the scattering is m*[dvz/dt) = qE. Solving it for and assuming 
that the acceleration persists in the mean free time r, we obtain 



Vd = 




m* 



(24.3) 



for the drift velocity. The electric current density (^-component) j is 



j = qnvd = q^n[m*) ^tE, 



(24.4) 



where nis the density. Assuming Ohm’s law: j — cE, we obtain an expres- 
sion for the conductivity: 

a = 7o = (24.5) 

where 7 o(T) is the static scattering rate. 



24.2.2 Hall Coefficient 

We take a rectangular sample having only “holes”, see Fig. 20.3 (a). The 
current j runs in the ^-direction. Experiments show that if a static magnetic 
field H is applied in the y-direction, the sample develops a cross (Hall ) 
electric field E^f so that the Lorentz force be balanced out: 



e(Ei/ -f Vd X B) = 0 or Eh — -VdB. (24.6) 



In the present geometry the field Eh points in the positive x-direction. We 
take the convention that Eh is measured relative to this direction. The Hall 
coefficients Rh is defined and calculated as 



u 

Eh = -^ 
jB 



1 

qn 



(24.7) 



24.2.3 Hall Angle 

The Hall angle 6h is the angle between the current j and the combined field 
E + Eh, see Fig. 20.3 (b). Using Eq. (24.3) we obtain 



cot 9 



H — 



— 

Eh 



E ^ ^ ^ To 

VdB qB^^^ (jJc 



(24.8) 
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24.2.4 Dynamic coefficients 

Let us now consider the dynamic case. A monochromatic IR radiation with 
angular frequency uj and fc-vector k carries an oscillating electric field repre- 
sented by 

E(r, t) = E • k = 0. (24.9) 

The E-field running in the k-direction generates a running-wave current in the 
same direction. The wavelength A = 27 t/A: is much grater than the electron 
wave packet. Omitting the ^-dependence of the response, we assume the 
generalized Ohm’s law: 

the running- wave part of j = cr{u) • Ee”*"*, (24.10) 

where cr{u) is a dynamic conductivity tensor, which is necessarily complex. 

Extending the Drude theory we set up an equation of motion for the con- 
duction electron subject to a phonon-damping and the sinusoidally oscillating 
electric field: 

ul) 

-t- 7 (cj)u 3 ; = {m*y^qEe~'^\ (24.11) 

We look for an oscillatory steady-state solution a and obtain the 

following conversion rule for the dynamic formula: 

(24.12) 



In the large a; limit Eq. (24.11) is reduced to the original Drude equation 
with no 7 term. The solid’s response to the radiations such as light and 
X-ray is known to depend on frequency u. We assume a o;-dependent rate 
7 ( 0 ;) such that 

7 ( 0 ;) — ^ 7 o as a; — > 0. (24.13) 

The dynamic rate 7 can in general be complex. In the following development 
we assume a real 7 . Applying the rule (24.12) to Eq. (24.5), we obtain 



a{u) 



q^n 1 

m* 'y — iuj 



q^n 1 
m* 7 ^ 4 - uT 



(7 -h iuj). 



(24.14) 



The ratio 



Re[g(t.;,r)] 7(^,0 

Im[cr(a;,T)] uj 



(24.15) 



allows a direct determination of the T- and ^-dependent scattering rate 
'y{u,T). This is significant. In contrast the static conductivity formula: 




24. 2. THEORY AND EXPERIMENTS EOR A U 



301 



a = g^n(m*)“^7Q ^ contains two unknowns (m*,7o) and hence cannot yield 
7o by itself. 

Next, we apply the rule (24.12) to formula (24.8) and obtain 



cot Off — &H 



m* 

qB 






— [7^(o;,T) -^w]. 

U)c 



Taking the ratio of the real and imaginary parts, we obtain 

lm[0^^] Lo ’ 



(24.16) 



(24.17) 



which gives the Hall scattering rate 7;^(a;,T) directly. 

We now compare theory and experiment. In the experiment shown in 
Fig. 24.3 the ratio Im[^^^] = at 130 K and 8 T is 7/20. 

This ratio varies linearly in T from 1/4 to 2/5 as temperature is raised from 
20 to 230 K. Most remarkably IR Hall effect experiments show that 



— jHftiB)- (24.18) 

That is, the dynamic rate is equal to the static rate up to the IR frequency. 

The Hall coefficient Rh does not contain 7 q and hence Rh{(jJ) remains to 
have the value (qn)“^. This behavior is in agreement with the experimental 
data in Au and Cu [1]. 

The central simplifying feature of the kinetic theory of the Hall effect 
is the balanced force equation: Eh = —VdB. Because of this relation the 
drift velocity v^ can be obtained directly by measuring cot 6h [= E/ Eh = 
E/{vdB)]. In the dynamic case the applied electric field E, and the induced 
quantities (j,v^,Ei/) all oscillate in time. Hence v^ may more appropriately 
be called the average velocity. Au (or Cu) is known to have “necks” at the 
Brillouin boundary [4]. Hence it is not an ideal one-carrier metal, and our 
formulas are not strictly applicable. As far as 9h{u>,T) and Rh{uj,T) are 
concerned our kinetic theory is in good agreement with the experiments in 
Au an Cu. The static scattering rate 7g and the Hall scattering rate 'yn are 
the same for the Drude model. The clearly different values for 7 q and 7^ 
observed in Au an Cu are due to the non-spherical Fermi surface of these 
metals, and were discussed in detail by Ceme et al. [1] 

Our main results (24.14) and (24.15) are not only applicable to fermionic 
electrons but also to bosonic carriers such as pairons. This is important when 
dealing with the IR Hall effect in cuprates, see below. 
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24.3 Theory for YBa 2 Cu 307 

We regard the superconducting transition as a BE condensation of pairons 
having the linear dispersion relation: 



£ = Wo + cp, c={2/t^)vf. (24.19) 

In Chapter 20 we treated static conductivity cr, Hall coefficient Rh and 
cot 9 Hi based on the independent pairon model in which pairons and con- 
duction electrons are carriers in the normal state of cuprate superconduc- 
tors. Extending the theory to the dynamic domain, we shall show that the 
behavior in Eqs. (24.2) can be explained based on the same model. [5] 

We take a two-component system containing “holes” (1) and -i- pairons 
(2), the same system treated in Section 20.2. Let us summarize the results 
for the static coefficients: 

• The conductivity a 



(7 = (Ji + (T2 = e 



2 r?,i 4e^c^?T,2 e^arii 2e^bn2 



+ 



+ 



miji ksT^^ T T^ 



(24.20) 



• The Hall coefficient Rfj 

Eh -f 2ec^(A;BT)“V2 ^ 



Rh — 



aT -T b 



jB e^niTTii ^ 7 ^ ^ + (2e)^n2c2(fceT)“^72 ^ e{ariiT + 26r?,2) 

(24.21) 



• The inverse Hall angle 



9T^ = 



rj^2 



\em 



+ 2ec^{kBT)~'^'j2^]B eB{aT + b)‘ 



(24.22) 



a = 



OiQbjjJH 



namikBVpSi 

Using the generalized conversion rule: 



4aQhw£)VF 

7rnak%S2 



(24.23) 



7oj ^ Iji^) - 



(24.24) 



we obtain from Eqs. (24.20)-(24.22) 




24. 4. DATA ANALYSIS AND DISCUSSION 



303 



The dynamic conductivity 



e^rii 1 4e^c^n2 1 

mi7i 1 " ^^/7i 1 “ ^^Il2 



e^arii 1 



2e%ri‘} 



T l — iuj/'y^ l — iuj/j2 



( 24 . 25 ) 



The dynamic Hall coefficient 



Rh{u)) - 



e[aniT(l — io;/7i)“^ + 26 n 2 (l — 'jw/72)”^ 



( 24 . 26 ) 



The dynamic inverse Hall angle 



9 h \ u }) = 



eJB[aT(l — io;/7i)~^ + 6(1 — zu;/72) 



( 24 . 27 ) 



24.4 Data Analysis and Discussion 

The static cot^^f for the system of conduction electrons is, from Eq. (24.8), 



cot 6jj = 



E ^*7o R 

VdB qB qBa 



( 24 . 28 ) 



where q is the carrier charge: q = e (— e) for the “electron” (“hole”). Hence 
the observed T^-dependent cot 9h cannot be explained based on the Fermi 
liquid model. We can obtain the desired T^-dependence from (24. 27) if 



aT v\ 



TrS'2 fcfiT 



_ — ^ ^ 1 

6 eBb Ep ’ 



( 24 . 29 ) 



which is reasonable since ksT <C ep- Physically low-energy pairons are 
accelerated strongly in proportion to as seenfrom {e/c^)dvz/dt = {2e)E, 
and hence dominates causing the strong inequality. Using inequality 
(24.29), we obtain from (24.27) 



( 24 . 30 ) 
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Figure 24.5: The dynamic conductivity cr in YBa 2 Cu 307 at 949 cm ^ (•) and 
1079 cm“^ (A) as a function of temperature. 



This result indicates that: (a) Re[ 6 '^^(a;, T)] is proportional to T^, (b) it 
is equal to dc cotOn, (c) is negative and (d) it is o;-linear, all in 

agreement with Eqs. (24.2). At 180 K — Re[ 6 >^^]/Im[^j^^] = 1/5, meaning 
that — III). Combining with Eq. (24.28), this means that the pairon- 

phonon scattering rate 72 remains equal to the static rate. 



72(0;, T) - 72,0 ^ - 572 at 180 K. 



Using inequality (24.31), we obtain from (24.25) 



a{u) 



/ 7i , X 

nil 7i + 7i + ’ 



(24.31) 



(24.32) 



whose behavior is in agreement with the experimental data shown in Eig. 
24.5. Im[(r(a;)] is positive and decreases with 7, while Re[(j(a;)] increases at 
949 cm“^ and 1079 cm“F We note that 



Re[cr(u;)]/Im[a’(a;)] = 7 i/u; = 1.4 at 180 K. 



(24.33) 
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The conductivity cr from Eq. (24.32) is determined by the “hole”-phonon 
scattering rate 7^ while the Hall angle from Eq. (24.30) is controlled by 
the pairon-phonon scattering rate 72. We found that the IR Hall scat- 
tering rates [7f (<^),7f (^^)] are equal to the static rates (7fo)7f^o)> where 
Re[0^^]/Im[— 0^^] = 72/a; ~ 1/5, 'Re[a{iS)\l lm[a{ijj)\'yi/uj ~ 1.4 at 180 K. 

In summary the unusual T^-dependence of is explained micro- 

scopically. The low-energy pairon is accelerated strongly in proportion to 
£~'^ and hence the pairon drift velocity dominates the “hole” drift veloc- 
ity This effect, combined with the T-dependent phonon scattering rate 
72, generates the T^-dependence for Re[0)^^]. 




Chapter 25 

d-Wave Cooper Pairs 



The d-wave Cooper pairs (pairons) in cuprates with strong binding along the 
a- and 6-axes are shown to arise from the optical-phonon exchange attraction. 



25.1 Introduction 

Josephson tunneling experiments in underdoped cuprates [1] indicate that 
Cooper pairs (pairons) in cuprates are of a d-wave type with a strong binding 
occurring in the a- and 6-crystal axes, see Fig. 25.1. Such lattice-dependent 
anisotropy is most hkely to be explained by an intrinsically anisotropic optical- 
phonon-exchange attraction and Fermi surface, rather than any spin-dependent 
mechanism. 



25.2 Phonon-Exchange Attraction 

The electron-pair density matrix p(ki,k 2 ; k 3 ,k 4 ,f) = p(l, 2; 3, 4, t), in the 
presence of a Coulomb interaction Vc, changes in time following a quantum 
Liouville equation 

I5,6)p(5,6;3,4,f) 

ks ke 

-(5,6|ue|3,4)p(l,2;5,6,f)). (25.1) 

(l,2|Uc|3,4) = 47re y ^2 ^ki+ka , kj +k 4 6 ks -ki , q ) ^0 = 4^5^' 
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Figure 25.1: A d-wave Cooper pair with strong binding along the a- and 6 -axes. 



Earlier in Section 4.3 we showed that if a phonon having momentum q and 
energy hoUq is exchanged, the density matrix p changes following the same 
equation with an effective interaction v^, 

(1, 2| Ue |3, 4) = |1^| ^2^*^i+*^2,k3-l-k4^k3-ki,q) (25.2) 

where Sj = Skj is the electron energy and Vq the electron-phonon interaction 
strength. We note that this result (25.2) is partially in agreement with the 
form of a pairing Hamiltonian appearing in Eq. (2.4) of the original BCS work 
[ 2 ]: 



- SEE _ £k+l)2 - {hujqy 4'+q.'4+q.CkaCk'.o (25.3) 

We examined the effect of the exchange of the phonon with momentum q 
and energy hujq on p, whence no summation with respect to q appears. The 
most important attraction between the two electrons occurs in the specific k- 
space region near the Eermi surface where the phonon-mediated momentum 
transfer q is nearly parallel to the surface so that £3 — £i = 0. As we see in 
this example, the phonon-exchange attraction is direction-dependent. This 
is important for the d-wave pairon formation discussed below. 
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The nature of phonon-exehange interaetion Ve depends on the type of 
phonons. Consider first longitudinal aeoustic phonons, whose dispersion re- 
lation is linear: 

hijUq = Cgq. {cg — sound speed) (25.4) 

If a deformation potential model [3] is assumed, the interaetion strength Vq 
is 

Vq = A{h/2UqY^^iq. {A = constant) (25.5) 

Using Eqs. (25.4) and (25.5), we obtain 



iKf 



hujq 

(£3 - eiY - 



A^n^ 



= -Vq 



(25.6) 



for the dominant attraetion at 0 K (£3 — £1 = 0) , showing that phonons of 
any wave lengths are equally effeetive. For optical phonons whose dispersion 
relation is given by 

huq = £0 (constant), (25.7) 



we obtain 

|y ^ 

(£3 - SiY - {T^^VqY 2cl 



(25.8) 



indicating that optical phonons of shorter wavelengths (greater^) are more 
effective. The wavelength A = 27r/g of a phonon has a lower bound 2ao, uq = 
the lattice constant, yielding a shorter interaction range compared with the 
case of an acoustic phonon exchange. The ratio of the rhs of Eqs. (25.8) and 
(25.6), c^q^jel, is of the order unity for the maximum g^ax = tt/uo. Hence 
the short-wavelength optical phonon exchange is as effective as the acoustic 
phonon exchange. The optical-phonon exchange pairing becomes weaker for 
longer wavelengths (small q). 



25.3 d-Wave Pairon Formation 

Let us consider the copper plane. Linear arrays of 0-0 and Cu-O-Cu al- 
ternate in the [100] and [010] directions, see Fig. 17.1. Thus we recognize 
longitudinal optical modes of oscillations along the a- an fo-axes. Now let us 
look at the motion of an ’’electron” wave packet extending over unit cells. If 
the “electron” density is small, the Fermi surface should be a small circle as 
shown in the central part in Fig. 17.2. Next consider a “hole” wave packet. 
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If the “hole” density is small, the Fermi surface should consist of four small 
pockets near the Brillouin zone comers as shown in Fig. 17.2. Under the 
assumption of such a Fermi surface, pair creation of ± pairons by means of 
an optical phonon exchange can occur as shown in the figure. Here a single- 
phonon exchange generates the electron transition from A in the O-Fermi 
sheet to B in the Cu-Fermi sheet and the electron transition from A' to B' , 
creating the - pairon at and the + pairon at [A, A). The optical 

phonon having momentum q nearly parallel to the a-axis is exchanged here. 
Likewise, the optical phonon with a momentum nearly along the 6-axis help 
create ± pairons. But because of the location of the Fermi surface there is no 
pairon formation in the direction [110] and [110]. Consequently the pairon is 
of a d-wave type with the dominant attraction along the a- and 6-axes, see 
Fig. 25.1. 

If the doping is increased, the O-Fermi surface grows as shown in Fig. 
19.2, (b)-(d). Then, the anisotropy decreases and the pairon becomes less 
anisotropic. At the end of the overdoping, the O-Fermi surface undergoes a 
curvature inversion as in (c) and (d). Near the inflection point, the pairon is 
isotropic and S-wave type. 

A direct way of mapping a 2D Fermi surface is to perform an angle- 
resolved photo-emission spectroscopy (ARPES) [4]. It would be highly de- 
sirable to see the curvature inversion by this technique. 

25.4 Discussion 

The attraction generated by the phonon exchange is intrinsically anisotropic. 
Because of the location of the Fermi surface in the optimum cuprate the ex- 
change of an optical longitudinal phonon generates a d-wave and underdoped 
Cooper pair with the dominant attraction in the directions [110] and [110]. 
Our model predicts that the d-wave character will be lost in the extremely 
overdoped sample. 




Chapter 26 

Connection with Other 
Theories 



Since the discovery of a superconducting mercury in 1911 by Kamerlingh 
Onnes [1] a number of important theories have been developed. Our micro- 
scopic theory is guided by these theories. We shall briefly describe connec- 
tions between these and ours. 



26.1 Gorter-Cassimir’s Two Fluid Model 

Based on the analysis of the heat capacity data Gorter and Casimir [2] in 1933 
proposed a two-fluid model: the superfluid bears the resistanceless motion, 
and the normal fluid behaves as a normal (electron) liquid. The model 
has been recognized to fully apply to the superconductor below Tc- It is a 
phenomenological theory without specifying what particles are responsible 
for the superfluid motion. It is widely said (and thought) that the super 
part originates in the superconducting (super) electrons, which is confusing. 
In our theory the super part is identified as the supercondensate composed 
of bosonically condensed patrons while the normal part arises from all other 
particles including non-condensed patrons, quasi-electrons and vortex lines. 

The two-fluid model also fully applies to the superfluid helium, liquid He 
11. [3] The superfluid (frictionless fluid) arises from bosonically condensed 
Hel 
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26.2 London-London’s Theory 

In 1933 Meissner and Ochsenfeld [4] discovered that the superconductor ex- 
pels the applied weak magnetic field from its interior. This behavior cannot 
be derived from the resistanceless current, and hence it is a major property 
of the superconductor below Tc- 

In 1935 the London brothers [5], based on the London’s equation, 

js = -Ae/A, kei = e^m~^ris, (26.1) 

and Maxwell’s equations, predicted that the magnetic field B does not abruptly 
vanish at the boundary, but it penetrates the sample a short distance A, called 
a penetration depth, represented by 

>^London = ^ Speed. (26.2) 

This prediction was later experimentally confirmed, which established the 
tradition that electromagnetism can, and must, be applied to the supercon- 
ductor. The magnitude of the experimental penetration depth A at the lowest 

o 

temperatures is about 500 A. 

In the present theory the supercurrent arises from the motion of the con- 
densed pairons. From this viewpoint we derived the revised London equation, 
see Eq. (13.35): [6] 

js ~ kpairon-k, kpairon ~ 2e ?7.o(ci -f- C2) p , (26.3) 

where pis the momentum (magnitude) of the pairon and Cj = v]p/2(3D) 
{2/7r)vp} (2D). The revised penetration depth A is 

A = (co/e){p/[87rA;ono(ci 4- 02 )]}^^^. (26.4) 

The condensed pairon density no vanishes at Tc, and hence A tends to 00 like 
ng as the temperature approaches Tc. Formula (26.4) contains no fictitious 
parameters, and hence can be used to determine (p, no). 

Londons introduced a macrowavefunction of a running wave type to rep- 
resent the supercurrent. The phase of this function is considered to be per- 
turbed neither by small defects nor by small electric fields. This property 
is often called the London rigidity. The macrowavefunction is identified as 
a quasiwavefunction T^(r) in the present theory, representing the state of 
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the supercondensate. The rigidity arises from the fact that the change in 
the many-pairon quantum state requires a redistribution of a large num- 
ber of pairons, and that the supercondensate composed of equal numbers of 
± pairons is neutral and hence it is not subject to a Lorentz electric force. 



26.3 Ginzburg-Landau Theory 



In 1950 Ginzburg and Landau [7] introduced a revolutionary idea that the 
superconductor below Tc possesses a complex order parameter, called a GL 
wavefunction just as a ferromagnet has a real order parameter (spon- 
taneous magnetization). Based on general thermodynamic arguments GL 
obtained the two equations: 



1 

2m 



-ihV - qA.\^ + a^'(r) -f /3 |^'(r)|^ ^''(r) - 0, 



(26.5) 



^ (26.6) 
2m* 2m* 

where m* and <7 are the mass and charge of a superelectron. With the density 
condition: 

^f'*(r)W'(r) = ris(r) = superelectron density, (26.7) 

Eq. (26.6) for the current density j in the homogeneous limit (V'L' = 0) is 
reduced to London’s equation (26.1). The GL equations are quantum me- 
chanical and nonlinear. The most remarkable results of the GL theory are 
the introduction of the concept of a coherence length [7] and Abrikosov’s pre- 
diction of a vortex structure in a type II superconductor [8], later confirmed 
by experiments [9]. 

We derived the GL equation (26.5) from first principles based on the idea 
that the supercurrent arises from the motion of the condensed pairons. The 
GL wavefunction can be identified as 



- <r (26.8) 

where cr denotes the condensed (momentum) state, and n the pairon density 
operator. The density condition (26.7) is replaced by 

|^''(r)p = r?,o-(r) = condensed pairon density. 



(26.9) 
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The parameter a (< 0) in Eq. (26.5) can be interpreted as the pairon 
condensation energy, and the parameter (3 (> 0) represents the repulsive 
interpairon interaction strength. [6] The homogeneous solution of Eq. (26.5) 
yields a remarkable result that the T-dependent condensed pairon density 
no(T) is proportional to the pairon energy gap Sg(T), see Section 26.6. 



26.4 Electron-Phonon Interaction. 

In 1950 Erohlich [10] developed a theory of superconductivity based on the 
idea that the electron-phonon interaction is the cause of the (type 1) super- 
conductivity. (The type 11 superconductor was not known then). At about 
the same time the critical temperature Tc was found to depend on the isotopic 
ion mass, [11] which supported Erohlich’ s idea. 

There are no real phonons at 0 K. The exchange of a virtual phonon 
between two electrons can generate an attraction just as the exchange of 
a virtual pion between two nucleons generates an attractive nuclear force 
in Yukawa’s model [12]. The treatment of such exchange force requires a 
quantum field theory, also called a second quantization formulation. This 
theory, distinct from the Schrodinger wavefunction formalism, allows one to 
describe processes in which the number of particles is not conserved, e.g. the 
creation of an electron-positron pair and the pair creation of ± pairons. 

The Hamiltonian Hp representing the electron- (longitudinal) phonon in- 
teraction takes the form, see Eq. (4.37): 



= Y^{Vq 4+qCk Uq + h.C.), Vg = AqinjluJ (26.10) 

k q 



called the Erohlich Hamiltonian. Using this and quantum perturbation method, 
we obtain the effective phonon exchange interaction: [13] 



IK 



2 





(£ki+q - £ki)^ - 



(26.11) 



which is negative (attractive) if the electron energy difference before and after 
the transition |£ki+q — £^kil is less than the phonon energy hvq. The attrac- 
tion is greatest when the phonon momentum q is parallel to the constant- 
energy (Eermi) surface. 
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26.5 The Cooper Pair 



In 1956 Cooper [14] showed that the attraction, however weak, may bound a 
pair of electrons. He started with Cooper’s equation: 



Wga(k,q) = [£(|k + q/2|) + e(|-k+q/2|)]a(k,q) 

(26.12) 

where Wq is the energy of a pairon, a(k, q) the wavefunction and uq the 
interaction strength. The solution of Eq. (26.12) for small momenta q yields: 



Wq = Wo + Cq < 0, 






— 2fVaJ £) 

exp[2/uoAf (0)] — 1’ 



(26.13) 



where c/vp = 1/2 (2/tt) for 3 (2) D. The constant strength uq can be justified 
for the acoustic phonon exchange: 



|..|2 1 .2 V 

= I'"*’ feZ = 



^ 2ujq ?iWq 



= A^ — 

^2cr 



(26.14) 



where LUq — Csq, and Cs - the sound speed. 



26.6 BCS Theory 



In 1957 Bardeen, Cooper and Schrieffer [15] published an epoch-making the- 
ory of superconductivity, which is regarded as one of the most important 
theoretical works in the 20-th century. Starting with the BCS Hamiltonian 
Hq in Eq. (7.12) containing the kinetic energies of “electrons” and “holes” 
and a pairing interaction Hamiltonian, and using the minimum energy prin- 
ciple calculation with the guessed trial ground- state ket in Eq. (7.14), they 
showed that the ground state energy W of the BCS system is lower than that 
of the Bloch system without the pairing interaction: 

W = NqWq <0, No = ^£)AT(0). (26.15) 



The minimum energy condition can be expressed in terms of the energy gap 
equation: 

A = v„y'y^ 



(26.16) 
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= (4'^ V (26.17) 

where A^') is the quasi-eleetron energy gap and the energy of the quasi- 
eleetron, j = 1(2) for the “eleetron” (“hole”). 

BCS extended their theory to a finite temperature, and obtained the 
temperature dependent energy gap equations (10.31). In the bulk hmit the 
BCS gap equation is 



l = uoA^(0) j d£-^^^^^^tanh 
0 



■(£^ + A2)V2 
2keT 



(26.18) 



This gap A is temperature-dependent. The limit temperature Tc at whieh A 
vanishes, is given by 



hu>D 

1 = voJ\f{0) y" - tanh 



£ 

2kBT, ■ 



(26.19) 



In the weak eoupling limit the eritieal temperature Tc is given by 



ksTc ££ 1.13 exp 



1 

^0^7(0) ■ 



(26.20) 



Formulas (26.15) and (26.20) represent two of the most important results 
of the BCS theory. The formula (26.15) for the ground state energy ean be 
interpreted as follows: The greatest total number of pairons generated eon- 
sistent with the BCS Hamiltonian is equal to hjr)Af{0) = Nq. Eaeh pairon 
eontributes a binding energy |rao|- The existenee of the pairons below Tc 
was direetly eonfirmed in the flux quantization experiments [16, 17] in 1961, 
whieh showed that the earrier in the supereurrent has the eharge (magnitude) 
2e. 

The nature of the BCS results is quite remarkable. The starting Hamil- 
tonian H and the trial ground-state |T') are both expressed in terms of pairon 
operators (b,b^). But only quasi-eleetron variables appear in the energy gap 
equation, whieh is the minimum-energy eondition. Henee it is impossible 
to guess even the existenee of the gap A in the exeitation energy speetrum 

= (Sfc + A^)^/^. 

In the present text we reealeulated the ground-state energy Wq, using the 
equation-of-motion method, and eonfirmed that formula (26.15) is the exaet 
expression for the ground-state energy of the BCS system. 




26.6. BCS THEORY 



317 



BCS assumed a Hamiltonian containing “electrons” and “holes” with a 
free electron model. The reason why only some, and not all, metals are 
superconductors was unexplained. To answer this question we must incor- 
porate the Fermi surface of electrons in the theory. “Electrons” (“holes”) 
are excited near the Fermi surface where the local principal curvatures are 
negative (positive). The reduced generalized BCS Hamiltonian written in 
terms of “electron” (1) and “hole” (2) variables is 

+ V2ib^k'^b^w + (26.21) 

b^^ = c^kiCkT > > (26.22) 

where the primes on the last summation symbols indicate the restriction that 

0 < 4'^ = £fe,4'^ = < bujD. (26.23) 

The first interaction term — un 4/^^^k ^ generates an attractive (negative sign) 
transition of the electron pairfrom (k — k |) to (k' t, — k' |). The Coulomb 
interaction generates a repulsive transition. The effect of this interaction is 
included in the strength v\i. Similarly, the exchange of a phonon induces an 
attractive transition between the “hole”-pair states, and it is represented by 
the term in —V 22 exchange of a phonon can also pair-create [pair- 

annihilate] ± pairons, and the effects of these processes are represented by 
-V12 I —'<^21 ^k^^k^4 If the Fermi surface is such that both “electrons” 

and “holes” be generated, the pairing interaction —V 12 ^k4^[f can generate 
± pairons in equal numbers. Thus we can discuss how the ± pairons are 
created in the system having a favorable Fermi surface. 

The quasi-electron energy gap A(T) obtained as the solution of Eq. 
(26.18) depends on the temperature T. It is greatest at 0 K and monotoni- 
cally decreases and vanishes at 7).. Photo-absorption [18] and quantum tun- 
neling experiments [19] indicate the existence of an energy gap eg{T) which 
depends on temperature. It was generally thought that the experimental gap 
£g(T) represents the theoretical gap A(T). But this interpretation has a dif- 
ficulty. The gap A appears in the quasi-electron energy: Ek = (e| + A^)^/^, 
indicating that the quasi-electrons have the minimum excitation energy A 
relative to the Fermi energy. But the Fermi surface is blurred in the super- 
conducting state, and hence the photo-absorption experiment is unlikely to 
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detect the gap A. Our calculations show that the moving pairons have an en- 
ergy gap Eg relative to the condensed stationary pairon level. This gap £g{T), 
which is T-dependent, can be detected directly in the photo-absorption and 
quantum tunneling experiments. 

26.7 Bose-Einstein Condensation 

Liquid He II and superconductors show remarkable similarities. London em- 
phasized this fact in his well-known books [3], and proposed to explain both 
superfluidity and superconductivity from the BEC point of view. If a system 
of free bosons with mass M is considered, the critical temperature Tc for 3D 
is [21] 

Tc = 3.31 (26.24) 

where n is the boson density. If we use the mass density of the liquid he- 
lium n = 0.145 g cm“^, we find from Eq. (26.24) that Tc = 3.14 K, which 
is very close to the observed superfluid transition temperature 2.18 K. This 
and other calculations led to a general consensus that the helium superflu- 
idity is due to the BEC of weakly interacting He'^. Now consider the case 
of superconductivity. If we assume 2me for the bosonic mass M and use 
the experimental Tc — 7.19 K for lead, the interboson distance Tq = 
calculated from Eq. (26.24) is on the order of 10^ cm far greater than the 
lattice constant, meaning an overlapping of the electron-pairs. Attempts to 
overcome this difficulty [22] have been largely unsuccessful. Because of this 
the BCS model without consideration of the bosonic nature of the pairons 
has been the dominant theory of the low Tc superconductors. 

In the present theory we solved the Cooper equation (26.12) and obtain 
the linear dispersion relation (26.13). Using e = {l/2)vpp and assuming free 
bosons moving in 3D we obtain [6] 

Tc ^ 1. 01 nkg^pnl^^. (26.25) 

Note that no mass appear in this expression. The pairon size can be estimated 
by the BCS zero-temperature coherence length 

= hyp/T^ A = 0.18 hyp/ksTc- (26.26) 

After solving Eq. (26.25) for Hq and introducing the interpairon distance 
ro = we obtain 

ro = = 1.01 hyp/ksTc = 5.61 



(26.27) 
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indicating that the interpairon distance Tq is several times greater than the 
pairon size Thus the B-E condensation occurs before the picture of free 
pairons breaks down. 

The system of free pairons moving in 2D with the linear relation e = 
[2 /'k)vfP (the model system for a high cuprate) undergoes a B-E conden- 
sation at 

Tc = 1.24 (26.28) 

The condensation of massless bosons in 2 D is noteworthy. Hohenberg showed 
[24] that there can be no long-range order in 2D, which is derived with 
the assumption of an /-sum rule representing the mass conservation law. 
Hohenberg’ s theorem does not apply for massless bosons. 

26.8 Josephson Theory 

In 1962 Josephson [25] predicted a supercurrent tunneling through a small 
barrier (Josephson junction) with no energy loss. Shortly thereafter, Ander- 
son and Rowell [26] experimentally demonstrated this Josephson tunneling. 
Josephson argued [25] that if a static voltage V is applied to the supercon- 
ductor containing a Josephson junction, the current I is controlled by two 
equations: 

J = Jo sin (5, (26.29) 

1C 

h— = 2eV, (26.30) 

(jLL 

where 8 is the phase difference across the junction. Note that these equa- 
tions predict a quite different behavior from the classical ohmic behavior: 
I on V. The correctness of these equations is confirmed by numerous later 
experiments. Mercereau and his collaborators [27] found the Josephson inter- 
ference in a SQUID. Two supercurrents separated up to 1 mm can interfere 
just as two laser beams from the same source. This effect comes from the self- 
focussing power shared by these two fluxes (supercurrent and laser), meaning 
that the pairons move as bosons with the linear dispersion relation: 

e = cp, c = pairon speed. (26.31) 

The interference pattern can quantitatively be calculated, starting with Eqs. 
(26.29) and (26.30). Eeynman [29] derived these equations, using the quan- 
tum mechanical equation of motion and assuming that the pairons move as 
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bosons. The Josephson effect established the tradition that both fermionic 
and bosonic properties of the pairons must be used for the total description 
of the superconductivity. Eqs. (26.29-30) indicate that the static volt- 
age V generates an oscillatory supercurrent with the Josephson frequency 
Uj = 2eVhr^. If a microwave with the matching frequency: w ~ tuj is ap- 
plied, a series of steps in the V - / curve were observed by Shapiro [28]. The 
oscillatory supercurrent is in accord with our pictures that the supercurrent 
is caused by the motion of the neutral supercondensate composed of equal 
numbers of ± pairons. 



26.9 High Temperature Superconductors 

In 1986 Bednorz and Muller [30] reported the first discovery of the high- 
Tc cuprate superconductor (LaBaCuO, Tc > 30 K). In 1987 Chu, Wu and 
others [31] discovered YBCO with Tc ~ 94 K. This is a major development. 
The compound NbsGe has Tc — 23 K. The BCS theory [15] and subsequent 
theoretical developments [32] predicted the highest Tc of about 25 K. A great 
number of theoretical investigations followed, re-examining the foundations 
of the BCS theory and developing new theories [33-35]. 

Mott and his collaborators [36] proposed a bi-polaron (boson) model to 
treat high-Tc cuprates. Lee and his group [37] developed a virtual bosonic 
model, and their calculations of Tc based on massive bosons are quite com- 
plicated. In contrast we obtained a BEC temperature Tc = 1.2Ahk^^vpnl^^ 
for the system of free masless bosons in 2 D. 

The simplest cuprate superconductors are La2_a;Sra;Cu04 and Nd2_a;CexCu 
04_6. The parents La2Cu04 and Nd2Cu04 are both antiferromagnetic in- 
sulators. Under doping they become superconductors in some concentration 
ranges. To understand both antiferromagnetic and superconducting phases 
a spin-dependent theory is required. Anderson stressed the importance of 
understanding the normal- state magnetotransport in cuprates and proposed 
a spin-dependent resonating valence bond (RVB) theory [38]. A variety of 
other theories are proposed, starting with spin-dependent model Hamilto- 
nians including the d-p model [39], the Hubbard model [40], the t-J model 
[41]. 

As noted in chapter 2 the superconducting transition is a condensation in 
the k-space distinct from the magnetic transition which is a condensation in 
the spin angular momentum space. The k represents the state of the conduc- 
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tion electron, while the spin refers to the state of the lattice-ion core electron. 
Hence the electron dynamics and spin motion are weakly coupled. This is ex- 
perimentally supported by the existence of the two critical temperatures, the 
antiferromagnetic and superconducting temperatures (Tn,Tc). We take the 
view that the superconductivity in the cuprates can be developed based on 
the spin independent generalized BCS model. Our mathematical treatment 
is simple. We obtained exact expressions for the ground-state energy and 
the superconducting temperature. In contrast the spin-dependent problems 
are hard to solve. No exact solutions for the ground- state and the critical 
temperature have yet been found. Onsager’s solution of the 2D Ising model 
[42] is a notable exception. 



26.10 Quantum Hall Effect 

Experimental data by Willet et al. [43], reproduced in Fig. 26. 1, show that the 
Hall resistivity at the extreme low temperatures has plateaus at various 
Landau-level occupation ratios (electron density rig /elementary flux density) 
^ = p/q, odd q, where the resistivity p (nearly) vanishes. In particular 
at u = 1/3, the plateau in p^ and the drop in p are as distinctive as the 
integer Quantum Hall Effect (QHE) plateau and zero resistivity at z/ = 1 
[44], indicating a superconducting state with an energy gap. The plateau 
heights are quantized in units ofh/e^. Each plateau is material- and shape- 
independent, indicating the basic quantum nature and stability of the QHE 
state. The stability arising from the energy gap is sometimes referred to as 
the incompressibility of a quantum liquid in literature. [45] The ground state 
of the hetero-junction GaAs/AlGaAs at the fractional ratios v — 1/q, odd 
g, can be described in terms of the Laughlin wavefunctions. [46] Zhang and 
others [47-48] discussed the QHE state in terms of the composite bosons, each 
made up of an electron and an odd number of elementary fluxes (fluxons). 
The same data shown in Fig. 26.1 indicate that is linear in B at = 1/2, 
indicating a Fermi-liquid state. This state can simply be described in terms 
of the composite fermions, each made up of an electron and two fluxons. [49] 
A microscopic theory of the QHE can be developed in analogy with our 
theory of high Tc superconductivity. [50] We regard the fluxon as a quantum 
particle with half-spin and zero mass, which is in line with Dirac’s theory that 
every quantum particle having the position as an observable is a Dirac par- 
ticle with half-spin. [51] The 2D Landau energy levels: E = {Nl - t - 1/2)?vjjo, 
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Landau level occupation ratio 
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Figure 26.1: Fractional Quantum Hall Effect Experiments, after Willett et al. 

[43]. 

uq = eB/m*, with the states [Ni^ky], Af/, = 0, 1, 2, have a great degener- 
acy. Exchange of a phonon between the electron and the fluxon generates an 
attractive transition in the degenerate states. The same exchange can also 
create (annihilate) electron-fluxon composites. The CM of any composite 
moves as a fermion (boson) if it contains an odd (even) numbers of elemen- 
tary fermions. Hence the composite containing an electron and j fluxons 
moves as a boson (fermion) if j is odd (even). The system of c-bosons con- 
denses below some critical temperature Tc and exhibits a superconducting 
state. The system of c-fermions shows a Fermi liquid behavior. 

The system of free c-bosons moving with the linear dispersion relation: 
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e = {2/tx)vpp undergoes a BEC at the critical temperature 

kpTc == 1.2Ahvpnl^‘^, no = boson density, (26.32) 

the same as Eq. (26.28) for the 2D pairons. In the principal QHE state 
at = 1 fundamental (f) c-bosons, each with one fluxon, are formed. If 
we assume uq = 10^°cm“^, vp = 1.36 x 10® cm for GaAs/AlGaAs, we 
obtain Tc = 1.29 K. Below Tc, the non-condensed c-boson has an energy gap 
Sg relative to the energy of the condensed c-bosons. 

In the QHE state at zv = p/g, odd q, c-bosons, each with q fluxons, are 
formed. The c-boson carries the fractional charge 

e* = e/q. (26.33) 

The c-bosons condensed at the momentum directed along the sample length 
generate a supercurrent. The boson density uq is reduced compared with the 
case at zv = 1 by the driving factor pq, as represented by 

no = ne/{pq), (26.34) 

where Ue is the density of electrons involved in the principal QHE state. 
Eq. (26.34) means that both Tc (oc nl^^) and Eg decreases as {pq)~^^‘^ with 
increasing pq. This trend is in agreement with all of the twenty-plus plateaus 
and dips identified in Eig. 26.1. It also means that no QHE is realized for 
very large Nj (> 120 at 85 mK) since Tc becomes less than the observation 
temperature. 

The spin phase transition observed at u = 4/3 and 8/5, with tilt-field 
technique [52] can simply be explained, using the electron-fluxon complex 
model. 




Chapter 27 

Summary and Remarks 

27.1 Summary 



The five major properties of a superconductor are: zero resistance, Meiss- 
ner effect, flux quantization, Josephson effects, and excitation-energy gaps. 
These properties all arise from the motion of a supercondensate in the con- 
ductor below Tc- In the present text we have examined these and other 
properties from a quantum statistical mechanical point of view. 

The microscopic cause of the superconductivity is the phonon exchange 
attraction. Under certain conditions (see below), electrons near the Fermi 
surface form Cooper pairs (pairons) by exchanging phonons. Let us take 
a typical elemental superconductor such as lead (fee). The virtual phonon 
exchange can generate an attraction if kinetic energies of the electrons in- 
volved are all close to each other. This exchange generates an attractive 
transition (correlation) between “electron” (or “hole”) pair states whose en- 
ergies are separated by twice the limit phonon energy Tilod- Exchanging a 
phonon can also pair-create ± pairons from the physical vacuum. Phonons 
are electrically neutral, and hence the states of two electrons between which 
a phonon is exchanged, must have the same net charge before and after the 
exchange. Because of this, if the Fermi surface is favorable, equal numbers 
of ± pairons are formed in the conductor. The phonon-exchange attraction 
is a quantum field theoretical effect, and hence it cannot be explained by 
considering the potential energy alone. In fact the attraction depends on 
the kinetic energies of electrons. Pairons move independently with a linear 
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dispersion (Cooper-Schrieffer) relation, 



Wq = Wo + cq < 0, 

where c = (2 /tt, l/2)vp for (2, 3)D, and 

—2huip) 

exp(2/uoAT(0)) — 1 



(27.1) 

(27.2) 



is the ground-state energy of a pairon. Pairon’s motion is very similar to 
photon's. Unlike photons however pairons have charges ±2e, and the total 
number of ± pairons in a superconductor is limited. At 0 K the conductor 
may contain great and equal numbers of stationary ± pairons all condensed 
at zero momentum. 

The most striking superconducting phenomenon is a never-decaying su- 
percurrent ring. In the flux quantization experiment, a weak supercurrent 
goes around the ring, enclosing the magnetic flux. Here macroscopic numbers 
of pairons are condensed at a momentum 



Qn — 



27rhu 

L 



(27.3) 



where L is the ring circumference and u a quantum number (0, ±1, ±2,...) 
such that the flux $ enclosed by the ring is \u\ times the flux quantum 
$0 = (h/2ey. 

^ = n^o = n—. (27.4) 

2e 

The factor 2e means that the charge (magnitude) of the current-carrying 
particle is twice the electron charge e, supporting the BCS picture of a su- 
percondensate composed of pairons of charge (magnitude) 2e. 

The macroscopic supercurrent generated by the supercondensate in mo- 
tion is not destroyed by microscopic impurities. This condition is somewhat 
similar to the situation in which a flowing river (big object) is perturbed but 
cannot be stopped by a stick (small object). The fact that small perturba- 
tions cause no energy loss arises from the quantum nature of the supercon- 
ducting state. The change in the condensed state requires redistribution of a 
great number of pairons. The supercurrent state can refocus by itself if the 
perturbation is not too strong. This is a Bose statistical effect peculiar to the 
condensed bosons moving with a linear dispersion relation. This self-focusing 
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power is most apparent in the Josephson interference, where two supercur- 
rents macroscopically separated up to 1 mm apart can interfere with each 
other just as two laser beams from the same source. Thus there is a close 
similarity between supercurrent and laser. 

In the steady state, as realized in a circuit containing superconductor, 
resistor, and battery, all flowing currents in the superconductor are super- 
currents. These supercurrents run in the thin surface layer characterized by 
the penetration depth A (~ 500 A), and they keep the magnetic field off the 
interior (Meissner effect). The current density j in the superconductor can 
be represented by 



j ^ 



I eno (3D) 

2eno{vP -v^P), (2D) 



(27.5) 



where no is the total density of condensed pairons. The ± pairons move 
in the same direction, but their speeds, Vp^ /2, are different, and hence the 
net current does not vanish. If a magnetic field B is applied, the Lorentz- 
magnetic force tends to separate ± pairons. Thus there is a critical magnetic 
field Be. The supercurrent by itself generates a magnetic field, so there is a 
critical current. The picture of a neutral moving supercondensate explains 
why the superconducting state is not destroyed by the applied voltage. Since 
there is no net charge: Q = 0, no Lorentz-electric force F e can act on the 
supercondensate: F^; = QE — 0. Thus the supercurrent is not accelerated, 
so it can gain no energy from the voltage. 

The system of free pairons (bosons) moving with the linear dispersion 
relation undergoes a B-E condensation at the critical temperature Tc given 

l.OlhvFn^^^ (3D) 

(27.6) 

1.24?iUi7’ (2D) 

The condensation transition in 3 (2)D is a phase change of second (third) 
order. The heat capacity in 3 D has a jump at Tc. Below Tc there is a 
supercondensate made up of ± pairons condensed at zero momentum. The 
density of condensed pairons increases to the maximum no as temperature is 
lowered toward 0 K. The quasi-electron in the presence of the superconden- 
sate has the energy {el + The gap A is temperature-dependent, and 
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it reaches its maximum Ao at 0 K. The maximum gap Ao can be connected 
to the critical temperature Tc by 

2Ao = 3.53 fcijTc (27.7) 

in the weak coupling limit. Phonon exchange is in action at all time and at 
all temperatures. Thus two quasi-electrons may be bound to form moving 
pairons. Since quasi-electrons have an energy gap A, excited pairons also 
have an energy gap £g, which is temperature-dependent. The pairon energy 
gap £g{T) grows to its maximum equal to the binding energy of a Cooper 
pair, \wq\, as the temperature approaches 0 K. 

Moving pairons have negative energies, while quasi-electrons have positive 
energies. By the Boltzmann principle, moving pairons are therefore more 
numerous than quasi-electrons, and they are the predominant elementary 
excitations below Tc. Pairon energy gaps strongly influence the heat capacity 
C(T) below Tc. The C(T) far from Tc shows an exponential-decay-type T- 
dependence due to the energy gap £g\ the maximum heat capacity ( 7ma.v 
at Tc is modified by a small but non-negligible amount. The energy gap £g 
between excited and condensed pairons can be probed by quantum-tunneling 
experiments. The threshold voltage K in the I-V curve for an S-I-S system 
can be connected simply with £g\ 

Va = £g{T)/e. (27.8) 

This allows a direct observation of the energy gap £g{T) as a function of T. 

Compound superconductors have optical and acoustic phonons. The 
Cooper pairs formed, mediated by optical phonons bridging between “electron” - 
like and “hole”-like Fermi surfaces, have smaller linear sizes ( rsj 50 A). 

Thus these superconductors show type II behavior. The critical temperature 
Tc tends to be higher, since pairons can be packed more densely. 

Cuprate superconductors have layered lattice structures. Conduction 
electrons move only in the Cu02 planes. Since they are compounds, ± 
pairons can be generated with the aid of optical phonons bridging between 
“electron”-like and “hole”-like 2D Fermi surfaces. The pairon size is small 

o 

(~ 14 A for YBCO), and pairons may therefore be packed even more densely. 
The critical temperature Tc, based on the model of free massless bosons mov- 
ing in 2D, is given by Eq. (27.6). The interpairon distance tq = is much 
smaller in cuprates than in elements, and the Fermi velocity vp is smaller, 
making the critical temperature Tc higher. Since the pairon size is small, the 
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Coulomb repulsion between two eleetrons is not negligible. This generates 
two energy gaps (Ai, A 2 ) for quasi-eleetrons and two energy gaps (si, £ 2 ) 
for moving pairons. Thus, the I-V eurves for high Tc are asymmetrie and 
generally more eomplieated. 

We have treated all supereonduetors in a unified manner, starting with a 
generalized BCS Hamiltonian H and taking aeeount of eleetron and phonon 
energy bands. The underlying assumption is that ±pairons are generated 
from the physieal vaeuum by emission and absorption of virtual phonons un- 
der favorable eonditions. Alkali metals l ik e Na have nearly spherieal Fer mi 
surfaees and have “eleetrons” only, and henee they are not supereonduetors. 
Multivalent non-magnetie metallie elements ean generate ± pairons near hy- 
perboloidal Fermi surfaees, so they are most often supereonduetors. 



27.2 Remarks 

In the text we have diseussed primarily ehemieally-pure, lattiee-perfeet, bulk- 
size supereonduetors. Many important supereondueting properties arise in 
imperfeet supereonduetors. We briefly diseuss some of these properties in 
the following subseetion. 

27.2.1 Thin Films 

If the dimension of a sample in some direetion is less than the penetration 
depth A, as in a thin film, the supereonduetor’s eritieal temperature is a little 
higher than in a bulk sample. This may be explained as follows. Consider 
a very thin supereurrent ring. The supereondueting sample tends to expel 
any magnetie field at the expense of the stored magnetie field energy. This 
expulsion is not eomplete beeause of the sample dimension; therefore stored 
magnetie energy density is less than in bulk, making the supereondueting 
state more stable and rendering Tc a little higher. 

27.2.2 Nonmagnetic Impurities 

A small amount of non-magnetie impurities neither hinder the supereurrent 
nor alter the supereondensate density. This means that adding non-magnetie 
impurities do not ehange Tc drastieally. The impurities however signifieantly 
affeet the eoherenee length ^ and the penetration depth A. These effeets 
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are often described by ^ + I \ X = Ao(^o/0^''^ where I is the 

electron mean free path and Aq) represent the values of (^, A) for pure 
superconductor. According to this the addition of impurities makes ^ smaller 
and A greater. This is experimentally supported by the fact that alloys like 
Pb-In^; show a type II behavior if the fraction x is made high enough. 

27.2.3 Magnetic Impurities 

Ferromagnetic elements such as iron (Fe) and nickel (Ni), are not supercon- 
ductors. These metals of course have electrons and phonons. Thus spon- 
taneous magnetization and the associated magnetic field are thought to be 
detrimental to the formation of Cooper pairs. Injection of magnetic ions in 
a superconductor lowers significantly. This may be understood as follows. 
A Cooper pair is made up of electrons of up and down spins. The inter- 
nal magnetic field destroys the symmetry between up and down spins; this 
makes the pairon formation less favorable, which lowers pairon density and 
the critical temperature. 

27.2.4 Intermediate State 

When a magnetic field is applied along the axis of a cylindrical super- 
conductor, surface supercurrents are generated to shield the 5-field from the 
body with no energy loss. If the superconductor has a poor geometrical 
shape and/or the ifa-field is in the wrong direction, then it will be in the 
intermediate state, where normal and superconducting domains are formed 
side by side. The actual domain structures can be very complicated. We 
have avoided this complication completely in the text by assuming the ideal 
condition where the ffa-field is directed along the axis of a long cylindrical 
superconductor. 

27.2.5 Critical Currents. Silsbee’s Rule 

How much current can be passed through a superconductor without gener- 
ating resistance? This is an important question in devices and applications. 
As we mentioned the actual supercurrent configuration may be very compli- 
cated. It is recognized that a superconductor loses its zero resistance when 
at any point on the surface, the total magnetic field due to the transport 
current and the applied field exceeds the critical field Sc- This is often called 
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generalized Silsbee’s rule [1]. (The original Silsbee’s rule, proposed by this 
author in 1916, refers to the case of zero external field.) In our condensed 
pairon picture, a supercurrent is generated by pairons moving in the same 
direction with different speeds (ci, C 2 ). Any 5- field tends to separate these 
pairons by a magnetic force. Silsbee’s rule is in accord with this picture. 



27.2.6 Mixed State. Pinning Vortex Lines 

Type II superconductor are more useful in devices and applications than 
type I because the upper (or superconducting) critical field Hc 2 can be much 
higher than the thermodynamic critical field. Between the lower and upper 
critical fields [Hdi Hoi), a type II superconductor allows a partial penetration 
of elementary magnetic flux lines (vortices), which forms a two-dimensional 
lattice. Such a state is called a mixed state, distinct from the intermediate 
state discussed earlier. Elementary vortices repel each other. If the vortex 
lattice is perfect, there is no net current. In the actual current-carrying 
state, vortices are pinned by various lattice imperfections, and the resulting 
inhomogeneous vortex configuration generates a net supercurrent. In practice 
lattice imperfections are purposely introduced in the fabrication processes, 
and the details of the flux (vortex)-pinning are very complicated. 



27.2.7 Critical Currents in Type II Superconductors 

If the applied magnetic field Ha is less than the lower critical field Hd , the 
critical current tends to decrease linearly with increasing field Ha- (The same 
behavior is observed in type I superconductors.) The associated 5-field in the 
surface layer tends to disrupt the motion of ± pairons by the Lorentz force, 
causing a linear ^fa-decrease in the critical current. The practically important 
case however is the one where the applied field Ha is higher than Hd so 
that vortex lines penetrate the body. Experiments indicate that the more 
imperfect the sample, the higher is the critical current. This behavior arises 
from flux-pining by imperfections; besides, the transport current appears 
to flow throughout the whole body. The phenomena are therefore quite 
complicated; but since this is very important in devices and application, 
extensive researches is currently being carried out. 
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27.2.8 Concluding Remarks 

The traditional statistical mechanical theory deals with equilibrium thermo- 
dynamic properties and steady- state transport and optical properties of a 
macroscopic system. When a system contains super and normal domains 
or inhomogeneous pinning of vortex lines, theories must be developed case 
by case. In fact there is no unified theory dealing with such cases. Future 
challenging research includes seeking higher Tc-materials and raising critical 
currents for larger-scale applications. Such research requires a great deal of 
efforts and creative minds. The authors hope the elementary quantum sta- 
tistical theory of superconductivity presented here will be a useful guide for 
the exciting future developments. 




Appendix A 

Second Quantization 



The most remarkable fact about a system of fermions is that no more than 
one fermion can occupy a quantum particle state (Pauli’s exclusion principle). 
For bosons no such restriction applies. That is, any number of bosons can 
occupy the same state. We shall discuss the second quantization formalism 
in which creation and annihilation operators associated with each quantum 
state are used. This formalism is extremely useful in treating of many-boson 
and/or many-fermion system. 



A.l Boson Creation and Annihilation Oper- 
ators 

The quantum state for a system of bosons (or fermions) can most conve- 
niently be represented by a set of occupation numbers where are 
the numbers of bosons (or fermions) occupying the quantum particle-states a. 
This representation is called the occupation number representation or simply 
the number representation. For bosons, the possible values for n'^ are zero, 
one, two, or any positive integers: 

n'^ = 0, 1, 2, ... for bosons. (A.l) 

The many-boson state can best be represented by the distribution of particles 
(balls) in the states (boxes) as shown in Fig. A.l. 

Let us introduce operators (without prime) whose eigenvalues are given 

by 0, 1, 2, ... . Since Eq. (A.l) is meant for each and every state a indepen- 
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n .2 = 0, n_i = 0, no=2, 

rii=o, n2 = 1,... 



Figure A.l: A many-boson state is represented by a set of boson numbers {n^} 
occupying the states {pj}. 

dently, we assume that 



It is convenient to introduce complex dynamic variables 77 and 77^ instead 
of directly dealing with the number operators n. We attach labels a, b, ... to 
the dynamic variables 77 and 77^ associated with the states a, 6, ... and assume 
that ?7 and 77^ satisfy the following Bose commutation rules: 

[Va, Vl] = ^ab, [Va, Vb] = [vl 4 ] = 0 - (A. 3 ) 

Let us set 

4 jla = ri-ai=nl), (A. 4 ) 

which is Hermitean. Clearly, tTq = 77)^77^ satisfy Eqs. (A. 2 ). 

We shall show that Ua has as eigenvalues all non-negative integers. Let n' 
be an eigenvalue of n (dropping the suffix a) and |?r') an eigenket belonging 
to it. By definition 

(72 ' 1 77 '*’77 \n') = n {n' | n'). 

Now {n'\ 77^77 |n') is the squared length of the ket 77 |t 2') and hence 



(A. 5 ) 
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Also by definition {n' \ n') > 0; hence from Eqs. (A. 5) and (A. 6), we obtain 

n' > 0, (A.7) 

the case of equality occurring only if 

r] \n') = 0. (A.8) 

Consider now [rj, n] = [rj, r]^Tj]. We may use the following identities: 

[A, BC] - B[A, C] + [A, B]C, [AB, C] - A[B, C] + [A, C]B, (A.9) 
and obtain 



[rj, rj^rj] = rj] + [rj, r]^r] = 77 , 


T]n — nr] = rj. 


(A. 10) 


nrj \n') = (rjn — rj) \n') — {n' 


- 1)7 K)- 


(A.11) 



Now if 7] \n') 7 ^ 0, then r] |n') is, according to Eq. (A. 11), an eigenket of n 
belonging to the eigenvalue n' — 1. Hence for non-zero n', n' — 1 is another 
eigenvalue. We can repeat the argument and deduce that, if n' — 1 7 ^ 0, n' — 2 
is another eigenvalue of n. Continuing in this way, we obtain a series of 
eigenvalues n',n' — l,n' — 2 ,.... which can terminate only with the value 
0 because of inequality (A.7). By a similar process, we can show from the 
Hermitean conjugate of Eq. (A. 10): nrj^ — r]^n = r]Hhat the eigenvalue of 

n has no upper limit [Problem A. 1.1]. Hence, the eigenvalues of n are non- 
negative integers: 0 , 1 , 2 ,... . (q.e.d) 

Let |^a)be a normalized eigenket of belonging to the eigenvalue 0 so 
that 

ria\(l)a) =vlVa\<Pa) (A-12) 

By multiplying all these kets \<p^) together, we construct a normalized eigen- 
ket: 

l®o) = M M ... (A.13) 

which is a simultaneous eigenket of all n belonging to the eigenvalues zero. 
This ket is called the vacuum ket. It has the following property: 



>?o I'I’o) = 0 for any a. 



(A. 14) 
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Using the commutation rules (A. 3) we obtain a relation (dropping suffix 

- (nTri = (A.15) 

which may be proved by induction (Problem A. 1.2). Multiply Eq. (A.15) by 
77 't' from the left and operate the result to |$o)- Using Eq. (A. 14) we obtain 

n(ri‘'T' 10) = 10) , (A.16) 

indicating that |0) is an eigenket belonging to the eigenvalue n' . The 
square length of \4>) is 

(01 10) = n (01 if' \(j)) = . . . = n'l. (A.17) 



We see from Eq. (A. 11) that rj \n') is an eigenket of n belonging to the 
eigenvalue n' — 1. Similarly, we can show from [n, f] = f that f \n') is 
an eigenket of n belonging to the eigenvalue n' + 1. Thus operator 77 , acting 
on the number eigenket, annihilates a particle while operator f creates a 
particle. Therefore, 77 and 77 ^ are called annihilation and creation operators, 
respectively. Erom Eqs. (A.16) and (A.17) we infer that if 71 '^, ... are any 

non-negative integers. 



(n'jln'j!...) *^^(l)l)"‘(4)““-l^o) = 



(A.18) 



is a normalized simultaneous eigenket of all the n belonging to the eigenvalues 
n[,ri 2 , .... Various kets obtained by taking different n' form a complete set of 
kets all orthogonal to each other. 

Eollowing Dirac [1], we postulate that the quantum states for N bosons 
can be represented by a symmetric ket 

5[| >1 > ... 1 >] = \aaai,...ag) ^ , (A.19) 

where S is the symmetrizing operator. 

s = y p (A.20) 

^^N\^ 

and P are permutation operators for the particle-indices (1,2,..., N). The 
ket in Eq. (A.19) is not normalized but 

(ni\ri 2 \ \a.,at...a,)g s |{n}) 



(A.21) 
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is a normalized ket representing the same state. Comparing Eqs. (A.21) and 
(A. 18), we obtain 

\aaCii,...ag) g = ... 77 J |<^o)- (A.22) 

That is, unnormalized symmetrie kets \aaOL\,---Oig) g for the system ean be 
eonstrueted by applying N ereation operators to the vaeuum ket 

|$o)- So far we have taeitly assumed that the total number of bosons is fixed 
at A'. If this number is not fixed but is variable, we ean easily extend the 
theory to this ease. Let us introduee a Hermitean operator N defined by 

a a 

the summation extending over the whole set of boson states. Clearly, the 
operator N has eigenvalues 0,1,2,..., and the ket \aaab---ctg) g is an eigenket 
of N belonging to the eigenvalue N'. We may arrange kets in the order of 
N', i.e., zero-partiele state, one-partiele states, two-partiele states, . . . : 

1 ^ 0 ), vU^o) : ••• • (A.24) 

These kets are all orthogonal to eaeh other, two kets referring to the same 
number of bosons are orthogonal as before, and two referring to different 
numbers of bosons are orthogonal beeause they have different eigenvalues N'. 
By normalizing the kets, we get a set of kets like (A.21) with no restrietion 
on {n'}. These kets form the basie kets in a representation where {ria} are 
diagonal. 

Problem A.1.1. (a) Show (twiee) that nrji — r]in = 77 ^ by taking the 
Hermitian-eonjugation of Eq. (A. 10) and also by using Eqs. (A. 9). (b) 
Use this relation and obtain a series of eigenvalues n', n' + 1, n' + 2, ..., 
where n' is an eigenvalue of n. 

Problem A. 1.2. Prove Eq. (A. 15) by mathematieal induetion. Hint: use 
Eqs. (A.9). 

A. 2 Observables 

We wish to express observable physieal quantities (observables) for the system 
of identieal bosons in terms of rj and rji These observables are by postulate 
symmetrie funetions of the boson variables. 
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An observable may be written in the form: 

3 i 3 

where is a function of the dynamic variables of the jth boson, zbi) that 
of the dynamic variables of the tth and jth bosons, and so on. 

We take Y = Since acts only on the ket of the jth 

boson, we have 

|“i ?> ■■■) = 

( I ) 1 4? ) • • • I «a ^ }•••)(“? I y^'^ 4f )■ 

a 

(A.26) 

The matrix element < eta ^ | y^^'^ \ o-xj > = < cta \ U \ Cixj > does not depend 
on the particle index j. Summing Eq. (A.26) over all j and applying operator 
S to the result, we obtain 

55^(I4«>K>>...) = 

^^5(|qW) |ag>) ... |a?> ■■•) KIs/ |ai,> 

3 “ 

(A.27) 

Since Y is symmetric, we can replace SY by YS for the Ihs. After straight- 
forward calculations, we obtain, from Eq. (A.27), 

^7x1 7^ • ■ ■ I ^0 ) = X] 7^1 7^ • • -4_i ■ ■ ■ I <^o) (tta I y I ttx,. > 

3 “ 

= I^o)<56^,- {ota\y\ab)- 

a b j 

(A.28) 

Using the commutation rules and the property (A. 14) we can show that 

VbVlA,- l^o) = l^o) Sbxj^ (A.29) 
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(Problem A. 2.1). Using this relation, we obtain from Eq. (A. 28) 

yvUvlr- l^o) = ^^vlVbioialylab) (lUvU-- l^o))- (A.30) 

a b 

Sinee the kets l$o) form a eomplete set, we obtain 

(A.31) 

a b 

In a similar manner Z in Eq. (A. 25) ean be expressed by [Problem A. 2. 2] 

^=EEEE yWbVd'nc {(^aOLb 1 y I (A. 32) 

abed 

{aaab\y\acad) = (A.33) 

Problem A.2.1. Prove Eq. (A. 29). Hint: Start with eases of one- and two- 
partiele- state kets. 

Problem A.2.2. Prove Eq. (A. 32) by following those steps similar to (A.27)- 
(A.31). 

A.3 Fermions Creation and Annihilation Op- 
erators 

In this seetion we treat a system of identieal fermions in a parallel manner. 

The quantum states for fermions, by postulate, are represented by anti- 
symmetric kets: 

\aaab...ag)j^ = A(|o;W) ... (A.34) 

where 

(A.35) 

is the antisymmetrizing operator, with 6p being -i-l or -1 aeeording to 
whether P is even or odd. Eaeh antisymmetrie ket in Eq. (A.34) is eharae- 
terized sueh that it ehanges its sign if an odd permutation of partiele indiees 
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.... n.2 = 1, n.i = 0, no=1, 

Hi =1, H2 = 0, ... 



Figure A. 2; A many-fermion state can be represented by the set of the numbers 
{uj} occupying the states {pj = 27rhL~^j}. Each rij is restricted to 0 or 1. 

is applied to it, and the fermion states a,b, g are ail different. Just as for a 
boson system, we can introduce observables np U 2 , ... each with eigenvalues 0 
or 1, representing the number of fermions in the states 01 ^ 0 : 2 ,... respectively. 
The many-fermion occupation-number can be represented as in Fig. A. 2. 

We can also introduce a set of linear operators one pair 

for each state aa, satisfying the Eermi anticommutation rules: 

vl) = Vavl + vlVa = Vb} = {vl, vl} = 0. (A.36) 

The number of fermions in the state is again represented by 

= vlVa = (A.37) 

Using Eqs. (A.36), we obtain 

= vbaViVa = ^i(l - viVa)Va = vlVa = = 0. (A.38) 

If an eigenket of belonging to the eigenvalue n'^ is denoted by \n'^), Eq. 
(A.38) yields 

{nl - Ua) K) = - n'^) K) - 0. (A.39) 

Since |n„) ^ 0, we obtain n„(n|j — 1) = 0, meaning that the eigenvalues 
are either 0 or 1 as required: 

Uq = 0 or 1. 



(A.40) 
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Similarly to the case of bosons, we can show that 

\aaab...ag)j^ = rjlrjl |4>o), (A.41) 

which is normali z ed to unity. 

Observables describing the system of fermions can be expressed in terms 
of operators rj and and the results have the same form Eqs. (A.31) and 
(A. 32) as for the case of bosons. 

In summary both states and observables for a system of identical particles 
can be expressed in terms of creation and annihilation operators. This formal- 
ism, called the second quantization formalism, has some notable advantages 
over the usual Schrodinger formalism. First, the permutation- symmetry 
property of the quantum particles is represented simply in the form of Bose 
commutation (or Fermi anticommutation) mles. Second, observables in sec- 
ond quantization are defined for an arbitrary number of particles so that the 
formalism may apply to systems in which the number of particles is not fixed, 
but variable. Third, and most importantly, all relevant quantities (states and 
observables) can be defined referring only to the single-particle states. This 
property allows one to describe the motion of the many -body system in the 
3D space. This is a natural description since all particles in nature move in 
3D. In fact, relativistic quantum field theory can be developed only in second 
quantization. 



A.4 Heisenberg Equation of Motion 

In the Schrodinger Picture (SP), the energy eigenvalue equation is 

H\E) = E\E\ (A.42) 

where H is the Hamiltonian and E the eigenvalue. In the position represen- 
tation this equation is written as 

H{xi, ~ihd/dxi,X 2 , —itxdjdx^-, ■ ■ .)'^{xi, X 2 , ■ • ■) = E4f, (A. 43) 

where is the wave function for the system. We consider a one-dimensional 
motion for conceptional and notational simplicity. [For a three-dimensional 
motion, {x,p) should be replaced by {x,y, z,Px,Py,Pz) = (r, p)-] If the num- 
ber of electrons N is large, the wave unction T' contains many electron vari- 
ables {xi,X 2 ,...). This complexity needed in dealing with many electron 
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variables can be avoided if we use the second quantization formulation and 
the Heisenberg Picture (HP), which will be shown in this section. 

If the Hamiltonian H is the sum of single-particle Hamiltonians: 

(A.44) 

j 

this Hamiltonian H can be represented by 

H = ^"^{0ia\h Ittfe) = J] 

a b a b 

where (r]D are annihilation (creation) operators associated with particle- 
state a and satisfying the Fermi commutation rules. 

In the HP a variable ^ (t) changes in time, following the Heisenberg equa- 
tion of motion: 

= [H, = m. (A.46) 

Setting ^ j we obtain 

= [H, (A.47) 

whose Hermitian conjugate is given by 

= = (A.48) 

By quantum postulate the physical observable ^ is Hermitian: 

Variables and are not Hermitian, but both obey the same Heisenberg 
equation of motion. 

We introduce Eq. (A.45) into Eq. (A.47), and calculate the commutator 
[H, ql]. In such a commutator calculation, identities (A. 9) and the following 
identities: 

[A,BC] = {A,B}C-B{A,C}, [AB,C] = A{B,C}-{A,C}B, (A.49) 

are very useful. Note: The negative signs on the right-hand terms in Eqs. 
(A.49) occur when the cyclic order is destroyed. We obtain from Eqs. (A.47) 
and (A.48) 

-4 = EE hcb[vlVb,vi] = EE ^cbVl:{VbiV}i} — ^ ^ hca 7 ]^ (A. 50) 

c b c b c 
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(A.51) 

C 

Equation (A. 50) means that the ehange of the one-body operator r]\ is de- 
termined by the one-body Hamiltonian h. This is the main advantage of 
working in the HP. Equations (A.50)-(A.51) are valid for any single-partiele 
states {a}. 

In the field operator language Eq. (A.51) reads 

^ ^ —ihd/dr) (A. 52) 

C/ L> 

whieh is formally identieal to the Sehrodinger equation of motion for a par- 
tiele. 

If the system Ha mi ltonian H eontains an interpartiele interaetion 

y = d^r J d^r' v{r — (A. 53) 

the evolution equation for is nonlinear (Problem A. 4. 2): 

_ ii{T,—ihdldv)'^{Td) 

(Jo 

-I- / di^r' v{r — r')'tp\r' (A.54) 



In quantum field theory the basie dynamieal variables are partiele-field oper- 
ators. The quantum statisties of the particles are given by the Bose commu- 
tation or the Eermi commutation rules satisfied by the field operators. The 
evolution equations of the field operators are intrinsically nonlinear when the 
interpartiele interaction is present. 

Problem A.4.1. Verify that the equation of motion Eq. (A. 50) holds for 
bosons. 

Problem A.4.2. Use Eq. (A.46) to verify Eq. (A.54). 
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Phase transition 

of second order, 114-115,211 
of first order, 211 
of third order, 110, 114 
Phonon, 45,49 

exchange attraction, 45-58, 59, 77-82, 227, 230 
exchange-pairing Hamiltonian, 45, 54, 74, 77-78, 
134, 227 

number density, 252 
Photo-absorption, 148, 186 
Photon, 22 

Physical vacuum (state), 52, 77, 79, 83, 335 
Pinning ofvortex lines, 210 
Pion, (tc) 106 

Pippard-coherence length = BCS coherence length, 81, 
116 

Planck distribution function, 47, 151, 154 

Point contact, 195 

Point-like repulsive interaction, 191 

Position density matrix, 184 

Positive ion Cu^^, 228 

Predominant charge carriers, 115, 119, 154 

Predominant pairon, 115, 119 

Principal axes of curvature, 42 

Principal 

curvatures, 42-43 

mass, 42-43 

-axis transformation, 46 



Quadratic dispersion relation, 228 
Quadrivalent, Ce, 246 
Quantized flux, 209 
Quantum 

field operators, 183 
Hall effect, 311-323 
jump, 261 

Liouville equation, 56-58, 71, 176, 307 

Liouville operator, 56 

of lattice vibration = phonon, 45, 215 

Seebeck coefficient, 271 

statistical factor, 154, 159, 196,264 

statistical postulate, 12, 95 

statistics, 59-63 
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transition rate, 152 
tunneling circuits, 149 

tunneling experiments and energy gaps, 195, 235, 
237 

tunneling experiments, 147-161, 195 
tunneling in S 1 -I-S 2 , 156-161, 194 
zero-point motion, 11,28,47 
Quasi-electron 

= unpaired electron, 62, 123-126, 147 
energy gap, 62, 85, 123, 126-132, 147, 236 
energy, 62, 124-126, 147 
transport model, 124 

Quasi-wave function for a supercondensate, 71, 128, 
167, 194 

Quasi-wave function, 71, 167, 175-177, 194 



Random distribution, 219 

Rate of collision = collision rate = scattering rate, 16 
Real 

wave function, 21 
order parameter, 181 
Reduced 

Hamiltonian, 77-78, 82, 87-88, 176, 231 
supercondensate density, 141 
Repulsive interaction strength, 185 
Resistivity in the ab plane, 250 
Resonant valence bond, 320 
Revised 

density condition, 183 
London equation, 312 
G-L wavefunction, 183 
Right-left symmetry, 160 
Ring supercurrent, 3, 163-169, 179, 184 



S-I-N, 238 

S-I-S “sandwich” = S-I-S system, 147-156, 193 
S 1 -I-S 2 system, 147, 156-161,238 
Scalar potential, 170 
Scattering 
rate, 16 

T- and fi>dependent, 300 
Schafroth, Blatt and Butler (SBB), 244 
Schrbdinger 

energy-eigenvalue equation, 70-72 
equation of motion, 70-72, 177 
ket, 70 
picture, 341 

Second quantization (operators, formalism), 14, 71-76, 

314, 333-343 

Seebeck 

classical formula, 271 



coefficient = thermopower, 269-283 
coefficients in metals, 277-279 
currents, 269-283 
semi-quantum, formula, 27 1 
Self-focusing power, 196 
Shape of Fermi surface, 13,31 
Shapiro steps, 200-204 
Shapiro, S., 200 
Sharp Fermi surface, 13 
Shockley’s formula, 219 
Sign change ofthe Hall coefficient, 241 
Similarity between supercurrent and laser, 178, 204 
Single-particle Hamiltonian, 11, 104 
Single-particle state, 175 
Singlet pairs, 227 
Small pockets, 228 
Solid angle, 151 
Sommerfeld, A., 166 

Specific heat = heat capacity per gram, 109,113, 141 

Speed of sound, 80, 227 

Spherical Fermi surface = Fermi sphere, 37 

Spin 

= spin angular momentum, 103 
dependent density of states, 290 
statistics theorem (rule), 12, 102, 104 
Spontaneous magnetization, 181, 313 
SQUID, 5-6, 199, 243 
Sr2Ru04 , 224 
Sr2Cu04 , 222 

Standard 
model, 106 
BCS model, 236 
Static 

equilibrium, 1 1 
scattering rate, 299 
Stationary pairon, 67, 124, 231 
Stephan-Boltzmann law, 113 
Supercondensate, 20, 91 
density, 129-132, 144 
formation, 91 
wavefunction, 128 

Superconducting quantum interference device 
(SQUID), 5-6, 167, 243 
Superconducting 
electron, 311 

temperature = critical temperature, 24, 130 
transition, 19-25, 302 
Superconductivity and band structures, 60 
Superconductor (definition), 1,77 
Supercurrent 163 
in 2D, 164,217-225, 230 
in 3D, 233 
density, 171, 178 
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ring, 163, 169, 179 

interference = Josephson interference, 6, 167, 193- 
195, 206 

tunneling = Josephson tunneling, 147-161, 193-194, 
204 

Superelectron, 182, 311 
Superfluid transition, 13 
Superfluid (helium) = liquid He II, 311 
Surface supercurrent, 179,211 
Symmetric ket, 336 
for bosons, 103, 337 
Symmetrizing operator, 336 
Symmetry of wave function, 95 
Symmetry requirement, 336 
System-density operator, 56 

Taylor-Burstein (experiments), 160 
Temperature-dependent energy gap, 123, 128-132 
Temperature-dependent quasi-electron energy gaps, 
123, 128-132 

Terasaki, L, 259, 271, 280 
Tewardt, T., 186 
Thermal diffusion, 274-278 

Thermodynamic critical field, 89, 166, 178-179, 188, 
211 

Thermopower, 269-283 
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Threshold voltage, 148-150, 159,238 
Time-dependent perturbation method (theory), 57 
T-j model 320 
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Torque magnetometry, 219 
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Transition 

probability, 152 
rate, 152 

Transport above Tc, 249-267 
Transverse oscillation, 215 
Transverse wave, 215 
Trivalent Nd, 246 
Tunneling 
current, 153 

experiments, 7, 186, 195 
junction = weak link, 195 
Two 

charge carriers, 250 

-dimensional (2D) conduction, 217-219, 230 

energy gaps, 147, 217, 236-238 

-fluid model, 90, 311 

electron composition aspect, 58 

pairon dissociation, 156 



Type 

I magnetic behavior, 9, 207-216 

I superconductor, 9, 186, 228 

II magnetic behavior, 9, 207-216, 216-225 
II superconductor, 9, 60, 208-213, 216-225 



Ueling-Uhlenbeck, 197 

Uncertainty principle (Heisenberg's), 1 1 

Unit cell, 228 

Unpaired electron = quasi-electron, 62, 123-126 
Upper critical field, 9, 207-216 
Upper critical temperature, 9, 108, 130 
Up-spin unpaired electron, 126 



V-I diagram, 202 

Vacuum ket (state) = zero-particle ket (state), 52, 77, 
335 

Van Hove singularity, 48 
Vapor-liquid transition, 19 
Variational calculation, 231 
Vector potential, 170 
Virtual phonon exchange, 314 
Voltage standard, 151 
Vortex line, 208-214 
Vortex structure, 182, 188-189,208 



Wave 

function, 21 
packet, 257 
-particle duality, 40 
Weak 

coupling approximation, 57 
link = Josephson junction, 195 
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Yang-Fermi, 106 

YBCO = Y-Ba-Cu-0 = YBa2Cu307-5 , 217-225, 228, 
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theory, 302-303 
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Zero momentum boson = stationary boson, 77,107-1 14 
Zero point motion, 28, 47 
Zero resistance, 1,207 

Zero-momentum Cooper pair = stationary pairon, 77- 
78, 124-127, 163-164, 231 
Zero-particle state = vacuum state, 52, 77, 335 
Zero-temperature coherence length, 81, 116 
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